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PREFACE TO PART I. 

XN the following work I have aimed at writing a 
-■- working text-book on Statics for the use of Junior 
Students. 

Throughout the book will be found a large number 
of examples ; most of them, with the exception of 
many of those at the end of the Chapter on Friction 
and the Miscellaneous Examples at the end of the 
volume, are of an easy type. 

I have tried to make the book complete as far as 
it goes ; it is suggested, however, that the student 
should, on the first reading of the subject, omit every- 
thing marked with an asterisk. 

I must express my obligations to my friend 
Mr H. C. Eobson, M.A., Fellow and Lecturer of 
Sidney Sussex College, Cambridge, for his kindness 
in reading through the proof-sheets, and for many 
suggestions that he has made to me. 

Any corrections of errors, or hints for improvement 
will be thankfully received. 

S. L. LONEY. 

Barnes, S.W. 

December, 1890. 



PEEFACE TO THE TENTH EDITION". 

THE book has been somewhat altered, and I hope 
improved, for this edition, and the type entirely 
re-set. Graphic solutions have been introduced much 
earlier, and more use has been made of graphic methods 
throughout the book. More experimental work has also 
been introduced. 

The chapter on Work has been placed earlier, and 
much greater stress has been laid upon the Principle of 
Work. 

Sundry somewhat long analytical proofs have been 
relegated to the last chapter, and here I have not 
scrupled to introduce alternative proofs involving the 
use of the Differential Calculus. 

For ten of the new figures in this book I am much 
indebted to the kindness and courtesy of Dr R. T. 
Glazebrook, who allowed me to use the blocks prepared 
for his Statics. Most of these figures have the additional 
merit of having been drawn from actual apparatus in 
use at the Cavendish Laboratory at Cambridge. 

S. L. LONEY. 

BOYAJi HOLLOWAY CoLXiEGK 

Engi-efield Gkeen, Sukkky. 
July 23rd, 1906. 
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STATICS. 

CHAPTER I. 

INTRODUCTION. 

1. A Body is a portion of matter limited in every 
direction. 

2. Force is anything which changes, or tends to 
change, the state of rest, or uniform motion, of a body. 

3. Rest. A body is said to be at rest when it does 
not change its position with respect to surrounding objects. 

4. Statics is the science which treats of the action 
of forces on bodies, the forces being so arranged that the 
bodies are at rest. 

The science which treats of the action of force on bodies 
in motion is called Dynamics. 

In the more modern system of nomenclature which is gradually 
gaining general acceptance, the science which treats of the action of 
force on bodies is called Dynamics, and it has two subdivisions. 
Statics and Kinetics, treating of the action of forces on bodies which 
are at rest and in motion respectively. 

5. A Particle is a portion of matter which is in- 
definitely small in size, or which, for the purpose of our 
investigations, is so small that the distances between its 
different parts may be neglected. 

L. S. 1 
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A body may be regarded as an indefinitely large number 
of indefinitely small portions, or as a conglomeration of 
particles. 

6. A Rigid Body is a body whose parts always 
preserve an invariable position with respect to one another. 

This conception, like that of a particle, is idealistic. 
In nature no body is perfectly rigid. Every body yields, 
perhaps only very slightly, if force be applied to it. If a 
rod, made of wood, have one end firmly fixed and the other 
end be pulled, the wood stretches slightly; if the rod be 
made of iron the deformation is very much less. 

To simplify our enquiry we shg,ll assume that all the 
bodies with which we have to deal are perfectly rigid. 

7. Equal Forces. Two forces are said to be equal 
when, if they act on a particle in opposite directions, the 
particle remains at rest. 

8. Mass. The mass of a body is the quantity of 
matter in the body. The unit of mass used in England is 
a pound and is defined to be the mass of a certain piece of 
platinum kept in the Exchequer Office. 

Hence the mass of a body is two, three, four... lbs., 
when it contains two, three, four... times as much matter 
as the standard lump of platinum. 

In France, and other foreign countries, the theoretical 
unit of mass used is a gramme, which is equal to about 
16*432 grains. The practical unit is a kilogramme (1000 
grammes), which is equal to about 2*204:6 lbs. 

9. Weight. The idea of weight is one with which 
everyone is familiar. We all know that a certain amount 
of exertion is required to prevent any body from falling to 
the ground. The earth attracts every body to itself with 
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a force which, as we shall see in Dynamics, is proportional 
to the mass of the body. 

The force with which the earth attracts any body to 
itself is called the weight of the body. 

10. Measurement of Force. We shall choose, as our 
unit of force in Statics, the weight of one pound. The unit 
of force is therefore equal to the force which would just 
support a mass of one pound when hanging freely. 

"We shall find in Dynamics that the weight of one 
pound is not quite the same at different points of the 
earth's surface. 

In Statics, however, we shall not have to compare forces 
at different points of the earth's surface, so that this variation 
in the weight of a pound is of no practical importance ; we 
shall therefore neglect this variation and assume the weight 
of a pound to be constant. 

11. In practice the expression " weight of one pound " 
is, in Statics, often shortened into "one pound." The 
student will therefore understand that "a force of 10 lbs." 
means " a force equal to the weight of 10 lbs." 

12. Forces represented by straight lines. A force will 
be completely known when we know (i) its magnitude, 
(ii) its direction, and (iii) its point of application, i.e. the 
point of the body at which the force acts. 

Hence we can conveniently represent a force by a 
straight line drawn through its point of application; for 
a straight line has both magnitude and direction. 

Thus suppose a straight line OA represents a force, 
equal to 10 lbs. weight, acting at a point 0. A force of 
5 lbs. weight acting in the same direction would be repre- 
sented by OB, where B bisects the distance OA, whilst a 

1—2 
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force, equal to 20 lbs. weight, would be represented by OG, 
where OA is produced till AG equals OA. 




An arrowhead is often used to denote the direction in 
which a force acts. 

13. Suhdivisio7is of Force. There are three different 
forms under which a force may appear when applied to a 
mass, viz. as (i) an attraction, (ii) a tension, and (iii) a 
reaction. 

14. Attraction. An attraction is a force exerted by 
one body on another without the intervention of any 
visible instrument and without the bodies being necessarily 
in contact. The only example we shall have in this book 
is the attraction which the earth has for every body ; this 
attraction is (Art. 9) called its weight. 

15. Tension. If we tie one end of a string to any 
point of a body and pull at the other end of the string, we 
exert a force on the body ; such a force, exerted by means 
of a string or rod, is called a tension. 

If the string be light \i.e. one whose weight is so small 
that it may be neglected] the force exerted by the string is 
the same throughout its length. 

For example, if a weight TF be ^ ^| 

supported by means of a light 
string passing over the smooth 
edjre of a table it is found that the 
same force must be applied to the 
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string whatever be the point, A, B, or G of the string at 
which the force is applied. 

Now the force at A required to support the weight 
is the same in each case ; hence it is clear that the effect 
at A is the same whatever be the point of the string to 
which the tension is applied and that the tension of the 
•string is therefore the same throughout its length. 

Again, if the weight W be sup- 
ported by a Light string passing round ^/ ^ 
a smooth peg A, it is found that the ^/^ q 
same force must be exerted at the other A^ — g 



iW 



end of the string whatever be the ^ 
direction {AB, AG, or AD) in which 
tho string is pulled and that this force 
is equal to the weight W. 

[These forces may be measured by attaching the freo 
end of the string to a spiing-balance.] 

Hence the tension of a light string passing round a 
smooth peg is the same throughout its length. 

If two or more strings be knotted together tho tensions 

are not necessarily the same in each string. 

The student must carefully notice that the tension of a string is 
not proportional to its length. It is a common error to suppose that 
the longer a string the greater is its tension ; it is true that we can 
often apply our force more advantageously if we nse a longer piece of 
string, and hence a beginner often assumes that, other things being 
equal, the longer string has the greater tension. 

16. Reaction. If one body lean, or be pressed, against 
another body, each body experiences a force at the point of 
contact ; such a force is called a reaction. 

The force, or action, that one body exerts on a second 
body is equal and opposite to the force, or reaction, that 
the second lx>dy exerts on the first. 
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This statement will be found to be included in Newton's 
Third Law of Motion [Part II., Art. 73]. 

Examples. If a ladder lean against a waU the force 
exerted by the end of the ladder upon the wall is equal and 
opposite to that exerted by the wall upon the end of the 
ladder. 

If a cube of wood is placed upon a table the force which 
it exerts upon the table is equal and opposite to the force 
which the table exerts on it. 

17. Equilibrium, When two or more forces act 
upon a body and are so arranged that the body remains at 
rest, the forces are said to be in equilibrium. 

18. Introduction, or removal, of equal and opposite 
forces. We shall assume that if at any point of a rigid 
body we apply two equal and opposite forces, they will 
have no effect on the equilibrium of the body; similarly, 
that if at any point of a body two equal and opposite 
forces are acting they may be removed. 

19. Principle of the Transmissihility of Force. If a 
force act at any point of a rigid body, it inay he considered 
to act at any other point in its line of action provided that 
this latter point he rigidly connected with the hody. 

Let a force F act at a point J. of a body in a direction 
AX. Take any point B in AX and at B introduce two 
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equal and opposite forces, each equal to F, acting in the 
directions BA and BX ] these will have no effect on the 
equilibrium of the body. 

The forces F acting at A in the direction AB, and F at 
B in the direction BA are equal and opposite; we shall 
assume that they neutralise one another and hence that 
they may be removed. 

We have thus left the force F &t B acting in the 
direction BX and its effect is the same as that of the 
original force F &t A. 

The internal forces in the above body would be different 
according as the force F is supposed applied a,t A ov B] 
of the internal forces, however, we do not treat in the 
present book. 

20. Smooth bodies. If we place a piece of smooth 
polished wood, having a plane face, upon a table whose top 
is made as smooth as possible we shall find that, if we 
attempt to move the block along the surface of the table, 
some resistance is experienced. There is always some 
force, however small, between the wood and the surface 
of the table.^ 

If the bodies were perfectly smooth there would be 
no force, parallel to the surface of the table, between the 
block and the table; the only force between them would 
be perpendicular to the table. 

Def. When two bodies, which are in contact, are 
perfectly smooth the force, or reaction, between them is 
perpendicular to their common surface at the point of 
contact. 



CHAPTER IT. 

COMPOSITION AND RESOLUTION OF FORCES. 

21. Suppose a flat piece of wood is resting on a 
smooth table and that it is pulled by means of three strings 
attached to three of its corners, the forces exerted by the 
strings being horizontal ; if the tensions of the strings lie 
so adjusted that the wood remains at rest it follows that 
the three forces are in equilibrium. 

Hence two of the forces must together exert a force 
equal and opposite to the third. This force, equal and 
opposite to the third, is called the resultant of the fii'st two. 

22. Resultant. Def. If two or more forces F^Q^ 
S. . . act ujyon a rigid body and if a single force, R, can he 
found whose effect upon the body is tlie same as that of the 
forces P, Q, S... this single force R is called the restdtant of 
tJie otlier forces and the forces P, Q, S... are called tlie com- 
ponents of R. 

It follows from the definition that if a force be applied 
to the body equal and opposite to the force R, then the 
forces acting on the body will balance and the body be in 
equilibrium; conversely, if the forces acting on a body 
balance then either of them is equal and opposite to the 
resultant of the others. 
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23. Resultant of forces actmg in the same straigM line. 
If two forces act on a body in the same direction their 

I'esultant is clearly equal to their sum ; thus two forces 
acting in the same direction, equal to 5 and 7 lbs. weight 
respectively, are equivalent to a force of 12 lbs. weight 
acting in the same direction as the two forces. 

If two forces act on a body in opposite directions their 
resultant is equal to their difference and acts in the direction 
of the greater; thus two forces acting in opposite directions 
and equal to 9 and 4 lbs. weight respectively are equivalent 
to a force of 5 lbs. weight acting in the direction of the 
first of the two forces. 

24. When two forces act at a point of a rigid body in 
different directions their resultant may be obtained l>y 
means of the following 

Theorem. Parallelogram of Forces. If two 
forces, acting at a point, he represented in magnitiide and 
direction hy the ttvo sides of a parallelogram drawn from one 
of its angular points, their resultant is rejrresented both in 
magnitude and direction by the diagonal of the parallelogravi 
passing through that angular point. 

This fundamental theorem of Statics, or rather another 
form of it, viz. the Triangle of Forces (Art. 36), was first 
enunciated by Stevinus of Bruges in tlie year 1586. Before 
his time the science of Statics rested on the Principle of 
the Lever as its basis. 

In the following article we shall give an experimental 
proof; a more formal proof will be found in the last chapter. 

In Art. 72 of Part II. of this book will be found a proof 
founded on Newton's Laws of Motion. 

25. Experimental proof. Let F and G be two 

light pulleys attached to a fixed support; over them let 
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there pass two light strings tied together at 0, and carrying 
scale-pans L and M at their other ends. 




A second string is knotted at and carries a third 
scale-pan iV. 

Into these scale-pans are placed known weights, and the 
whole system is allowed to take up a position of equilibrium. 
Let the weights in the scale-pans, together with the weights 
of the scale-pans themselves, be P, Q and R lbs. respectively. 

On a blackboard, or a piece of paper, conveniently 
placed behind the system draw the lines OF^ OG^ ON" as in 
the figure. 
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Taking some convenient scale (say three inches, or less, 
per one lb.) mark off OA^ OB, and OD to represent P, Q^ 
and R lbs. Complete the parallelogram OAGB. Then OC 
will be found to be equal in length, and opposite in direction, 
to OD. 

But, since P, Q, and R balance, therefore R must be 
equal and opposite to the resultant of P and Q. 

Therefore the resultant of P and Q is represented by 
OC, i.e. by the diagonal of the parallelogram whose sides 
represent P and Q. 

This will be found to be true whatever be the relative 
magnitudes of P, Q, and R, provided only that one of them 
is not greater than the sum of the other two. 

In the figure P, Q, and R are taken respectively to be 4, 3, and 
5 lbs. In this case, since 5^=42+32, the angle AOB is a right 
angle. 

When the experiment is performed, it will probably be 
found that the point may be moved into one of several 
positions close to one another. The reason for this is that 
we cannot wholly get rid of the friction on the pivots of the 
pulleys. The effect of this friction will be minimised, in 
this and similar statical experiments, if the pulleys are of 
fairly large diameter; aluminium pulleys are suitable be- 
cause they can be made of comparatively large size and yet 
be of small weight. 

Apparatus of the solid type shewn in the above figure 
is not necessary for a rough experiment. The pulleys F 
and G may have holes bored through them through which 
bradawls can be put ; these bradawls may then be pushed 
into a vertical blackboard. 

The pulleys and weights of the foregoing experiment may be 
replaced by three Salter's Spring Balances. Each of these balances 
shews, by a pointer which travels up and down a graduated face, what 
force is applied to the hook at its end. 
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Three light strings are knotted at O and attached to the ends of 
the spring balances. The three balances are then drawn out to shew 
any convenient tensions, and laid on a horizontal table and fixed to it 
by hooks or nails as shewn. The readings of the balances then give 
the tensions P, Q, and R of the three strings. Just as in the 



N 




preceding experiment we draw lines OA, OB, and 00 to represent 
P, Q, and B on any scale that is convenient, and then verify that 00 
is equal in magnitude and exactly opposite in direction to OJD, the 
diagonal of the parallelogram of which OA and OB are adjacent 
sides. 

26. To find the direction and magnitude of the re- 
sultant of two forces, we have to find the direction and 
magnitude of the diagonal of a parallelogram of which the 
two sides represent the forces. 

Ex. I. Find the resultant of forces eqnal to 12 and 6 Ihs. weight 
respectively acting at right angles, 

B r -^--C 
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Let OA and OB represent the forces so that OA is 12 units of 
length and OB is 5 units of length; complete the rectangle OAGB. 
Then 0(P=OA-^+AG^=12^ + 5^=169. .: 00=13. 

. ^^. ^G 5 
Also tan COA = ^ = j^. 

Hence the resultant is a force equal to 13 lbs. weight making with 
the first force an angle whose tangent is -^i^, i.e. about 22° 37'. 

Ex. 2. Find the resultant offerees equal to the weights of 5 and 
3 lbs. respectively acting at an angle of 60°. 



Let OA and OB represent the forces, so that OA is 5 units and OB 
3 units of length ; also let the angle AOB be 60°. 

Complete the parallelogram OAGB and draw CD perpendicular to 
OA. Then OG represents the required resultant. 

Now JD=^CcosC^I>=3cos60°=|; .-. 0D=^-. 
Also DC=^Csin60°=3^. 

••• 00= ^OD^+DG^= sjl^+^^ 749 = 7, 
and tan GOD = gg = 3^ = '3997. 

Hence the resultant is a force equal to 7 lbs. weight in a direction 
making with OD an angle whose tangent is 'SOOT. 

On reference to a table of natural tangents this angle is easily seen 
to be about 21° 47'. ' 

27. The resultant, H, of two forces P and Q acting at 
an angle a may be easily obtained by Trigonometry. 

For let OA and OB represent the forces P and Q acting 
at an angle a. Complete the parallelogram OA CB and draw 
CD perpendicular to OA, produced if necessary. 

Let R denote the magnitude of the resultant. 
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Then OD=OA + AD=OA + AG cos DAG 

= P+Q cos BOD = P+ Q cos a. 
[If 2> fall between and ^, as in the second figure, we have 
OD=OA-DA = OA-AGcosDAG=P-Qcoa{180°-a)=P+Qcoaa.'] 





° P M u O ^p D 

Also DG = AG sin DAG =Q sin a, 

:, 2^=00" = OD" + GD^ = {P+Q cos a)^ + {Q sin a)^ 

= i^ + ^2 + 2i'Qcosa. 
.-. R = VP2 + Q2 + 2PQ COS a (i). 

Ai X nr\T\ ^^ ^sina 

Also ta.nGOD = -^,^ = ~^—= - .(ii). 



CD P + Qcosa 

These two equations give the required magnitude and 
direction of the resultant. 

Cor. 1. If the forces be at right angles, we have a=90°, so that 
JR=VP2 + Q2, and tan COA=^. 

Cor. 2. If the forces be each equal to P, we have 
B=Vp!'(l + I + 2coso) = PV2(l + cosa) 

=Py'2.2cos2|=2Pcos^, 



and 



tan C0.4 = 



Psing 
P+Pcosa 



„ . a a 
2 sm 5 cos jr 

2cos25 



= tan-, 



so that the resultant of two equal forces bisects the angle between 
them; this is obvious also from first principles. 



(i). 


IfP=24 


(ii). 


np=i3 


(iu). 


IfP= 7 


(iy). 


IfP= 5 


(V). 


IfP= 3 


(vi). 


IfP=13 


(vii). 


np= 5 
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EXAMPLES. I. 

1, In the following seven examples P and Q denote two com- 
ponent forces acting at an angle o and R denotes their resultant. [The 
results should also be verified by a graph and measurement.] 

Q= 7; a= 90°; find JJ. 
12=14; a= 90°; find Q. 
Q= 8; a= 60°; find JR. 
Q= 9; 0=120°; find JJ. 
Q= 6;J?=7; find a. 
(3=14; a=sin-i-y-; find J?. 
R= 7; a= 60°; find Q. 

2. Find the greatest and least resultants of two forces whose 
magnitudes are 12 and 8 lbs. weight respectively. 

\Z^ Forces equal respectively to 3j 4, 5, and 6 lbs. weight act on a 
particle in directions respectively north, south, east, and west; find 
the direction and magnitude of their resultant. 

4. Forces of 84 and 187 lbs. weight act at right angles; find their 
resultant. 

5. Two forces whose magnitudes are P and P»y2 lbs. weight act 
on a particle in directions inclined at an angle of 135° to each other; 
find the magnitude and direction of the resultant. 

6. Two forces acting at an angle of 60° have a resultant equal to 
2;^3 lbs. weight ; if one of the forces be 2 lbs. weight, find the other 
force. 

f 7. J Find the resultant of two forces equal to the weights of 13 and 
1 rlb^ respectively acting at an angle whose tangent is •^. Verify by a 
drawing. 

J 8. Find the resultant of two forces equal to the weights of 10 and 
9 lbs. respectively acting at an angle whose tangent ia ^. Verify by a 
drawing. 

9. Two equal forces act on a particle; find the angle between 
them when the square of their resultant is equal to three times their 
product. 



_ ClOp Find the magnitude of two forces Buch that, if they act at 
rigmr&ngles, their resultant is ,yiO lbs. weight, whilst when they act at 
an angle of 60° their resultant is ,713 lbs. weight. 
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11 Find the angle between two equal forces P when their 

p 
resultant is (1) equal to P, (2) equal to — . 

12. At what angle do forces, equal to {A +B) and (A-B), act so 
that the resultant may be ,Ja^+B^? 

13. Two given forces act on a particle; find in what direction a 
third force of given magnitude must act so that the resultant of the 
three may be as great as possible. 

14. By drawing alone solve the following : 



(i). IfP=10 
(ii). IfP= 9 
(iii). IfP= 7 



Q=15; o= 37°; findJi. 
Qzr 7; o=133°; find JR. 
Q= 5; JR = 10; find o. 



(iv). IfP=7-3; R=8-7; o= 65°; find Q. 

28. Two forces, given in magnitude and direction, have 
only one resultant ; for only one parallelogram can be con- 
structed having two lines OA and OB (Fig. Art. 27) as 
adjacent sides. 

29. A force may be resolved into two components in 
an infinite number of ways; for an infinite number of 
parallelograms can be constructed having OG as a diagonal 
and each of these parallelograms would give a pair of such 
components. 

30. The most important case of the resolution of forces 
occurs when we resolve a force into two components at 
light angles to one another. 

Suppose we wish to resolve a force ii'', represented by 
OG, into two components, one of which is in the direction 
OA and the other is perpendicular to OA. 

Draw GM perpendicular to OA and complete the paral- 
lelogram OMGN. The forces represented by OM and ON 
have as their resviltant the force OG, so that OM and ON 
are the required components. 
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Ivet the angle A 00 be a. 
c 





M 



Then 



0M=^ 00 QOSa-F cos a, 
and 0N= MC = 0(7 sin a = F&\n a. 

[If the point M lie in OA produced backwards, as in tlie second 
figure, the component of i^ In the direction OA 

= -OM- - 00 005 GOM= - OC cos {180° - a) = OGco3a=Fco3a. 
Also the component perpendicular to OA 

= 0N=MC=0G8mC0M=FBma.] 
Hence, in each case, the required components are 

i^'cosa and i^aina. 
Thus a force equal to 10 lbs. weight acting at an angle of 60° with 
the horizontal is equivalent to 10 cos 60° ( = 10 x |- = 5 lbs. weight) in a 

horizontal direction, and '10sin60° (=10x^ = 5 xl-732=8-66 lbs. 
weight) in a vertical direction. 

31. Def. The Resolved Part of a given force in a 
given direction is the component in the given direction 
which, with a component in a direction perpendicular to the 
given direction, is equivalent to the given force. 

Thus in the previous article the resolved part of the 
force F in the direction OA is F cos a. Hence 

The Resolved Part of a given force in a given direction is 
obtained by multiplying the given force hy the cosine of the 
angle between the given force and the given direction. 

32. A force cannot produce any effect in a direction 
perpendicular to its own line of action. Por (Fig. Art. 30) 
there is no reason why the force ON should have any 
tendency to make a particle at move in the direction OA 

V s. 2 
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rather than to make it move in the direction JO produced; 
hence the force ON cannot have any tendency to make the 
particle move in either the direction OA ov AO produced. 

For example, if a railway carriage be standing at rest 
on a railway line it cannot be made to move along the rails 
by any force which is acting horizontally and in a direction 
perpendicular to the rails. 

33. The resolved part of a given force in a given 
direction represents the whole effect of the force in the given 
direction. For (Fig. Art. 30) the force OC is completely 
represented by the forces ON and OM. But the force ON 
has no eflfect in the direction OA. Hence the whole effect 
of the force F in the direction OA is represented by OM, 
i.e. by the resolved part of the force in the direction OA. 

34. A force may be resolved into two components in any two 
assigned directions. 

Let the components of a force F, represented by 00, in the 




directions OA and OB be required and let the angles .^ OC and GOB 
be o and p respectively. 

Draw CM parallel to OB to meet OA in M and complete the 
parallelogram OMGN. 

Then OM and ON are the required components. 

Since MG and ON are parallel, we have 

OGM=p; also OMG = 180° - GMA = 180° - (a + /3) . 

Since the sides of the triangle OMG are proportional to the sines 
of the opposite angles, we have 

OM _ MO _ 00 
Bin OGM ~ sin MOG ~ sin OMG' 
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OM_MC_ F 

sin )3 ~ Bin a ~" sin (a +)3) * 

Henco the required components are 

sin )3 sin a 

"-: — > r,\ and J'-: — ; . 

sin(a + )3) sin(a + )3) 

35. The student must carefully notice that the com- 
ponents of a force in two assigned directions are not the 
same as the resolved parts of the forces in these directions. 
For example, the resolved part of F in the direction OA is, 
by Art. 30, i^cos a. 

EXAMPLES, n. 

1. A force equal to 10 lbs. weight is inclined at an angle of 30° to 
the horizontal; find its resolved parts in a horizontal and vertical 
direction respectively. 

2. Find the resolved part of a force P in a direction making (1) an 
angle of 45°, (2) an angle equal to cos~i (^§) with its direction. 

3. A truck is at rest on a railway line and is pulled by a hori- 
zontal force equal to the weight of 100 lbs. in a direction making an 
angle of 60° with the direction of the rails ; what is the fcfrce tending 
to urge the truck forwards ? 

(/^ 4. Besolve a force of 100 lbs. weight into two equal forces acting 
at an angle of 60° to each other. Verify by a graph and measurement. 

t^ 5. Resolve a force of 50 lbs; weight into two forces making angles 
of 60° and 45° with it on opposite sides. Verify by a graph and 
measurement. 



v^ 



6, Find the components of a force P along two directions making 
angles of 30° and 45° with P on opposite sides. 

7. If A force P be resolved into two forces making angles of 45° 
and 15° with its direction, shew that the latter force is —■ P. 

8. Find a horizontal force and a force inclined at an angle of 60° 
with the vertical whose resultant shall be a given vertical force F. 

9, If a force be resolved into two component forces and if one 
component be at right angles to the force and equal to it in magnitude, 
find the direction and magnitude of the other component. 

2—2 
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10. A force equal to the weight of 20 lbs, acting vertically up- 
wards is resolved into two forces, one being horizontal and equal to 
the weight of 10 lbs. ; what is the magnitude and direction of the 
other force? 

11. By a graphic construction and measurement resolve a force 
equal to 35 lbs. wt. into components making angles of 98° and 40° with 
it on opposite sides. 

36. Triangle of Forces. If three forces^ acting at 
a point, he represented in magnitude and direction by tlie 
sides of a triangle, taken in order, they will be in equi- 
librium. 

Let the forces P, Q, and H acting at the point be 
represented in magnitude and direction by the sides A£, 

p , c 




BO, and CA of the tria,nglQ ABC 'y they shall be in equi- 
librium. 

Complete the parallelogram ABGD. 

The forces represented by BQ and AB are the same, 
since BG and AB are equal and parallel. 

Now the resultant of the forces AB and AB, is, by the 
parallelogram of forces, represented by AG. 

Hence the resultant of AB, BG, and GA is equal to the 
resultant of forces AG iind CA, and is therefore zero. 

Hence the three forces P, Q, a,nd 7? are in equilibrium. 

Cor. Since forces represented by AB, BG, and GA 
are in equilibrium, and since, when three forces are in 
equilibrium, each is equal and opposite to the resultant 
of the other two, it follows that the resultant of AB and 
BG is equal and opposite to CA, i.e, their resultant is 
represented by AG. 
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Hence the resultant of two forces, acting at a point 
and represented by the sides AB and BC of a triangle, 
is represented by the third side AG. 

37. In the Triangle of Forces thd student must carefully note 
that the forces must be parallel to the sides of a triangle taken in 
order, i.e. taken the same way round. 

For example, if the first force act in the direction AB, the second 
must act in the direction BC, and the third in the direction CA ; 
if the second force were in the direction CB, instead of BC, the forces 
would not be in equilibrium. 

The three forces must also act at a point ; if the lines of action of 
the forces were BC, CA, and .iS they would not be in equilbrium ; for 
the forces AB and BC would have a resultant, acting at B, equal and 
parallel to 40. The system of forces would then reduce to two equal 
and parallel forces acting in opposite directions, and, as we shall 
see in a later chapter, such a pair of forces could not be in 
equihbrium. 

38. The converse of the Triangle of Forces is also 
true, viz. that If three forces acting at a point he in equi- 
librium they can he represented in magnitude and direction 
hy the sides of any triangle which is dratvn so as to have its 
sides respectively parallel to the directions of the forces. 

Let the three forces P, Q, and H, acting at a point (?, 
be in equilibrium. Measure off lengths OL and OM along 
the directions of F and Q to represent these forces respec- 
tively. 



Complete the parallelogram OLNM and join ON. 
Since the three forces P, Q^ and R are in equilibrium, 
each must be equal and opposite to the resultant of the 
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other two. Hence R must be equal and opposite to the 
resultant of P and Q, and must therefore be represented 
by NO. Also LN is equal and parallel to OM. 

Hence the three forces P, Q, and B are parallel and 
proportional to the sides OL, LN, and NO of the triangle , 
OLN 

Any other triangle, whose sides are parallel to those of 
the triangle OLN, will have its sides proportional to those 
of OLN and therefore proportional to the forces. 

Again, any triangle, whose sides are respectively per- 
pendicular to those of the triangle OLN, will have its sides 
proportional to the sides of OLN and therefore proportional 
to the forces. 

, 39. The proposition of the last article gives an easy 
graphical method of determining the relative directions of 
three forces which are in equilibrium and whose magni- 
tudes are known. We have to construct a triangle whose 
sides are proportional to the forces, and this, by Euc. i. 22, 
can always be done unless two of the forces added together 
are less than the third. 

40. Laxni's Theorem. If three forces acting on a 
2)article keep it in equilibrium, each is 2^i'oportio7ial to the 
sine of the angle between the other two. 

Taking Fig., Art 38, let the forces P, Q, and li be in 
equilibrium. As before, measure off lengths OL and OM to 
represent the forces P and Q, and complete the parallelo- 
gram OLNM. Then NO represents 11. 

Since the sides of the triangle OLN are proportional to 
the sines of the opposite angles, we have 
OL _ JLN^ NO 

sin LNO ~ smLON ~ sin OLN' 
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But 
sin LNO = sin NOM= sin (180° - QOR) = sin QOR, 
sin LON= sin {180°- LOR) = sin ROP, 
and sin OLN= sin (180° - POQ) = sin POQ. 

LN=OM. 
OL OM NO 



Also 
Hence 



sin QOR sin ROP sin POQ ' 

P 'q r 



sin QOR ~ sin ROP sin ^0(3 " 

41. Polygon of Forces. If any number of forces, 
acting on a particle, be represented, in magnitude and 
direction, by tlie sides of a polygon, taken in order, the 
forces shall he in equilibrium. 





Let the sides Ali, EC, CD, BE, EF and FA of the 
polygon ABGDEF represent tlie forces acting on a particle 
0. Join AC, AD and AE. 

By the corollary to Art. 36, the resultant of forces AB 
and BC is represented by AC. 

Similarly the resultant of forces AC and CD is repre- 
sented by AD ', the resultant of forces AD and DE by AE ; 
and the resultant of forces AE and EFhy AF. 

Hence the resultant of all the forces is equal to the 
resultant of AF and FA, i.e. the resultant vanishes. 
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Hence the forces are in equilibrium. 

A' similar metliod of proof will apply whatever be the 
number of forces. It is also clear from the proof that the 
sides of the polygon need not be in the same plane. 

The converse of the Polygon of Forces is not true ; for the ratios of 
the sides of a polygon are not known when the directions of the sides 
are known. For example, in the above figure, we might take any 
point A' on AB and draw A'F' parallel to AF to meet EF in F' ; the 
new polygon A'BCDEF' has its sides respectively parallel to those of 
the polygon ABCDFF but the corresponding sides are clearly not 
proportional. 

42. The resultant of two forces, acting at a point in 
directions OA and OB and represented in magnitude hy 
X . OA and fx . OB, is represented hy (X + /*) . OG, where C is 
a point in AB such that \ . CA = fx . CB. 

For let G divide the line AB, such that 

X.GA = fjL.GB. 




Complete the parallelograms OGAD and OCBE. 

By the parallelogram of forces the force X . OA is 
equivalent to forces represented by X . OG and X . OD. 

Also the force /a . OB is equivalent to forces represented 
hy fx.OG And IX. OE. 

Hence the forces X . OA and /a , OB are together equiva- 
lent to a force (X + /a) OG together with forces X . OD and 
u. OE. 
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But, (since \.OD = \.CA = ii.CB-ii. OE) these two 
latter forces are equal and opposite and therefore are in 
equilibrium. 

Hence the resultant is (\ + ft) . OQ. 

Cor. The resultant of forces represented by OA and 
OB is 20C, where C is the middle point of AB. 

This is also clear from the fact that OC is half the 
diagonal OB of the parallelogram of which OA and OB are 
adjacent sides. 

EXAMPLES, in. 

1. Three forces acting at a point are in equilibrium; if they 
make angles of 120° with one another, shew that they are equal. 

If the angles are 60°, 150°, and 150°, in what proportions are the 
forces? 

2. Three forces acting on a particle are in equilibrium ; the angle 
between the first and second is 90° and that between the second and 
third is 120° ; find the ratios of the forces. 

3. Forces equal to 7P, 5P, and 8P acting on a particle are in 
equilibrirun ; find, by geometrio construction and by calculation, the 
angle between the latter pair of forces. 

4. Forces equal to 5P, 12P, and 13P acting on a particle are in 
equilibrium; find by geometric construction and by calculation the 
angles between their directions. 

5. Construct geometrically the directions of two forces 2P and 
3P which make equilibrium with a force of 4P whose direction is 
given. 

6. The sides AB and ^(7 of a triangle ABC are bisected in D and 
B\ shew that the resultant of forces represented hj BE and Z>C is 
represented "in magnitude and direction by ^^C. 

7. P is a particle acted on by forces represented by X . AP and 
\ . PB where A and B are two fixed points ; shew that their resultant 
is constant in magnitude and direction wherever the point P may be. 

8. ABCDsis a parallelogram ; a particle P is attracted towards A 
and G by forces^which are proportioufd to PA and PC respectively and 
repelled from B and D by forces proportional to PB and PD; shew 
that P is in equilibrium wherever it is situated. 

The follovidng are to be solved by eeometrle construction. In 
each case P and Q are two forces inclined at an angle o and B is their 
respltant making an angle 6 with P. 
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9. P=25lbs. wt., Q=201bs. wt. and ^ = 35°; find R and a. 

10. P=50 kilog., g=60 Mlog. and Ji = 70 kilog. ; find a and 0. 

11. P = 30, J{=40 and a =130°; find Q and 0. 

12. P=60, a = 75° and ^=40°; find Q and iJ. 

13. P=60, Je=40 and ^=50°; find Q and a. 

14. P=80, o=55° and JJ=100; find Q and ^. 

15. A boat is being towed by means of a rope which makes an 
angle of 20° with the boat's length; assuming that the resultant 
reaction R of the water on the boat is inclined at 40° to the boat's 
length and that the tension of the rope is equal to 5 cwt., find, by 
drawing, the resultant force on the boat, supposing it to be in the 
direction of the boat's length. 

EXAMPLES. IV. 

1. Two forces act at an angle of 120°. The greater is represented 
by 80 and the resultant is at right angles to the less. Find the latter. 

2. If one of two forces be double the other and the resultant be 
equal to the greater force, find the angle between the forces. 

3. Two forces acting on a particle are at right angles and are 
balanced by a third force making an angle of 150° with one of them. 
The greater of the two forces being 3 lbs. weight, what must be the 
values of the other two ? 

4. The resultant of two forces acting at an angle equal to ^ds 
of a right angle is perpendicular to the smaller component. The 
greater being equal to 30 lbs. weight, find the other component and 
the resultant. 

5. The magnitudes of two forces are as 3 : 5, and the direction of 
the resultant is at right angles to that of the smaller force ; compare 
the magnitudes of the larger force and of the resultant. 

. 6. The sum of two forces is 18, and the resultant, whose direction 
is perpendicular to the lesser of the two forces, is 12 ; find the magni- 
tude of the forces. 

7. If two forces P and Q act at such an angle that B=P, shew 
that, if P be doubled, the new resultant is at right angles to Q, 

8. The resultant of two forces P and Q is equal to ^JSQ and 
makes an angle of 30° with the direction of P ; shew that P is either 
equal to, or is double of, Q. 

9. Two forces equal to 2P and P respectively act on a particle ; if 
the first be doubled and the second increased by 12 lbs. weight the 
direction of the resultant is unaltered; find the value of P. 
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10. The resultant of two forces P and Q acting at an angle d is 
equal to (2nt + l) VP-+Q2 ; when they act at an angle 90°-^, the 
resultant is (^m-l)\J'J^+Q^; prove that 

tan.="-izi. 2£E /^^f05 

m + 1 /TfZONT Cai^S/^, 

11. The resultant of forces P and Q is J2; if Q bo doubled E is 
doubled, whilst, if Q be reversed,. -E is again doubled ; shew that 

. P : Q : iJ :: V2 : n/3 : V2. 

12. If the resultant, J2, of two forces P and Q, inclined to one 
another at any given angle, make an angle d with the direction of P, 
shew that the resultant of forces (P+E) and Q, acting at the same 

a 

given angle, will make an angle ^ with the direction of (P+P). 

13. Three given forces acting at a point are in equilibrium. If 
one of them be turned about its point of application through a given 
angle, find by a simple construction the resultant of the three, and, if 
the inclination of the force continue to alter, shew that the inclination 
of the resultant alters by half the amount. 

14. Decompose a force, whose magnitude and line of action arc 
given, into two equal forces passing through two given points, giving 
a geometrical construction, (1) when the two points are on tho same 
side of the force, (2) when they are on opposite sides. 

15. Two given forces act at two given points of a body; if they 
are turned round those points in the same direction through any two 
equal angles, shew that their resultant wHl always pass through a 
fixed point. 

16. A, B, and G are three fixed points, and P is a point such 
that the resultant of forces PA and PB always passes through G; shew 
that the locus of P is a straight line. 

17. A given force acting at a given point in a given direction is 
resolved into two components. If for all directions of the components 
one remains of invariable magnitude, shew that the extremity of the 
line representing the other lies on a definite circle. 

18. Shew that the system of forces represented by the lines 
joining any point to the angular points of a triangle is equivalent to 
the system represented by straight lines drawn from the same point to 
the middle points of the sides of the triangle. 

19. Find a point within a quadrilateral such that, if it be acted 
on by forces represented by the lines joining it to the angular points 
of the quadrilateral, it will be in equilibrium. 
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20. Four forces act along and are proportional to the sides of the 
quadrilateral ABCD; three act in the cQrections AB, BC, and CD and 
the fourth acts from ^ to D; find the magnitude and direction of 
their resultant, and determine the point in which it meets CD, 

21. The sides BG and DA of a quadrilateral ABCD are bisected 
in F and H respectively ; shew that if two forces parallel and equal to 
AB and DC act on a particle, then the resultant is parallel to HF and 
equal to 2 . HF. 

22. The sides AB, BC, CD, and DA of a quadrilateral ABCD are 
bisected &tE,F,G, and H respectively. Shew that the resultant of the 
forces acting at a point which are represented in magnitude and 
direction by EG and HF is represented in magnitude and direction 
by^C. 

23. From a point, P, within a circle whose centre is fixed, 
straight lines PA^ , PA2, PA^, and PA^ are drawn to meet the circum- 
ference, all being equally inclined to the radius through P; shew 
that, if these lines represent forces radiating from P, their result- 
ant is independent of the magnitude of the radius of the circle. 



CHAPTER III 

COMPOSITION AND RESOJiUTION OF FORCES {continued). 

43. The sum of the resolved parts of two forces in 
a given direction is equal to the resolved part of their re- 
sultant in the same direction. 

Let OA and OB represent the two forces P and Q, and 
OG their resultant H, so that OACB is a parallelogram. 




N X 



Let OX be the given direction ; dra,-w AL, BM, and CN 
perpendicular to OX and AT perpendicular to CK. 

The sides of the two triangles OBM, ACT are respec- 
tively parallel, 9.nd OB is equal to ^C in magnitude; 
,-. OM=AT=^LN, 

Hence ON=QL -^^ IN^0L + OM. 

But OL, OM, and OiV represent respectively the resolved 
parts of P, Q, and R in the direction OX. 

Hence the theorem is proved. 

The theorem may easily be extended to the resultant of 
any number of forces acting at a point. 
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44. To find the resultant of any number of forces 
in one plane acting upon a particle. 

Let the forces P, Q,'Ji... act upon a particle at 0. 




O X 

Through draw a fixed line OX and a line OZat right 
angles to OX. 

Let the forces P, Q, R, ... make angles a, ^, y... with 
OX. 

The components of the force P in the directions OX 
and Y are, by Art. 30, P cos a and P sin a respectively ; 
similarly, the components of (? are Q cos ^ and Q sin ^ ; 
similarly for the other forces. 

Hence the forces are equivalent to a component, 
P cos a + ^ cos p + R cos y . . . along OX, 
and a component, 

P sin a + ^ sin ^ + R sin y. . . along OY. 

Let these components be X and F respectively, and let 
F be their resultant inclined at an angle 6 to OX. 

Since P is equivalent to Fcos6 along OX, and Psin^ 
along Y, we have, by the previous article, 

FcosO^X. (1), 

and Fsme= Y (2). 

Hence, by squai-ing and adding, 

F^^X^+YK 

Y 
Also, by division, tan^ = -y:. 
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These two equatioos give F and 6, i.e., the magnitude 
and direction of the required resultant. 

Ex. 1. A particle is acted upon by three forces, in oiie plane, equal 
to 2, 2^2, and 1 lbs. weight respectively ; the first is Iwrizontal, tJie 
second acts at 45° to the horizon, and the third is vertical ; find their 
resultant. 



Here 



Hence 



X=2 + 2,y2co3 45°40 = 2 + 2,y2.-^=4, 
r=0 + 2v/2sin45° + l = 2^2.i- + l=3. 



Fcose=4:', Fsm0=S; 

.-. F=s/¥+¥=5, &nAt&n0=l. 
The resultant is therefore a force equal to 5 lbs. weight acting at 
an angle with the horizontal whose tangent is ^, i.e. 36° 52'. 

Ex. 2. A particle is acted upon by forces represented by P, 
2P, 3»y3P, and 4P; the angles between the first and second, the 
second and third, and the third and fourth are 60°, 90°, and 150° 
respectively. Shew that tlie resultant is a force P in a direction 
ijiclined at an angle of 120° to that of the first force. 

In this example it will be a simplification if we take the fixed line 
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ox to coincide with the direction of the first force P ; let XOX' and 
YOY' be the two fixed lines at right angles. 

The second, third, and fourth forces are respectively in the first, 
second, and fourth quadrants, and we have clearly 

BOZ=60°; COX'=30°; and DOZ=60°. 
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The first force has no component along OY. 

The second force is equivalent to components 2Pco3 60° and 
2Psm60° along OX and OY respectively. 

The third force is equivalent to forces 

3V3Pcos30<' and 3;^3Psin30° 
along OX' and OY respectively, 
i.e. to forces - 3Ay3Pcos30° and 3^3Psin30° along OX and OY. 

So the fourth force is equivalent to 4Pcos60° and 4Psui60° along 

OX and OY', i.e. to 4Pcos 60° and - 4Psin 60° along OX and OY. 

Hence Z= P + 2P cos 60" - 3 sJ^P cos 30° + 4P cos 60° 

qp P 

=P+P.y^+2P=-£, 

and r= + 2P sin 60° + 3 ^ZP sm 30° - 4P sin 60° 

:^P^3+^-^P-4P.^=.^P. 

Hence, if JP l>e the resultant at an angle d with OXy we have 

P=\/Z2+r='^P, 

Y 
and %&ne=^i^-^2,= tan 1,20°, 

X 

so that the resultant is a force P at an angle of 120° with the first 
force. 

45. Graphical Construction. The resultant of 
a system of forces acting at p, point may also be obtained 
by means of the Polygon of Forces. For, (Fig. Art. 41,) 
forces acting at a point and represented in magnitude 
and direction by the sides of the polygon ABCDEF are in 
equilibrium. Hence the resultant of forces represented by 
AB, BG, GD, DE, and EF must be equal and opposite to 
the remaining force FA, i.e., the resultant must be repre- 
sented by AF. 

It follows that the resultant of forces P, Q, R, S, and T 
acting on a particle may be obtained thus ; take a point A 
and draw AB parallel and proportional to F, and in 
succession BG, GD, DE, and EF parallel and proportional 
respectively to Q^ R, S, and T] the required resultant will 
be represented in magnitude and direction by the line AF. 
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The same construction would clearly apply for any 
number of forces. 

Ex. Fcnir forces equal to 2, 2^- , 1 and 3 kilogrammes wt. act along 
straightline8OP,OQ,ORandOS,''sucht]iatjLPOQ=40°,lQORz=100°, 
and L JiOS =125°; find their resnltant in magnitude and direction. 






2 P A 



Draw AB parallel to OP and equal to 2 inches ; through B draw BC 
parallel to OQand equal to 2-5 inches, and then CD parallel to Oiiand 
equal to 1 inch, and finally BE parallel to OS and equal to 3 inches. 
On measurement we have AE equal to 2-99 inches and / BAE equal 
to a little over 14°. 

Hence the resultant is 2*99 kilogrammes wt. acting at 14° to OP. 

EXAMPLES. V. 

[Que£tUyns 2, 3, 4, 5, and 8 are suitable for graphic solutio7is.'\ 

1. Forces of 1, 2, and ;^3 lbs. weight act at a point A in 
directions AP, AQ, and AB, the angle PAQ being 60° and PAR a 
right angle; find their resultant. 

2. A particle is acted on by forces of 5 and 3 lbs. weight which 
are at right angles and by a force of 4 lbs. weight bisecting the angle 
between them ; find the force that will keep it at rest. 

—-'-. _ f 

3. Three equal forces, P, diverge from a point, the middle one 
being inclined at an angle of 60° to each of the others. Find the 
resultant of the three. 



L. S. 
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4. Three forces 5Pt lOP, and 13P act in one plane on a particle, 
the angle between any two of their directions being 120°. Pind the 
magnitude and direction of their resvdtant. 

5. Forces 2P, 3P, and 4P act at a point in directions parallel to 
the sides of an equilateral triangle taken in order ; find the magnitude 
and line of action of the resultant. 

6. Forces Pj , Pj , P3 , and P4 act on a particle O at the centre of a 
square ABCD ; P, and Pg act along the diagonals OA and OB, and 
P3 and P4 perpendicular to the sides AB and BG. If 

Pi:P2:P3:P4::4:6?5:l, 
find the magnitude and direction of their resultant. 

7. ABCD is a square; forces of 1 lb. wt., 6 lbs. wt., and 9 lbs. wt. 
act in the directions AB, A C, and AD respectively ; find the magnitude 
of their resultant correct to two places of decimals. 

8. Five forces, acting at a point, are in equilibrium; four of 
them, whose respective magnitudes are 4, 4, 1, and 3 lbs. weight make, 
in succession, angles of 60° with one another. Find the magnitude 
of the fiith force. Verify by a drawing and measurement. 

9. Four equal forces P, Q, B, and 8 act on a particle in one. 
plane ; the angles between P and Q, between Q and B, and between 
B and S are all equal and that between P and S is 108°. Find their 
resultant. 

10. Forces of 2, ,^8, 5, a^3, and 2 lbs. wt. respectively act at 
one of the angular points of a regular hexagon towards the five other 
angular points ; find the direction and magnitude of the resultant. 

11. Forces of 2, 3, 4, 5, and 6 lbs. wt. respectively act at an 
angular point of a regular hexagon towards the other angular points 
taken in order; find their resultant. 

12. Shew that the resultant of forces equal to 7, 1, 1, and 3 lbs. 
■wt. respectively acting at an angular point of a regula£_ pentagon 
towards the other angular points, taken in order, is V71 lbs. wt. 
Verify by a drawing and measurement. 

13. Equal forces P act on an angular point of an octagon towards 
each of the other angular points ; find their resultant. 

By the use of trigonometrical Tables, or by a graphic construotion 
find the magnitude (to two places of decimals) and the direction ^to 
the nearest minute by calculation, and to the nearest degree cy 
drawing) of the resultant of 

14u three forces equal to 11, 7, and 8 lbs. weight, making angles 
of 18° 18', 74° 60', and 130° 20* with a fixed line, 
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15. four forces equal to 4, 3, 2, and 1 lb. weight, m a king angles 
of 20°, 40°, 60°, and 80° with a fixed line, 

16. four forces equal to 8, 12, 13, and 20 lbs. weight, making 
angles of 30°, 70°, 120° 15', and 155° with a fixed line, 

17. three forces equal to 85, 47, and 63 kilog. wt. acting along 
lines OA, OB, and OG, where / ^OB = 78° and / BOC=125°. 

46. To find the conditions of equilibrium of any 
nv/mher of forces acting upon a particle. 

Let the forces act upon a particle (9 as in Art. 44. 

If the forces balance one another the resultant must 
vanish, i.e. F must be zero. 

Hence X^+Y^=-0. 

Now the sum of the squares of two real quantities 
eannot be zero unless each quantity is separately zero; 

.-. Z=0, and 7=0. 

Hence, if the forces acting on a particle be in equi- 
librium, the algebraic sum of their resolved parts in two 
directions at right angles are separately zero. 

Conversely, if the sum of their resolved parts in two 
directions at right angles separately vanish, the forces are 
in equilibrium. 

For, in this case, both X and Y are zero, and therefore 
F is zero also. 

Hence, since the resultant of the forces vanishes, the 
forces are in equilibrium. 

47. "When there are only three forces acting on a 
particle the conditions of equilibrium are often most easily 
found by applying Lami's Theorem (Art. 40). 

3—2 
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48. Ex. 1. A body of 65 lbs. weight is suspended by two strings 
of lengths 5 and 12 feet attached to two points in the same horizontal 
line wJwse distance apart is IS feet; find the tensions of the stritigs. 

Let A C and BC be the two strings, so that 

AC=5it., BG=:12tL, and AB=lSit. 



A D 




Since 132=122+5', the angle ACB is a right angle. 

Let the direction CE of the weight be produced to meet AB in D ; 
also let the angle CBA be 0, so that 

JiAGD=90°- ZBGD= /.GBD = e. 

Let Tj and Tg ^ the tensions of the strings. By Lanii'a theorenx 
wa have 

Tj _ T^ _ 65 
sin EGB ~ sin EGA ~ smAGB' 

Ti _ Tg ^ 65 

■■ sin BGD ~ sin ^ ~ sin 90* ' 

.-. 2\ = 65 cos e, and ^3= 65 sin 0. 

„ . ^ BC 12 ^ . ^ AG 5 

But cos^ = ^=^,andsin^ = ^ = 3;3; 

:. Ti = 60, and T2=25 lbs, wt. 

Otherwise thus ; The triangle A GB has its sides respectively per- 
pendicular to the directions of the forces T^ , Tj > ^^^ ^ > 

r, r, 65 



1 . 
BG' 



GA~AB' 



2'i = 65~=60, and Tz = 65-^ = 25. 



AB 



AB 



Graphically ; produce BG to meet a vertical line through A in O. 
Then A GO is a triangle having its sides parallel to the three forces 
Tj, Tg, and W. Hence it is the triangle of forces, and 

■■ AG~GO~OA' 
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Ex. 2. A string ABGD, attached to two fixed points A and D, Juis 
two equal weights, W, knotted to it at B and G and rests with the 
portions AB and CD inclined at angles of 30° and 60° respectively 
to the vertical. Find the tensions of the portions of the string and the 
inclination of BG to the vertical. 

Let the tensions in the strings be Tj , T^,aai Tg respectively and 
let BG be inclined at an angle to the vertical. 

[N.B. The string BG pulls B towards G and pulls G towards B, 
the tension being the same throughout its length.] 

Since B is in equilibrium the vertical components and the hori- 
zontal components of the forces acting on it must both vanish 
(Art. 46). 

A 



\—' 

T\ ^^'^A 

' l\ B ^^^ I 

^----1 
W i^ 

Hence Ti cos30°- TjCOS ^= IF (1), 

and risin30°-r3sin^=0 .* (2). 

Similarly, sinco G is in equilibrium, 

r8co3 6o°+r2co3 0=jr (3), 

and T3sin6O°-r2sm0=O (4). 

Prom (1) and (2), substituting for Tj, we have 

]F=r2[cot30°sin5-cos^] = r2[^3sintf-cos<?] (5). 

So from (3) and (4), substituting for Tg, we have 

W= TaCcot 60°sin 9 + cos (?]= T^ fi sin Q + cos o\ (6) ; 

therefore from (5) and (6), 

.^3 sin - cos 0=-;- sin tf + cos ; 

.: 2 sin ^=2^3 cos 0; 
.*. tantf=^3, and hence ^=60°. 
Substituting this value in (5), we have 

Tr=T2[v3.f-g = T2. 
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Hence from (2), we have 

sin 60° 

and from (4) ^3= T, ^,= T,= W. 

Hence the inchnation of BC to the vertical is 60°, and the tensions 
of the portions AB, BG, and CD are W^S, W, and TF respectively. 

EXAMPLES. VI. 

1. Two men carry a weight W between them by means of two 
ropes fixed to the weight ; one rope is inclined at 45° to the vertical 
and the other at 30° ; find the tension of each rope. 

2. A body, of mass 2 lbs., is fastened to a fixed point by means 
of a string of length 25 inches ; it is acted on by a horizontal force F 
and rests at a distance of 20 inches from the vertical line through 
the fixed point ; find the value of F and the tension of the string. 

3. A body, of mass 130 lbs., is suspended from a horizontal beam 
by strings, whose lengths are respectively 1 ft. 4 ins. and 5 ft. 3 ins., 
the strings being fastened to the beam at two points 5 ft. 5 ins. apart. 
What are the tensions of the strings ? 

4. A body, of mass 70 lbs., is suspended by strings, whose lengths 
are 6 and 8 feet respectively, from two points in a horizontal line 
whose distance apart is 10 feet; find the tensions of the strings. 

5. A mass of 60 lbs. is suspended by two strings of lengths 
9 and 12 feet respectively, the other ends of the strings being attached 
to two points in a horizontal line at a distance of 15 feet apart ; find 
the tensions of the strings. 

6. A string suspended from a ceiling supports three bodies, each 
of mass 4 lbs., one at its lowest point and each of the others at 
equal distances from its extremities; find the tensions of the parts 
into which the string is divided. 

7. Two equal masses, of weight W, are attached to the extremities 
of a thin string which passes over 3 tacks in a waU arranged in the 
form of an isosceles triangle, with the base horizontal and with a 
vertical angle of 120°; find tlae pressure on each tack. 

8. A stream is 96 feet wide and a boat is dragged down the middle 
of the stream by two men on opposite banks, each of whom pulls 
with a force equal to 100 lbs. wt. ; if the ropes be attached to the same 
point of the boat and each be of length 60 feet, find the resultant 
force on the boat. 
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9. A string passing over two smooth parallel bars in the same 
horizontal plane has two equal weights fastened to its ends and 
another equal weight is fastened to a point of the string between the 
bars ; find the position of equihbrium of the system and the thrust 
upon each bar. 

10. A string is tied to two points in a horizontal plane ; a ring of 
weight 27 lbs. can slide freely along the string and is pulled by a 
horizontal force equal to the weight of P lbs. If in the position of 
equilibrium the portions of the string be inclined at angles of 45° and 
75° to the vertical, find the value of P. 

11. Two weightless rings slide on a smooth vertical circle and 
through the rings passes a string which carries weights at the two 
ends and at a point between the rings. If equilibrium exist when 
the rings are at points distant 30° from the highest point of the circle, 
find the relation between the three weights. 

12. Two masses, each equal to 112 lbs., are joined by a string 
which passes over two small smooth pegs, A and B, in the same 
horizontal plane ; if a mass of 6 lbs. be attached to the string halfway 
between A and B, find in inches the depth to which it vrtll 'descend 
below the level of AB, supposiag AB to be 10 feet. 

What would happen if the small mass were attached to any other 
point of the string? 

13. A body, of mass 10 lbs. , is suspended by two strings, 7 and 24 
inches long, their other ends being fastened to the extremities of a 
rod of length 25 inches. If the rod be so held that the body hangs 
immediately below its middle point, find the tensions of the string. 

14. A heavy ohaia has weights of 10 and 16 lbs. attached to its 
ends and hangs in equilibrium over a smooth pulley ; if the greatest 
tension of the chain be 20 lbs. wt., find the weight of the chain. 

15. A heavy chain, of length 8 ft. 9 ins. and weighing 15 lbs., 
has a weight of 7 lbs. attached to one end and is in equilibrium 
hanging over a smooth peg. What length of the chain is on each 
side? 

16. A body is free to slide on a smooth vertical circular wire and 
is connected by a string, equal in length to the radius of the circle, 
to the highest point of the circle ; find the tension of the string and 
the reaction of the circle. 

17. A uniform plane lamina in the form of a rhombus, one of 
whose angles is 120°, is supported by two forces applied at the centre 
in the directions of the diagonals so that one side of the rhombus 
is horizontal; shew that, if P and Q be the forces and P be the 
greater, then 

Pa=3<23. 
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18. The ends of a driving rein are passed through two smooth 
rings which are fastened, one to each side of the bit. They are then 
doubled back and tied to fixed points in the headpiece one on each 

■ side of the horse's head. Find the pressure produced by the bit on 
the horse's tongue by a given pull P of the driver. 

19. Three equal strings, of no sensible weight, are knotted 
together to form an equilateral triangle ABC and a weight W is 
suspended from A. If the triangle and weight be supported, with BG 
horizontal, by means of two strings at B and G, each at the angle 
of 135° with BG, shew that the tension in JSG is 

W 
^(3-V3). 

20. Three weightless strings AG, BG, and AB are knotted to- 
gether to form an isosceles triangle whose vertex is C If a weight W 
be suspended from G and the whole be supported, with AB horizontal, 
by two forces bisecting the angles at A and B, find the tension of the 
string AB. 

21. A weightless string is suspended from two points not in the 
same horizontal line and passes through a smaU smooth heavy ring 
which is free to slide on the string ; find the position of equilibrium'of 
the ring. 

If the ring, instead of being free to move on the string, be tied to 
a given point of it, find equations to give the ratio of the tensions of 
the two portions of the string. 

22. Four pegs are fixed in a wall at the four highest points of a 
regular hexagon (the two lowest points of the hexagon being in a 
horizontal straight line) and over these is thrown a loop supporting a 
weight W', the loop is of such a length that the angles formed by 
it at the lowest pegs are right angles. Find the tension of the string 
and the pressures on the pegs. 

23. Explain how the force of the current may be used to urge 
a ferry-boat across the river, assuming that the centre of the boat 
is attached by a long rope to a fixed point in the middle of the 
stream. 

24. Explain how a vessel is enabled to sail in a direction nearly 
opposite to that of the wind. 

Shew also that the sails of the vessel should be set so as to bisect 
the angle between the keel and the apparent direction of the wind in 
order tliat the force to urge the vessel forward Dmy be as great as 
possible. 

[Let AB be the direction of the keel and therefore that of the 
ship's motion, and OA the apparent direction of the wind, the angle 
OAB being acute and equal to o. Let ^C be the direction of the s^, 
AG being between OA and AB and the angle BAG being Q. 
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Let P be the force of the wind on the sail ; resolve it in directions 
along and perpendicular to the sail. The component (KA = ) Pcos (a - S) 
along the sail has no effect. The component (L.4 = ) Pein (o - S) per- 
pendicular to the sail may again be resolved into two, viz. {NA=) 
Psm{a-6)GO3 perpendicular to AB and (iU^=)Psin(a-^)sin^ 
along AB. 




The former component produces motion sideways, i.e. in a direction 
perpendicular to the length of the ship. This is called lee-way and is 
considerably lessened by the shape of the keel which is so designed as 
to give the greatest possible resistance to this motion. 

The latter component, P sin (a - 5) sin ^, along ^P is never zero 
unless the sail is set in either the direction of the keel or of the wind, 
or unless a is zero in which case the wind is directly opposite to the 
direction of the ship. 

Thus there is always a force to make the ship move forward ; but 
the rudder has to be continually apphed to counteract the tendency 
of the wind to turn the boat about. 

This force = ^P [cos (a - 29) - cos a] and it is therefore greatest when 

cos (a -2^) is greatest, i.e. when a-26=0, i.e. when 0=^} i"^- when 

the direction of the sail bisects the angle between the keel and the 
apparent direction of the wind.] 

49. Examples of graphical solution. Many 
problems which would be difficult or, at any rate, very 
laborious, to solve by analytical methods are comparatively 
easy to solve graphically. 
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These questions are of common occurrence in en- 
gineering and other practical work. There is generally 
little else involved besides the use of the Triangle of Forces 
and Polygon of Forces. 

The instruments chiefly used are : — Compasses, Rulers, 
Scales and Diagonal Scales, and Protractors for measuring 
angles. 

The restilts obtained are of course not mathematically 
accurate; but, if the student be careful, and skilful in 
the use of his instruments, the answer ought to be trust- 
worthy, in general, to the first place of decimals. 

In the following worked out examples the figures are 
reduced from the original drawings ; the student is recom- 
mended to re-draw them for himself on the scale mentioned 
in each example. 

60. Ex. 1. AGDB is a string whose ends are attached to tico 
points, A and B, which are in a horizontal line and are seven feet 
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apart. The lengths of AC, CD, and DB are 3^, 3, and 4 feet respec- 
tively, and at G is attached a one-pound weight. An unknmcn weight 
is attached to D of such a magnitude that, in the position of equilibrium, 
GDB is a right angle. Find the magnitude of this weight and the 
tensions of the strings. 

Let T^, Tj , and Tg be the required tensions and let x lbs. be the 
weight at D. 

Take a vertical line OL, one inch in length, to represent the 
weight, one pound, at C. Through O draw OM parallel to ^ C, and 
through L draw LM parallel to CD. 

By the triangle of forces OM represents 2\, and LM represents T^. 

Produce OL vertically downwards and through M draw MN 
parallel to BD. 

Then, since LM represents T^, it follows that T^ is represented by 
MN, and x by LN. 

By actual measurement, we have 

01f= 3-05 ins., I,lf= 2-49 ins., MN=5'lin&., 
and NL=5-Q3 ins. 

Hence the weight at D is 5-63 lbs. and the tensions are respectively 
3-05, 2-49, and 5-1 lbs. wt. 

Ex. 2. A and B are two points in a horizontal line at a distance 
of IQ feet apart; AO and OB are two strings of lengths 6 and ll feet 
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carrying, at 0, a body of weight 20 lbs.; a third string, attached to the 
body at O, passes over a small smooth pulley at the middle point, C, of 
AB and is attached to a body of weight 5 lbs.; find the tensions of the 
strings AO and OB. 

Let T-y and T^ be the required tensions. On OC mark off OL, 
equal to one inch, to represent the tension, 5 lbs. wt., of the string OG. 
Draw LM vertical and equal to 4 inches. Through M draw MN, 
parallel to OB, to meet AO produced in N. 

Then, by the Polygon of Porces, the lines ON and NM will 
represent the tensions T^ and Tg* 

On measurement, ON and NM are found to be respectively 3"9 and 
2-45 inches. 

Hence 2\=5 x 3-9 =19-5 lbs. \vt., 

and Ta^Sx 2-45= 12-25 lbs. wt. 

Ex. 3. The Crane. The essentials of a Crane are represented 
in the annexed figure. AB is a vertical post ', AC & beam, called the 
jib, capable of turning about its end A; it is supported by a wooden 
bar, or chain, CD, called the tie, which is attached to a point D of the 
post;4JB. At C is a pulley, over which passes a chain one end of which 




'^N 



is attached to a weight to be lifted and to the other end of which, E, is 
applied the force which raises W. This end is usually wound round 
a drum or cylinder. The tie CD is sometimes horizontal, and often 
the direction of the chain GE coincides with it. In the above crane 
the actions in the jib and tie may be determined graphically as follows. 
Draw KL vertically to represent W on any scale, and then draw 
LM equal to KL and parallel to CE \ through M draw MN parallel to 
AC and KN parallel to DC. 
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Then KLBIN is a polygon of forces for the equilibrium of G; for 
■we assume the tension of the chain to be unaltered in passing over the 
pulley G, and hence that the tension of GE is equal to W. Hence, if T 
be the thrust of yl (7 and 2* the pull of CD, we have 

MN~ NK~ KL' 
Hence T and 2" are represented by MN and NK on the same scale 
that KL represents W. 

EXAMPLES. VII. 

[The folloioing examples are to he solved hy geometric construction.'\ 

1. A boat is towed along a river by means of two ropes, attached 
to the same point, which are pulled by two men who keep at opposite 
points of the bank 50 feet apart ; one rope is 30 feet long and is pulled 
with a force equal to the weight of 35 lbs., and the other rope is 
45 feet long ; the boat is in this way made to move uniformly in a 
straight line ; find the resistance offered to the boat by the stream and 
the tension of the second rope. 

2. The jib of a crane is 10 feet long, and the tie-rod is horizontal 
and attached to a point 6 feet vertically above the foot of the jib ; find 
the tension of the tie-rod, and the thrust on the jib, when the crane 
supports a mass of 1 ton. 

3. A and B are two fixed points, B being below A, and the 
horizontal and vertical distances between them are 4 feet and 1 foot 
respectively; AG and BG are strings of length 5 and 3 feet respectively, 
and at G is tied a body of weight 1 cwt. ; find the tensions of the 
strings. 

4. ABGD is a light string attached to two points, A and D, in the 
same horizontal line, and at the points B and G are attached weights. 
In the position of equilibrium the distances of the points B and G 
below the line AD are respectively 4 and 6 feet. If the lengths 
oi AB and GD be respectively 6 and 8 feet and the distance ADhe 
14 feet, find the weight at G, the magnitude of the weight at B being 
4 lbs. 

5. A framework ABG is kept in a vertical plane with AB hori- 
zontal by supports at A and £; if the lengths AB, BO, and GA be 10, 
7, and 9 feet respectively, and a weight of 10 cwt. be placed at G, find 
the reactions at A and B and the forces exerted by the different 
portions of the framework. 

6. A framework ABG is supported at A and B so that it is in a 
vertical plane with AB horizontal, and a weight of 200 lbs. is hung 
on at G', if AB=5 feet, BG=4: feet, and -4(7=3 feet, find the tensions 
or thrusts in. AG and GB, and the reactions at A and B. 
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7. The jib of a crane is 20 feet long, the tie 16 feet, and the post 
10 feet. A load of 10 cwts. is hung at the end of a chain which 
passes over a pulley at the end of the jib and then along the tie. 
Find the thrust in the jib and the puU in the tie. 

8. In the figure of Ex. 3, Art. 50, the tie BG is horizontal and 
the chain coincides with it; if ]F=500 lbs., ^C=ll feet, ancl 
DG=5 feet, find the actions along DC and AC. 

9. In the figure of Ex. 3, Art. 50, the angle CZ)B=45°, and the 
angle -4 CD =15°; the chain EG coincides with DG\ if Whe one ton, 
find the forces exerted by the parts AG, GD. 

10. In the figure of Ex. 3, Art. 50, DJ = 15 feet, DC= 20 feet and 
AG—io feet, and a weight of one ton is suspended from C, find the 
thrusts or tensions produced in AG, GD, and DA when the chain 
coincides with 

(1) the jib GA, 

(2) the tie GD. 

• 11. In the figure of Ex. 3, Art. 50, the jib AG ia 25 feet long, 
the tie' GD is 18 feet, ^D=12 feet and AE=8 feet; find the tensions 
or thrusts in ^C and GD, when a weight of 2 tons is suspended from 
the end of the chain. 

12. ABGD is a frame-work of four weightless rods, loosely jointed 
together, AB and AD being each of length 4 feet and BG and GD of 
length 2 feet. The hinge C is coxmected with A by means of a fine 
string of length 5 feet. Weights of 100 lbs. each are attached to B 
and D and the whole is suspended from A. Shew that the tension in 
J C is 52 lbs. weight. 

13. In the preceding question, instead of the string ^C a weight- 
less rod BD of length 3 feet is used to stiffen the frame ; a weight of 
100 lbs. is attached to C and nothing at B and D. Shew that the 
thrust in the rod BD is about 77 lbs. weight. 

14. In question 12 there are no weights attached to B and D and 
the whole framework is placed on a smooth horizontal table; the 
hinges B and D are pressed toward one another by two forces each 
equal to the weight of 25 lbs. in the straight line BD. Shew that the 
tension of the string is about 31-6 lbs. weight. • 

15. ABGD is a rhombus formed by four weightless rods loosely 
jointed together, and the figure is stiffened by a weightless rod, of 
one half the length of each of the four rods, joined to the middle 
points of AB and AD. If this frame be suspended from A and a 
weight of 100 lbs. be attached to it at C, shew that the thrust of the 
cross rod is about 115*5 lbs. weight. 



CHAPTER IV. 

PAKALLEL FOKCES. 

61. In Chapters ii. and iii. we have shewn how to 
find the resultant of forces which meet in a point. In 
the present chapter we shall consider the composition of 
parallel forces. 

In' the ordinary statical problems of every-day life parallel 
forces are of constant occurrence. 

Two parallel forces are said to be like when they act 
in the same direction ; when they act in opposite parallel 
directions they are said to be unlike. 

52. To find the resultant of two 'parallel forces o/^ting 
upon a rigid body. 

Case I. Let the forces be like. 

Let P and Q be the forces acting at points A and B of 
the body, and let them be represented by the lines AL and 
BM. 

Join AB and at A and B apply two equal and opposite 
forces, each equal to S, and acting in the directions BA and 
AB respectively. Let these forces be represented by AD 
and BE. These two forces balance one another and have 
no effect upon the eqiiilibrium of the body. 

Complete the parallelograms ALFD and BMGE; let 
the diagonals FA and GB be produced to meet in 0. Dra"w 
OG parallel to AL or BM to meet AB in G. 
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The forces P and S a,tA have a resultant P^, represented 
by AF. Let its point of application be removed to 0. 

S^ ° >S - . 







M 



So the forces Q and S a,t B have a resultant ^^ repre- 
sented by BG. Let its point of application be transferred 
to 0. 

The force P, at may be resolved into two forces, 
S parallel to AD, and P in the direction OC. 

So the force ^j at may be resolved into two forces, 
S parallel to BE, and Q in the direction OC. 

Also these two forces S acting at are in equilibrium. 

Hence the original forces P and Q are equivalent to a 
force {P + Q) acting along OC, i.e. acting at C parallel to 
the original directions of P and Q. 

To determine the position of the point G, The triangle 
OCA is, by construction, similar to the triangle ALF ; 

" GA~ LF~ S' 
so that P.GA=S.OC (1). 
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So, since the triangles 0GB and BMG are similar, we 

have 

00 _BM _Q 
GB~ MG~ S' 

so that Q.GB^S.OG (2), 

Hence, from (1) and (2), we have 
P.GA = Q.CB, 

so that ^ = p , 

i.e. G divides the line AB internally in the inverse ratio of 
the forces. 

Case II. Let the forces he unlike. 

Let P, Q be the forces (P being the greater) acting at 
points A and B of the body, and let them be represented by 
the lines AL and BM. 

Join AB, and at A and B apply two equal and opposite 
forces, each equal to aS^, and acting in the directions BA 
and AB respectively. Let these forces be represented by 
AD and BE respectively; they balance one another and 
have no effect on the equilibrium of the body. 

Complete the parallelograms A LED and BMGEy and 

produce the diagonals AF and GB to meet in 0. 

[These diagonals will always meet unless they be parallel, in 
which case the forces P and Q will be equal.] 

Draw OG parallel io AL or BM to meet -4^ in G. 

The forces P and S acting at A have a resultant P^ 
represented by AF. Let its point of application be trans- 
ferred to 0. 

So the forces Q and S acting at B have a resultant Q^ 
represented by BG. Let its point of applicatioh be trans- 
ferred to 0. 

L. s. 4 
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The force Pj at may be resolved into two forces, 
S parallel to AD, and P in the direction GO produced. 

q/ \ \ 



M G 

So the forces Qx at may be resolved into two forces, 
S parallel to BE, and Q in the direction OG. 

Also these two forces S acting at are in equilibrium. 

Hence the original forces P and Q are equivalent to 
a force P —Q acting in the direction GO produced, 
i.e. acting at C in a direction parallel to that of P. 

To determine the position of the point G. The triangle 
OGA is, by construction, similar to the triangle FDA ; 

OG__FD _AL__P 
■• GA~DA~AD~S' 

so that P.GA=S.OG (1), 

Also, since the triangles 0GB and BMG are similar, we 
have 

OG _ BM_ Q 
CB~ MG" S' 

so that . Q.GB = S.OG (2). 

Hence, from (1) and (2), P.GA = Q.GB. 
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Hence 7Tp = ^» *-^- ^ divides the line AB extertiaUy 

in the inverse ratio of the forces. 

To sum up ; If two parallel forces, F and Q, act at 
points A and ^ of a rigid body, 

(i) their resultant is a force whose line of action is 
parallel to the lines of action of the component forces; 
also, when the component forces are like, its direction is 
the same as that of the two forces, and, when the forces 
are unlike, its direction is the same as that of the greater 
component. 

(ii) the point of application is a point G in AB such 
that 

P.AG=Q.BG. 

(iii) the magnitude of the resultant is the sum of the 
two component forces when the forces are like, and the 
difference of the two component forces when they are 
unlike. 

53. Gase of failure of the Receding construction. 
In the second figure of the last article, if the forces 
P and Q be equal, the triangles FDA and GEB are equal 
in all respects, and hence the angles BAF and EBG ^vill be 
equal. 

In this case the lines -^i^and GB will bo parallel and 
will not meet in any such point as ; hence the construction 
fails. 

Hence there is no single force which is equivalent to two 
equal unlike parallel forces. 

We shall return to the consideration of this case in 
Chapter vi. 

4—2 
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54. If we have a number of like parallel forces acting 
on a rigid body we can find their resultant by successive 
applications of Art. 53. We must find the resultant of the 
first and second, and then the resultant of this resultant 
and the third, and so on. 

The magnitude of the final resultant is the sum of the 
forces. 

If the parallel forces be not all like, the magnitude of 
the resultant will be found to be the algebraic sum of the 
forces each with its proper sign prefixed. 

Later on (see Art. 114) will be found formulae for 
calculating the centre of a system of parallel forces, i.e. the 
point at which the resultant of the system acts. 

55. Resultant of two parallel forces. Exjperimental 
verification. 

Take a uniform rectangular bar of wood about 3 feet 
long, whose cross-section is a square of side an inch or 
rather more. A face of this bar should be graduated, say 
in inches or half inches, as in the figure. 




Let the ends A and B be supported by spring balances 
which are attached firmly to a support. For this purpose 
a Salter's circular balance is the more convenient form as 
it drops much less than the ordinary form when it is 
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stretched. On the bar AB let there be a movable loop G 
carrying a hook from which weights can be suspended; 
this loop can be moved into any position along the bar. 

Before putting on any weights, and when C is at the 
middle point of AB, let the readings of the balances D and 
E be taken. The bar being uniform, these readings should 
be the same and equal to R (say). 

Now hang known weights, amounting in all to W, on 
to C, and move G into any position Gi on the bar. Observe 
the new readings of the balances D and E, and let them be 
P and Q respectively. 

Then P-R(=Pi) and Q-R{=Qi) are the additional 
readings due to the weight W, and therefore P^ and Q^ are 
the forces at B and E which balance the force If at G^. 

It will be found that the sum of 

Pi and ^1 is equal to W (1). 

Again measure carefully the distances AGi and BGi. 

It will be found that 

■ PixACi = Qi.BGi (2). 

In other words the resultant of forces P^ and Qi at A 
and B is equal to P^ + Q^ acting at Gi, where 

Pi.AGi = Qi.BGi. 
But this is the result given by the theoretical investigation 
of Art. 52 (Case I). 

Perform the experiment again by shifting the position 
of Ci, keeping W the same; the values of Pi and Q^ will 
alter, but their sum will still be W, and the new value of 
Pi. AGi will be found to be equal to the new value of 
Qi.BGi. 

Similarly the theorem of Art. 52 will be found to be 
true for any position of Gi and any value of W. 
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Numerical illustration. Suppose the weight of the beam and the 
attached apparatus (without any weights) to be 2 lbs. Then the 
original reading, JB, of the balances will be each 1 lb. Put on 
a weight of 4 lbs. at G and move C to Cj until the readings of the 
balances A and B are respectively 4 and 2. lbs. 

Then a force 4 lbs. at G^ is balanced by a force 3 lbs. (=4 - 1) at 
A and lib. (=2-1) at B. 

Measure the distances AG^ and BG^; they will be found to be 
9 inches and 27 inches respectively (assuming the length ^U to be 
3 feet, i.e. 36 inches). 

We thus have Pi.^(7i=3x9, 

and Qi.BC7i=lx27, 

and these are equal. 

Hence the truth of Art. 52 (Case I) for this case. 

Unlike parallel forces. 

In the last experiment the forces P^, W and Q^ at J4, 
Gx, and B are in equilibrium, so that the resultant of P^ 
upwards and W downwards is equal and opposite to Q^. 
Measure the distances AB and G^B. Then it will ])e 
found that 

Qi=w-p, 

and Pi.AB=W.GiB. 

Hence the truth of Art. 62 (Case II) is verified. 

66. Ex. Ahorizontalrod,Qfeetlong,whoseweight7nayheneglected, 
rests on two supports at its extremities; a body, of weight 6 cwt., is 
suspended from the rod at a distance of 2^ feet from one end; find the 
reaction at each point of support. If one support could only bear a 
thrust equal to the weight ofl cwt., what is the greatest distance from 
the other support at which the body could be suspended ? 



A 

A" 



6cwi. 



>v.^ 



-^ 



Let AB be the rod and R and S the reactions at the points of sup- 
port. Let G be the point at which the body is suspended so that 
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AG=z\ and GB=2\ feet. For equilibrium the resultant of JJ and S 
must balance 6 cwt. Hence, by Art. 52, 

B+8=^ (1), 

, H BG 2|_5 
^""^ 5=IC = iJ = 7 (^^- 

5 7 

Solving (1) and (2) , we have i? = ^ , and S=^. Hence the reactions 

are 2^ and 3^ cwt. respectively. 

If the reaction at A can only be equal to 1 cwt. , S must be 5 cwt. 
Hence, if ^0 be x, we have 

l_BG_G-x 
5~AG~ X ' 
.', x=5 feet. 
Hence BG is 1 foot. 



EXAMPLES. Vm. 

In the four following examples A and B denote the points of appli- 
cation of parallel forces P and Q, and G is the point in which theu- 
resultant 11 meets AB. 

1. Find the magnitude and position of the resultant (the forces 
being like) when 

(i) P=4; Q=7; ^P=lHnches; 
(ii) P=ll; Q=19; ^P=2|-feet; 
(iii) P=5; Q=5; AB=3ieet. 

2. Find the magnitude and position of the resultant (the forces 
being unlike) when 



(i) P=17 
(ii) P=23 
(iii) P=26 



Q = 25; ^P=8 inches; 
Q=15; ^P=40 inches; 
Q=9; ^P=3fect. 



3. The forces being like, 

(i) ifP=8; P=17; ^C=4| inches; find Q and ^P; 

(ii) if Q = ll; ^C= 7 inches; ^P=8| inches; find P and P; 

(iii) ifP=6; AG =9 inches; CP=8 inches; find Q and P. 

4. The forces being unlike, 

(i) if P=8; P=17; ^C=4|- inches; find Q and ^P; 

(ii) if <3=11; ^C=-7mches; ^P=8f inches; findPandP; 

(iii) if P=6; AC= -9 inches; ^P=12 inches; find Q and P. 
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5. Find two like parallel forces acting at a distance of 2 feet 
apart, ■which are equivalent to a given force of 20 lbs. wt., the line 
of action of one being at a distance of 6 inches from the given force. 

6. Find two unlike parallel forces acting at a distance of 18 
inches apart which are equivalent to a force of 30 lbs. wt., the greater 
of the two forces being at a distance of 8 inches from the given force. 

7. Two parallel forces, Pand Q, act at given points of a body; 
if Q be changed to -^ , shew that the line of action of the resultant is 
the same as it would be if the forces were simply interchanged. 

8. Two men carry a heavy cask of weight 1^ cwt., which hangs 
from a light pole, of length 6 feet, each end of which rests on a 
shoulder of one of the men. The point from which the cask is hung 
is one foot nearer to one man than to the other. What is the pressure 
on each shoulder? 

9. Two men, one stronger than the other, have to remove a 
block of stone weighing 270 lbs. by means of a light plank whose 
length is 6 feet ; the stronger man is able to carry 180 lbs. ; how must 
the block be placed so as to allow him that share of the weight ? 

10. A uniform rod, 12 feet long and weighing 17 lbs., can turn 
freely about a point in it and the rod is in equilibrium when a weight 
of 7 lbs. is hung at one end ; how far from the end is the point about 
which it can turn? 

N.B. The weight of a uniform rod may be taken to act at its 
middle point. 

11. A straight uniform rod is 3 feet long; when a load of 5 lbs. 
is placed at one end it balances about a point 3 inches from that end ; 
find the weight of the rod. 

12. A uniform bar, of weight 3 lbs. and length 4 feet, passes over 
a prop and is supported in a horizontal position by a force equal to 
1 lb. wt. acting vertically upwards at the other end; find the distance 
of the prop from the centre of the beam. 

13. A heavy uniform rod, 4 feet long, rests horizontally on two 
pegs which are one foot apart ; a weight of 10 lbs. suspended from 
one end, or a weight of 4 lbs. suspended from the other end, will just 
tilt the rod up ; find the weight of the rod and the distances of the 
pegs from the centre of the rod. 

14. A uniform iron rod, 2\ feet long and of weight 8 lbs., is 
placed on two rails fixed at two points, A and B, in & vertical wall. 
AB is horizontal and 5 inches long ; find the distances at which the 
ends of the rod extend beyond the rails if the difference of the thrusts 
on the rails be 6 lbs. wt. 
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15. A uniform beam, 4 feet long, is supported in a horizontal 
position by two props, which are 3 feet apart, so that the beam pro- 
jects one foot beyond one of the props; shew that the force on one 
prop is double that on the other. 

16. A straight weightless rod, 2 feet in length, rests in a horizon- 
tal position between two pegs placed at a distance of 3 inches apart, 
one peg being at one end of the rod, and a weight of 5 lbs. is suspended 
from the other end ; find the pressure on the pegs. 

17. One end of a heavy uniform rod, of weight TF, rests on a 
smooth horizontal plane, and a string tied to the other end of the 
rod is fastened to a fixed point above the plane; find the tension 
of the string. 

18. A man carries a bundle at the end of a stick which is placed 
over his shoulder; if the distance between his hand and his shoulder 
be changed how does the pressure on his shoulder change ? 

19. A man carries a weight of 50 lbs. at the end of a stick, 3 feet 
long, resting on his shoulder. He regulates the stick so that the 
length between his shoulder and his hands is (i) 12, (ii) 18 and (iii) 24' 
inches ; how great are the forces exerted by his hand and the pressures 
on his shoulder in each case? 

20. Three parallel forces act on a horizontal bar. Each is equal 
to 1 lb. wt., the right-hand one acting vertically upward and the other 
two vertically down at distances of 2 ft. and 3 ft. respectively from 
the first; find the magnitude and position of their resultant. 

21. A portmanteau, of length 3 feet and height 2 feet and whose 
centre of gravity is at its centre of figure, is carried upstairs by two 
men who hold it by the front and back edges of its lower fa«e. If this 
be inclined at an angle of 30° to the horizontal, and the weight of the 
portmanteau be 1 cwt., find how much of the weight each supports. 



CHAPTER V. 

MOMENTS. 

57. Def. The moment of a force about a given point 
is the jyroduct . of the force and the perpendicular drawn 
from the given point upon the line of action of the force. 

Thus the moment of a force F about a given point is 




F X OiV, where 0^ is the perpendicular drawn from upon 
the line of action of F. 

It will be noted that the moment of a force F about 
a given point never vanishes, unless either the force 
vanishes or the force passes through the point about which 
the moment is taken. 

58. Geometrical representation of a moment. 
Suppose the force F to be represented in magnitude, 
direction, and line of action by the line AB. Let be any 
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given point and ON the perpendicular* from upon AB or 
AB produced. 



-^ 



^ ^F N B '^ f " 1^ 

Join OA and 05. 

By definition the moment of F about is i^^x Oi\r, i.e. 
AB y. ON. But AB x ON is equal to twice the area of the 
triangle OAB [for it is equal to the area of a rectangle 
whose base is -45 and whose height is 0N\. Hence the 
moment of the force F about the point is represented by 
twice the area of the triangle OAB, i.e. by ttvice the area of 
the triangle wliose ha^e is the line representing the force and 
whose vertex is the point about which the Tnoment is taken. 

59. Physical meaning of the moment of a force about a 
point. 

Suppose the body in the figure of Art. 57 to be a plane 
lamina \i.e. a body of very small thickness, such as a piece 
of sheet-tin or a thin piece of board] resting on a smootli 
table and suppose the point of the body to be fixed. 
The effect of a force F acting on the body would be to 
cause it to turn about the point as a centre, and this 
effect would not be zero unless (1) the force i^were zero, or 
(2) the force F passed through 0, in which case the distance 
ON would vanish. Hence the product F x ON would seem 
to be a fitting measure of the tendency of F to turn the 
body about 0. This may be experimentally verified as 
follows; 
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I^et the lamina be at rest under the action of two strings 
whpse tensions are F and F-^^, which are tied to fixed points 
of the lamina and whose lines of action lie in the plane of 
the lamina. Let OiVand ON-y be the perpendiculars drawn 
from the fixed point upon the lines of action of F 
and Fy. 

If we measure the lengths ON and ON^ and also the 




forces i^and F^^, it will be found that the product F . ON 
is always equal to the product Fy . ONy. 

Hence the two forces, F and F^, will have equal but 
opposite tendencies to turn the body about if their 
moments about have the same magnitude. 

These forces F and Fy may be measured by carrying 
the strings over light smooth pulleys and hanging weights 
at their ends sufficient to give equilibrium ; or by tying the 
strings to the hooks of two spring balances and noting the 
readings of the balances, as in the cases of Art. 25. 

60. Experiment. To shew that if a body, having 
one point fixed, he acted upon hy two forces and it he at rest, 
then the moments of the two forces about the fixed point are 
equal hut opposite. 
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Take the bar used in Art 55 and suspend it at G so 
that it rests in a horizontal position ; if the bar be luiiform 




G will be its middle point ; if it be not uniform, then G will 
be its centre of gravity [Chapter ix]. The beam must be 
so suspended that it turns easily and freely about G. 

When the forces ^ are parallel. From any two points 
A, B of the bar suspend carriers on which place weights 
until the beam again balances in a horizontal position. 

Let P be the total weight, including that of the carrier, 
at A, and Q the total weight similarly at B. Measure 
carefully the distances AG and BG. 

Then it will be found that the products P. AG and 
Q . BG are equal. 

The theorem can be verified to be true for more than 
two forces by placing several such carriers on the bar and 
putting weights upon them of such an amount that equi- 
librium is secured. 

In every such case it will be found that the sum of the 
moments of the weights on one side of G is equal to the 
sum of the moments of those on the other side. 

When tlie forces are not 'parallel. Arrange the bar as 
before but let light strings be attached at A and B which 
after passing over light pulleys support carriers at their 
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other ends. Let these carriers have weights put upon 
them until the beam balances in a horizontal jx)sition. 




Let P and Q be the total weights on the carriers 
including the weights of the carriers themselves ; these will 
be the tensions of the strings at A and B. 

Measure the perpendicular distances, p and q, from C 
upon OA and OB respectively. 
Then it will be found that 

P.p = Q.q. 

61. Positive and negative moments. In Art. 57 the 
force F would, if it were the only force acting on the 
lamina, make it turn in a direction opposite to that in 
which the hands of a watch move, when the watch is laid 
on the table with its face upwards. 

The force F-^^ would, if it were the only force acting on 
the lamina, make it turn in the same direction as that in 
which the hands of the watch move. 

The moment of F about 0, i.e. in a direction ^, is said 
to be positive, and the moment of F-^ about 0, i.e. in a 
direction '), is said to be negative. 
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Algebraic sum of moments. The algebraic sum of the 
moments of a set of forces about a given point is the sum 
of the moments of the forces, each moment having its 
proper sign prefixed to it. 

Ex. ABGD is a square; along 
the sides AB, GB, DC, and DA forces 
act equal respectively to 6, 5, 8, and 
12 lbs. wt. Find the algebraic sum 
of their moments about the centre, O, 
of the square^ if tJie side of the square 
be 4: feet. 

The forces along D^ and^JS tend 
to turn the square about in the 
positive direction, whilst the forces 
along the sides DC and CB tend to 
turn it in the negative direction. 

The perpendicular distance of A '6 B 

from each force is 2 feet. 

Hence the moments of the forces are respectively 

+ 6x2, -5x2, -8x2, and +12x2. 

Their algebraic sum is therefore 2 [6-5-8 + 12] or 10 units of 
moment, i.e. 10 times the moment of a force equal to 1 lb. wt. acting 
at the distance of 1 foot from 0. 

62. Theorem. The algebraic sum of the moments of 
any two forces about any point in their jylane is equal to the 
moTnent of their resultant abotit the sam,e point. 

Case I. Let the forces meet in a point. 

Let F and Q acting at the point A be the two forces and 
the point about which the moments are taken. Draw 00 
parallel to the direction of P to meet the line of action of 
Q in the point 0. 

Let AC represent Q in magnitude and on the same 
scale let AB represent F ; complete the parallelogram 
ABBC, and join OA and OB. 

Then AD represents the resultant, F, of F and Q. 
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(a) If be without the angle DAG, as in the first 
figure, "we have to shew that 

lAOAB + 2liOAG = ^AOAD. 
[For the moments of P and Q about are in the same direction.] 

C D 

o '^•;:: 




Since AB and OD are parallel, we have 
A OAB = A DAB = AACD. 
:.2AOAB + 2AOAC = 2AACD + 2aOAG=2aOAD. 

(yS) If be within the angle GAD, as in the second 
figure, we have to shew that 

2AAOB-2aAOG = 2aAOD, 
[For the moments of P and Q about O are in opposite directions.] 
As in (a), we have 

AAOB= ADAB= aACD. 
.\2AAOB-2aAOG = 2AAGD-2aOAG=2aOAD. 

Case II. Let the forces he parallel. 



O 
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Let l^ and Q be two parallel forces and li (= P + Q) 
their resultant. 

From any point in their plane draw OAGB perpen- 
dicular to the forces to meet them in -i4, (7, and JB respec- 
tively. 

By Art. 52 we have P.AG=Q.GB (1); 

.'. the sum of the moments of F and Q alx)ut 
= Q.OB + P.OA 
= Q{OC + CB) + P (OG - AG) 
= {P + Q)OG + Q.GB-P.AG 
=?(P + Q). OG, by equation (1), 
= moment of the resultant about 0. 
If the point about which the moments are taken be 
between the forces, as Oi, the moments of P and Q have 
opposite signs. 

In this case we have 

Algebraic sum of moments of P and Q about 0^ 
= P.O^A-Q.OiB 
= P (O^G + GA)-Q (GB - 0,G) 
=={P + Q).0,G + P.GA-Q.GB 
= {P + Q). OiG, by equation (1). 
The case when the point has any other position, as also 
the case when the forces have opposite parallel directions, 
are left for the student to prove for himself. 

63. Case I of the preceding proposition may be otherwise proved 
in the following manner : 

Let the two forces, P and Q, be represented hj AB and AC re- 
spectively and let AD represent the resultant JR so that A EDO is a 
parallelogram. 

Let be any point in the plane of the forces. Join OA and draw 
BL and CM, parallel to OA, to meet AD in L and M respectively. 

L. s. 5 
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Since the sides of the triangle ACM are respectively parallel to the 
Bides of the triangle DBL, and since AG is equal to BD, 

.-. AM=LD, 

:. aOAM= aOLD. 

First, let O fall without the angle GAD, as in the first figure. 



M 

Then 2aOAB+2aOAG 

=2aOAL + 2aOAM 

=2aOAL+2aOLD 

==2 A GAD. 
Hence the sum of the moments of P and Q is equal to that of M. 
Secondly, let fall within the angle GAD, as in the second figure. 
The algebraic sum of the moments of P and Q about 

=2aOAB-2aOAG 

=2aOAL-2aOAM 

=2aOAL-2aOLD 

=2aOAD 

= moment of R about 0. 

64. If the point about which the moments are taken 
lie on the resultant, the moment of the resultant about the 
point vanishes. In this case the algebraic sum of the 
moments of the component forces about the given point 
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vanishes, i.e. The moments of two forces about any point on 
the line of action of their resultant are equal and of opposite 
sign. 

The student will easily be able to prove this theorem 
independently from a figure ; for, in Art. 62, the point 
will be found to coincide with the point D and we have 
only to shew that the triangles AGO and ABO are now 
equal, and this is obviously true. 

65. Generalised theorem of moments. If any 

number of forces in one plane acting on a rigid body have a 
resultant, the algebraic sum of their moments about any point 
in their plane is eqv^l to the moment of their resultant. 

For let the forces be P, Q, Ji, S,... and let be the 
point about which the moments are taken. 
Let Pi be the resultant of F and Q, 
Pg be the resultant of P^ and 2i, 
Pg be the resultant of Pj and S, 
and so on till the' final resultant is obtained. 

Then the moment of P^ about = sum of the moments 
of P and ^(Art. 62); 

Also the moment of Pj about = sum of the moments 
of Pj and P 

= sum of the moments of P, Q, and P. 
So the moment of Pj about 

= sum of the moments of Pg and S 
= sum of the moments of P, Q, P, and S, 
and so on until all the forces have been taken. 
Hence the moment of the final resultant 
= algebraic sum of the moments of the component forces. 
Cor. It follows, similarly as in Art. 64, that the alge- 
braic sum of the moments of any number of forces about a 

5—2 



68 



STATICS 



point on the line of action of their resultant is zero ; so, 
conversely, if the algebraic sum of the moments of any 
number of forces about any point in their plane vanishes, 
then, either their resultant is zero (in which case the forces 
are in equilibrium), or the resultant passes through the 
point about which the moments are taken. 

66. The theorem of the previous article enables us to 
find points on the line of action of the resultant of a system 
of forces. For we have only to find a point about which 
the algebraic sum of the moments of' the system of forces 
vanishes, and then the resultant must pass through that 
point. This principle is exemplified in Examples 2 and 3 
of the following article. 

If we have a system of parallel forces the resultant is 
known both in magnitude and direction when one such 
point is known. 

67. Ex. 1. A rod, 5 feet long, supj^orted by txoo vertical strings 
attached to its ends, has weights of 4, 6, 8, and 10 lbs. hung from the 
rod at distances of 1, 2, 3, and 4: feet from one end. If the weight of 
the rod be 2 lbs., what are the tensions of the strings ? 

Let AF be the rod, B, G, D, and E the pomts at which the weights 



A 



C G D 



Ia v<, 
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are hung; let G be the middle point ; we shall assume that the weight 
of the rod acts here. 

Let R and S be the tensions of the strings. Since the resultant of 
the forces is zero, its moment about A must be zero. 

Hence, by Art. 65, the algebraic sum of the moments about A 
must vanish. 
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Therefore 4 x 1 + 6 x 2 + 2 x2|-+8x 3 + 10x4-5x5=0, 
,-. 55=4 + 12 + 5 + 24 + 40 = 85, 
.-. S=17. - 
Similarly, taldng moments about F, we have 

512=10 X 1 +8 X 2 + 2 x2| + 6x 3 +4x4=65, 
.-. Ji=18. 

The tension R may be otherwise obtained. For the resultant of the 
weights is a weight equal to 30 lbs. and that of R and 5 ia a force 
equal to JJ+ 5. But these resultants balance one another. 

.-. JJ + /Sf=80; 

.-. J?=80-S=30-17=13. 

Ex. a. Forces eqiuil to P, 2P, 3P, and 4P act along tlie sides of a 
square ABCD taken in order; find the vmgnitiide, direction, and line 
of action of the resultant. 

Let the side of the square be a. 

The forces P and 3P are, by Art. 52, equal to a parallel force 2P 

acting at E, where DE is - . 

The forces 4P and 2P are, similarly, equal to a force 2P acting at 
a point F on CD where DF is a. 

Let the lines of action of these two components meet in 0. Then 
the final resultant is equal to 2P^2 acting in a direction parallel 
to GA. 
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Otberwlse thus; witliout making any geometric construction 
(which is often tedious) the line of action of the resultant force can 
be easUy obtained by using the theorem of Art. 65. 

Let the line of action meet AB and CB in Q and R. 

Since Q is a point on the line of action of the resultant the alge- 
braic sum of the moments of the four forces about Q must be zero ; 
.-. P(DQ-i-a) + 2P(a) = 3P.DQ;- 

.-. mJ-l. 

So for the point R we have 

P.a + 2P(JRD + a)=4P.J?D; 

Also the components of the forces perpendicular to GB are 4P - 2P, 
i.e. 2P, and the components parallel to GB are 3P-P, i.e. 2P. 
Hence the magnitude of the resultant is 2^J2P. 

Ex. 3. Forces equal to 3P, IP, and 5P act along the sides AB, BG, 
and GA of an equilateral triangle ABG; find the magnitude, direction, 
and line of action of the resultant. 

Let the side of the triangle be a, and let the resultant force meet 




::^Q 

7PC\ ,.,--- 



the side BG in Q. Then, by Art. 65, the moments of the forces about 
Q vanish. 

.-. 3Px(QC+a)sin60°=5Px(3Csin60''. 

.-. g«4. 

The sum of the components of the forces perpendicular to BG 
= 5P sin 60° - 3P sin 60° = PJB. 
Also the sum of the components in the direction BC 
=7P- 5PC0S 60°- 3PC0S 60°=3P. 

/3 
Hence the resultant isP^12 inclined at an angle tan-^5^ , i,e. 

30°, to BG and passing through Q where GQ=^BG. 



/ 



/ 
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EXAMPLES. IX. 

1. The side of a square ABGD is 4 feet; along the lines CB, BA, 
DA, andDB, respectively act forces equal to 4, 3, 2, and 6 lbs. weight; 
find, to the nearest decimal of a foot-pound, the aJgebraio sum of the 
moments of the forces about G. 

2. The side of a regular hexagon ABGDEF is 2 feet ; along the 
sides AB, GB, DG, BE, EF, and FA act forces respectively equal to 1, 
2, 3, 4, 5, and 6 lbs. wt. ; find the algebraic sum of the moments of 
the iforces about A. 

, 3. A pole of 20 feet length is placed with its end on a horizontal 

^^^lane and is puUed by a string, attached to its upper end and inclined 

at 30° to the horizon, whose tension is equal to 30 lbs. wt. ; find the 

horizontal force which applied at a point 4 feet above the ground will 

keep the pole in a vertical position. 

4. A uniform iron rod is of length 6 feet and mass 9 lbs., and 
/^from its extremities are suspended masses of 6 and 12 lbs. resj)ec- 
tively; from what point must the rod be suspended so that it may 
remain in a horizontal position ? 

/S. A uniform beam is of length 12 feet and weight 60 lbs., and 
'=^from its ends are suspended bodies of weights 20 and 30 lbs. respec- 
tively; at what point must the beam be supported so that it may 
remain in equilibrium? 

/6. Masses of 1 lb., 2 lbs., 3 lbs., and 4 lbs. are suspended from a 
^miiform rod, of length 5 ft., at distances of 1 ft., 2 ft., 3 ft., and 4 ft. 
respectively from one end. If the mass of the rod be 4 lbs., find the 
position of the point about which it will balance. 

y7. A uniform rod, 4 ft. in length and weighing 2 lbs., turns freely 
about a point distant one foot from one end and from that end a 
-weight of 10 lbs. is suspended. What weight must be placed at the 
other end to produce equilibrium ? 

/S. A heavy uniform beam, 10 feet long, whose mass is 10 lbs., is 
supported at a point 4 feet from one end ; at this end a mass of 6 lbs. 
/la placed ; find the mass which, placed at the other end, would give 
equilibrium. 

9. The horizontal roadway of a bridge is 30 feet long, weighs 
6 tons, and rests on similar supports at its ends. What is the thrust 
borne by each support when a carriage, of weight 2 tons, is (1) half- 
way across, (2) two-thirds of the way across? 

10. /A light rod, AB, 20 inches long, rests on two pegs whose 
distance apart is 10 inches. How must it be placed so that the 
reactions of the pegs may be equal when weights oi 2W and ZW 
respectively are suspended from A and B ? 
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11. A light rod, of length 3 feet, has equal weights attached to it, 
one at 9 inches from one end and the other at 15 inches from the other 
end ; if it be supported by two vertical strings attached to its ends and 
if the strings cannot support a tension greater than the weight of 
.1 cwt., what is the greatest magnitude of the equal weights? 

12. A heavy uniform beam, whose mass is 40 lbs., is suspended 
in a horizontal position by two vertical strings each of which can 
sustain a tension of 35 lbs. weight. How far from the centre of the 
beam must a body, of mass 20 lbs., be placed so that one of the strings 
may just break ? 

13. A uniform bar, AB, 10 feet long and of mass 50 lbs., rests on 
the ground. If a mass of 100 lbs. be laid on it at a point, distant 
3 feet from B, find what vertical force applied to the end A wiU just 
begin to lift that end. 

14. A rod, 16 inches long, rests on two pegs, 9 inches apart, with 
its centre midway between them. The greatest masses that can be 
suspended in succession from the two ends without disturbing the 
eqifilibrium are 4 lbs. and 5 lbs. respectively. Pind the weight of the 
rod and the position of the point at which its weight acts. 

15. A straight rod, 2 feet long, is movable about a hinge at one 
end and is kept in a horizontal position by a thin vertical string 
attached to the rod at a distance of 8 inches from the hinge and 
fastened to a fixed point above the rod ; if the string can just support 
a mass of 9 ozs. without breaking, find the greatest mass that can 
be suspended from the other end of the rod, neglecting the weight of 
the rod. 

16. A tricycle, weighing 5 stone 4 lbs., has a small wheel sym- 
metrically placed 8 feet behind two large wheels which are 3 feet apart ; 
if the centre of gravity of the machine be at a horizontal distance of 
9 inches behind the front wheels and that of the rider, whose weight 
is 9 stone, be 3 inches behind the front wheels, find the thrusts on 
the ground of the different wheels. 

17. A tricycle, of weight 6 stone, has a small wheel symmetri- 
cally placed 3 ft. 6 ins. in front of the line joining the two large 
wheels which are 3 feet apart ; if the centre of gravity of the machine 
be distant horizontally 1 foot in front of the hind wheels and that of 
the rider, whose weight is 11 stone, be 6 inches in front of the hind 
wheels, find how the weight is distributed on the different wheels. 

18. A dog-cart, loaded with 4 cwt., exerts a force on the horse's 
back equal to 10 lbs. wt. ; find the position of the centre of gravity of 
the load if the distance between the pad and the axle be 6 feet. 

19. Forces of 8, 4, 5, and 6 lbs. wt. respectively act along the sides 
of a square ABCD taken in order; find the magnitude, direction, and 
line of action of their resultant. 
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{ 20.) ABGD is a square; along AB, CB, AD, and DC equal forces, 
P^iifit; find their resultant. 

{ 21.' ABGD is a square the length of whose side is one foot; along 
AB,J3G, DC, and AD act forces proportional to 1, 2, 4, and 3 respec- 
tively ; shew that the resultant is parallel to a diagonal of the square 
and find where it cuts the sides of the square. 

(22. ABGD is a rectangle of which adjacent sides AB and BC are 
egqafib 3 and 4 feet respectively; along AB, BG, and CD forces of 30, 
40, and 50 lbs. wt. act ; find the resultajit. 

23. Three forces P, 2P, and 3P act along the sides AB, BC, and 
CA of a given equilateral triangle ABC; find the magnitude and 
direction of their resultant, and find also the point in which its line 
of action meets the side BC. 

24. ABC is an isosceles triangle whose angle A is 120° and forces 
of magnitude 1,1, and ^^3 lbs. wt. act along AB, AC, and BG ; shew 
that the resul taint bisects BC and is parallel to one of the other sides 
of the triangle. 

25. I'orces proportional to AB, BC, and 2GA act along the sides 
of a triangle ABC taken in order; shew that the resultant is repre- 
sented in magnitude and direction by GA and that its line of action 
meets BG at a point X where CX is equal to BC. 

26. ABC is a triangle and D, E, and F are the middle points of 
the sides ; forces represented by AD, %BE, and \CF act on a particle 
at the point where AD and BE meet; shew tnat the resultant is 
represented in magnitude and direction by-|-^C7 and that its line of 
action divides BC in the ratio 2:1. 

27. Three forces act along the sides of a triangle ; shew that, if 
the sum of two of the forces be equal in magnitude but opposite in 
sense to the third force, then the resultant of the three forces passes 
through the centre of the inscribed circle of the triangle. 

28. The wire passing round a telegraph pole is horizontal and 
the two portions attached to the pole are inclined at an angle of 60° 
to one another. The pole is supported by a wire attached to the 
middle point of the pole and inclined at 60° to the horizon ; shew that 
the tension of this wire is 4,^3 times that of the telegraph wire. 

29. At what height from the base of a pillar must the end of a 
rope of given length be fixed so that a man standing on the ground 
and pulling at its other end wfth a given force may have the gi-eatest 
tendency to make the pillar overturn ? 
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30. The magnitude of a force is known and also its momenta 
about two given points A and B. Find, by a geometrical construction, 
its line of action. 

31. Find the locus of aU points in a plane such that two forces 
given in magnitude and position shall have equal moments, in the 
same sense, round any one of these points. 

32. AB is a diameter of a circle and BF and BQ are chorda at 
right angles to one another ; shew that the moments of forces repre- 
sented by BP and BQ about A are equal. 

33. A cyclist, whose weight is 150 lbs., puts all his weight upon 
one pedal of his bicycle when the crank is horizontal and the bicycle 
is prevented from moving forwards. K the length of the crank is 
6 inches and the radius of the chain-wheel is 4 inches, find the 
tension of the chain. 



CHAPTER VI. 



COUPLES. 




68. Def. Two equal unlike parallel forces, whose 
lines of action ar6 not the same, form a couple. 

The Arm of a couple is the perpen- 
dicular distance between the lines of action 
of the two forces which form the couple, 
i.e. is the perpendicular drawn from any 
point lying on the line of action of one of 
the forces upon the line of action of the 
other. Thus the arm of the couple (P, P) 
is the length AB. 

The Moment of a couple is the product 
of one of the forces forming the couple 
and the arm of the couple. 

In the figure the moment of the couple is Py AJB. 

Examples of a couple are the forces applied to the 
handle of a screw-press, or to the key of a clock in winding 
it up, or by the hands to the handle of a door in opening it. 

A couple is by some writers called a Torque ; by others 
the word Torque is used to denote the Moment of the 
Couple. 
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69. Theorem. TJie algebraic sum of the moments of 
tJie two forces for7ning a couple about any point in their 
plane is constant, and equal to tlie moment of tlie couple. 

Let the couple consist of two forces, each equal to P, 
and let be any point in their plane. 



Draw OAB perpendicular to the lines of action of tlie 
forces to meet them in A and B respectively. 

The algebraic sum of the moments of the forces about 
= P.OB-P.OA = P{OB-OA) = P.AB 

= the moment of the couple, and is therefore the same 
whatever be the point about which the moments aro 
taken. 

70. Theorem. Two couples, acting in one plane upon 
a rigid body, whose moments are equxd and opposite, balance 
one another. 

Let one couple consist of two forces (P, P), acting at 
the ends of an arm p, and let the other couple consist of 
two forces ((?, Q), acting at the ends of an arm q. 

Case I. Let one of the forces P meet one of the forces 
Q in & point 0, and let the other two forces meet in 0'. 
From 0' draw perpendiculars, O'M and O'N, upon tlie 
forces which do not pass through 0', so that the lengths of 
these perpendiculars are p and q respectively. 
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Since the moments of the couples are equal in magni- 
tude, we have 

P.p = Q.q, 
i.e., F. O'M^Q.QfN. 

Hence, (Art. G4), 0' is on the 
line of action of the resultant of 
P and Q acting at 0, so that 00' 
is the direction of this resultant. 

Similarly, the resultant of P 
and Q at 0' is in the direction 
O'O. 

Also these resultants are equal in magnitude ; for the 
forces at are respectively equal to, and act at the same 
angle as, the forces at 0' . 

Hence these two resultants destroy one another, and 
therefore the four forces composing the two couples are in 
equilibrium. 

Case II. Let the forces composing the couples be all 
parallel, and let any straight line perpendicular to their 
directions meet them in the points A, B, G, and D, as in 
the figure, so that, since the moments are equal, we have 

P.AB==Q.GD (i). 

Let L be the point of application of the resultant of Q 
at G and P at B, so that 

P.BL = Q.GL (Art. 52) (ii). 

Ql 



C L B 



P^' 



t« 
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By subtracting (ii) from (i), we have 
P.AL = Q.LD, 
so that L is the point of application of the resultant of P 
at A, and Q at D. 

But the magnitude of each of these resultants is 
{P + Q), and they have opposite directions ; hence they are 
in equilibrium. 

Therefore the four forces composing the two couples 
. balance. 

71. Since two couples in the same plane, of equal but 
opposite moment, balance, it follows, by reversing the 
directions of the forces composing one of the couples, that 

Any two couples of equal moment in the same plane are 
equivalent. 

It follows also that two like couples of equal moment 
are equivalent to a couple of double the moment. 

72. Theorem.. Any number of couples in the same 
plane acting on a rigid body are equivalent to a single 
couple, whose moment is equal to the algebraic sum of the 
moments of the couples. 

For let the couples consist of forces (P, P) whose arm 
is p, {Q, Q) whose arm is q, (B, P) whose arm is r, etc. 
Replace the couple (Q, Q) by a couple whose components 
have the same lines of action as the forces (P, P). The 
magnitude of each of the forces of this latter couple will 
be X, where X.p=Q . q, (Art. 71), 

so that X = Q^. 

P 
So let the couple (P, P) be replaced by a couple 



\ P PJ 



whose forces act in the same lines as the 
forces (P, P). 



/ 
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Similarly for the other couples. 

Hence all the couples are equivalent to a couple, each of 

o V 

whose forces xa, P + Q- + R- + ... acting at an arm p. 

P P 
The moment of this couple is 

i.e., P .p + Q .q + R.r+ .... 

Hence the original couples are equivalent to a single 
couple, whose moment is equal to the sum of their moments. 

If all the component couples have not the same sign we 
must give to each moment its proper sign, and the same 
proof will apply. 

EXAMPLES X. 

1, ABCD is a square whose side is 2 feet ; along AB, BC, CD, and 
DA act forces equal to 1, 2, 8, and 5 lbs. wt., and along AG and DB 
forces equal to 5,^2 and 2,^^2 lbs. wt. ; shew that they are equivalent 
to a couple whose moment is equal to 16 foot-pounds weight. 

2. Along the sides AB and CD of a square ABCD act forces each 
equal to 2 lbs. weight, whilst along the sides ^D and CB act forces 
each equal to 5 lbs. weight ; if the side of the square be 3 feet, find 
the moment of the couple that will give equilibrium. 

3. ABCDEF is a regular hexagon ; along the sides AB, CB, DE, 
and FE act forces respectively equal to 6, 11, 5, and 11 lbs. weight, 
and along CD and FA act forces, each equal to x lbs. weight. Find 
X, if the forces be in equilibrium. 

4, A horizontal bar AB, without weight, is acted upon by a 
vertical downward force of 1 lb. weight at ^, a vertical upward force 
of 1 lb. weight at B, and a downward force of 6 lbs. weight at a 
given point G inclined to the bar at an angle of 30°. Find at what 
point of the bar a force must be applied to balance these, and find 
also its magnitude and direction. 

73. Theorem. The effect of a couple upon a rigid 
hody is unaltered if it he transferred to any plane parallel to 
its oton, the arm remaining parallel to its original position. 
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Let the cou|)le consist of two forces (P, P), "whose arm 
is AB, and let their lines of action ho AC and BD. 



•E 



.'■'''0\ 
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jBi 
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■F 



Jb 



Let A^B^ be any line equal and parallel to AB, 

Draw Aypi and B^D^ parallel to AC and BD respec- 
tively. 

At Ay introduce two equal and opposite forces, each 
equal to P, acting in the direction A^Gy and the opposite 
direction A^E. ■ 

At By introduce, similarly, two equal and opposite forces, 
each equal to P, acting in the direction ByDy and the 
opposite direction ByF. 

These forces will have no effect on the equilibrium of 
the body. 

Join ABy and AyB, and let them meet in 0; then is 
the middle point of both ABy and AyB. 

The forces P a.t B and P acting along AyU have a re- 
sultant 2P acting at parallel to BD. 

The forces P at A and P acting along ByF have a 
resultant 2P acting at parallel to AC. 
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These two resultants are equal and opposite, and there- 
fore balance. Hence we have left the two forces (P, P) at 
Aj^ and B^ acting in the directions A^C^ and B^D^, i.e., 
parallel to the directions of the forces of the original 
couple. 

Also the plane through A^C^ and B^^D^ is parallel to the 
plane through AC and BD. 

Hence the theorem is proved. 

Cor. From this proposition and Art. 71 we conclude 
that A couple may he replaced hy any other couple acting in 
a parallel plane, provided that the moments of the two couples 
are the sam^. 

74. Theorem. A single force and a couple acting in 
the sam,e plane upon a rigid body cannot produce equilibrium,, 
but are equivalent to the single force acting in a direction 
parallel to its ordinal direction. 

Let the couple consist of two forces, each equal to P, 
their Hnes of action being OB and O^G respectively. 

Let the single force be Q. 

Case I. If Q be not parallel to theforces of the couple, 
let it be produced to meet one of them in 0. 

Then P and Q, acting at 0, are equivalent to some force 
R, acting in some direction OL which lies between OA and 
OB. 

Let OL be produced (backwards if necessary) to meet 
the other force of the couple in d, and let the point of 
application of R be transferred to O^. 

Draw O^A^ parallel to OA. 

Then the force R may be resolved into two forces Q and 
P, the former acting in the direction O^A^, and the latter in 
the direction opposite to Ofi. 

L. s. 6 
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This latter force P is balanced by the second force P of 
the couple acting in the direction OiG. 




Hence we have left as the resultant of the system a 
force Q acting in the direction OxA^ parallel to its original 
direction OA. 

Case II. Let the force Q be parallel to one of the 
forces of the couple. 

A 
O 



o, o, 



Let 0x0 meet the force Q in Og- 

The parallel forces P at and Q at 0^ are, by Art. 52, 
equivalent to a force {P + Q) acting at some point O3 in a 
direction parallel to OB. The unlike parallel forces (P + Q) 
at O3 and P at Ox are, similarly, equivalent to a force Q 
acting at some point O4 in a direction parallel to O^D. 

Hence the resultant of the system is equal to the single 
force Q acting in a direction parallel to its original direc- 
tion. 
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75. If three forces, acting upon a rigid body, he repre- 
sented in magnitude, direction, and line of action by the sides 
of a triangle taken in order, they are equivalent to a couple 
whose moment is represented by tvnce the area of the triangle. 

Let ABC be the triangle and P, Q, and B the forces, so 
that P, Q, and R are represented by the sides BC, CA, and 
AB of the triangle. 

Through B draw LBM parallel to the side AC, and in- 
troduce two equal and opposite 
forces, equal to Q, at B, acting 
in the directions BL and BM 
respectively. By the triangle 
of forces (Art. 36) the forces P, 
R, and Q acting in the straight 
line BL, are in equilibrium. ^ 

Hence we are left with the 
two forces, each equal to Q, ^ 

acting in the directions CA and BM respectively. 

These form a couple whose moment is Q x BN, where 
BN is drawn perpendicular to CA. 

Also Q X BN= CA X BN= twice the area of the triangle 
ABC. 

Cor. In a similar manner it may be shewn that if 
a system of forces acting on one plane on a rigid body be 
represented in magnitude, direction, and line of action by 
the sides of the polygon, they are equivalent to a couple 
whose moment is represented by twice the area of the 
polygon. 
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CHAPTER VII. 

EQUILIBEIUM OF A RIGID BODY ACTED ON BY 
THREE FORCES IN A PLANE. 

76. In the present chapter we shall discuss some 
simple cases of the equilibrium of a rigid body acted upon 
by three forces lying in a plane. 

By the help of the theorem of the next article we shall 
find that the conditions of equilibrium reduce to those of a 
single particle. 

77. Theorem. If three forces, acting in one plane 
upon a rigid body, keep it in equilibrium, they must either 
Tueet in a point or he parallel. 

If the forces be not all parallel, at least two of them 
must meet; let these two be P and Q, 
and let their directions meet in 0. \ 

The third force R shall then pass \ ,..— --'■^^q' 

through the point 0. /O 

Since the algebraic sum of the 
moments of any number of forces about 
a point in their plane is equal to the 
moment of their resultant, 

therefore the sum of the moments of P, Q, and It about 
is equal to the moment of their resultant. 

But this resultant vanishes since the forces are in equi- 
librium. 
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Hence the sum of the moments of P, Q, and R about 
is zero. 

But, since P and Q both pass through 0, their moments 
about vanish. 

Hence the moment of R about vanishes. 

Hence by Art. 57, since R is not zero, its line of action 
must pass through 0. 

Hence the forces meet in a point. 

otherwise. The resultant of P and Q most be some force passing 
through 0. 

But, since the forces P, Q, and R are in equilibrium, this resultant 
must balance JR. 

But two forces cannot balance unless they have the same line of 
action. 

Hence the line of action of R must pass through 0. 

78. By the preceding theorem we see that the 
conditions of equilibrium of three forces, acting in one 
plane, are easily obtained. For the three forces must meet 
in a point; and by using Lami's Theorem, (Art. 40), or 
by resolving the forces in two directions at right angles, 
(Art. 46), or by a graphic construction, we can obtain 
the required conditions. 

Ex. 1. A heavy uniform rod AB is hinged at A to a fixed point, 
and rests in a position inclined at 60° 
to the horizontal, being acted upon by 
a Jiorizontal force F applied at the 
loiver end B: find the action at the 
hinge and tlie magnitude of F. 

Let the vertical through C, the 
middle point of the rod, meet the 
horizontal line through B in the point 
D and let the weight of the rod be W. 

There are only three forces acting 
on the rod, viz., the force F, the 
weight W, and the unknown reaction, 
P, of the hinge. 

These three forces must therefore 
meet in a point. 
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Now F and W meet at D ; hence the direction of the action at 
the hinge must be the line DA. 

Draw AE perpendicular to EB, and let the angle ADE be 0, 



Then 



AJf 1A 7f 



ED EB 
Also, by Lami's Theorem, 

F W 



I.e., 



sin WDA ~ sin ADB sin WDB ' 
F . W ■ P 



sin (90° + e) sin (180° - 6) sin 90° 
cos^ TT^ ,. TF >r 



and F=W-J-^=Wsfl + coV'e = W./^. 

sine V 12 

Otherwise; ADE is a triangle of forces, since its sides are parallel 
to the forces. Hence 6 can be measured, and 

F _ F _W 
AD~ ED~ AE' 

Ex. 2. A uniform rod, AB, is inclined at an angle of 60° to the 
vertical with one end A resting against a smooth 
vertical wall, ieing supported by a string attaclied 
to a point G of the rod, distant 1 foot from B, and 
also to a ring in the wall vertically above A ; if 
the length of the rod be 4: feet, find the position of 
the ring and the inclination and tension of the 
string. 

Let the perpendicular to the wall through A 
and the vertical line through the middle point, 
G, of the rod meet in 0. 

The third force, the tension T of the string, 
must therefore pass through 0. Hence CO pro- 
duced must pass through D, the position of the 
ring. 

Let the angle CDA be 6, and draw CEF horizontal to meet OG in 
E and the wall in F. 




Then 



* o , n^i, C^ CG sin CGE 
tan = tan COE = ^ - = ■ 



AF 



1. sin 60° 
~3.cos60°' 
.-. ^=30°. 
ACD=60°-e=30°. 



1 

V3* 
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Hence AD=AG=Z feet, giving the position of the ring. 

K Ji be the reaction of the wall, and W be the weight of the 
beam, we have, since the forces are proportional to the sides of the 
triangle AOD, 

TRW 
OD~AO~DA' 



T=W^ = 
DA 



cos30° V3' 



and 



AO 1 

R=W^= Wtaxi 30° =W.-,s. 
DA J3 



Ex. 3. A rod wlwse centre of gravity divides it into tivo portions, 
wlwse lengths are a and b, has a string, of length I, tied to its ttoo ends 
and tlie string is slung over a small smooth peg ; find tlie position of 
equilibrium of the rod, in which it is not vertical, 

[N.B. The centre of gravity of a body is the point at which its 
iceight ma.y be assumed to act.'\ 

Let AB be the rod and G its centre of gravity ; let be the peg 
and let the lengths of the portions AO 
and OB of the string be x and y respec- 
tively. 

Since there are only three forces 
acting on the body they must meet in 
a point. 

But the two tensions pass through 
0; hence the line of action of the 
weight IF" must pass through 0, and 
hence the line CO must be vertical. 

Now the tension T of the string is 
not altered, since the string passes 
round a smooth peg; hence, since W 

balances the resultant of two eqiuil forces, it must bisect the angle 
between them. 

.-. /^OC=/i}OC=tt(say). 

Hence, by Geometry, - = — = - . 
•" y CB b 

Also x+ys=l. 

.*. solving these equations, we have 




a^_y_ I 
a b a + b' 



.(i). 
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Also, from the triangle AOB, we have 
(a + 6)2 = a;2 + 2/2 _ 2a;y cos 2a = (x + 2/)^ - 2x?/ (1+ cos 2a) 

= {x+ vY - ^^y cos2 a = Z2 - 4 , r^cos^a. 

(a+by 

■•• »o..=tS±^'!^ (ii). 

This equation gives a. 

Let 9 be the inclination of the rod to the horizon, so that 

OCA=90°+e. 

From the triangle AGO we have 

sm{90°+e) _AOx_ I 

sin a AC a a+b' '^^' 

„ i sin a 
.-. cos e = — -V- , giving e. 

Also, by resolving the forces vertically, we have 2Z'co3a=JF, 
giving T. 

Numerical Example. If the length of the rod be 5 feet, the length 
of the string 7 feet, and if the centre of gravity of the rod divide it in 
the ratio 4 : 3, shew that the portions of the string are at right angles, 
that the inclination of the rod to the horizon is tan~^ -f , and that the 
tension of the string is to the weight of the rod as ,^2 : 2. 

Ex. 4. A heavy uniform rod, of length 2a, rests partly within and 
partly without a fixed smooth hemispherical bowl, of radius r ; the rim 
of the bowl is horizontal, and one point of the rod is in contact with the 
rim ; if d be the inclination of the rod to the horizon, shew that 

2r cos20=aaos d. 

Let the figure represent that vertical section of the hemisphere 
which passes through the rod. 

Let AB be the rod, G its centre of gravity, and C the point where 
the rod meets the edge of the bowl. 

The reaction at A is along the line to the centre, O, of the bowl ; 
for ^0 is the only line through A which is perpendicular to the 
surface of the bowl at A. 

Also the reaction at G is perpendicular to the rod ; for this is the 
only direction that is perpendicular to both the rod and the rim of 
the bowl. 

These two reactions meet in a point D; also, by Euc. m. 31, 
D must lie on the geometrical sphere of which the bowl is a portion. 

Hence the vertical line through (?, the middle point of the rod, 
must pass through D. 
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Through A draw AE horizontal to meet DG in E and join OG. 



XO 




Since OG and AE are parallel, 

.-. lOGA-lCAE=e. 
Since OC=OA, :. lOAG= lOGA = e. 

Also /lGDG=90''- j!.DGC=e. 

Now AE = AG cos d=a COS 0, 

and ^E=^Dcos2^=2rco3 25. 

A 2r cos 2^= a cos 5, giving^. 
Also, by Lami's Theorem, if R and S be the reactions at A and C, 



we have 



_R_ 
siaff' 

i.e., 



8 



W 



Numerical Example. 



sin ADO ~ BiaADC ' 

_B S _ W 

' sin ^ ~~ COS 20 ~ cos ' 

If r = ^ a, then we have ^=30°, and 
R=S=W'^. 



£x. S. A beam whose centre of gravity divides it into two por- 
turns, a and b, is placed iTiside a smooth sphere ; shew that, if be its 
inclination to the horizon in the position of equilibrium and 2a be the 
angle subtended by the beam at the centre of the sphere, then 

/. b-a. 

tan ^=5 tana. 

b+a 

In this case both the reactions, B, and S, at the ends of the rod 
pass through the centre, 0, of the sphere. Hence the centre of gravity, 
Q, of the rod must be vertically below O. 

Let OG meet the horizontal line through Aia.N. 

Draw OD perpendicular to AB. 
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Then 



and 



lAOD= lBOD = a, 
/i)OG=90°- lDGO= /.DAN=e. 




Hence 



a_AG_ AD-GD _ 0D tan AOD - OP tan GOD 
b~GB~ BD + GD ~ OD tan BOD + OD tan GOD 



tan a - tan 
tan o + tan ^ * 



This equation gives 0. 
Also, by Lami's Theorem, 
R 



„ b-a. 

tan^=z tana. 

b + a 



W 



sin BOG sin AOG sin AOB' 
R S W 



sin {a+0) ~ sin (a - ^) ~ sin 2a ' 
giving the reactions. 

Numerical Example. If the rod be of weight 40 lbs. , and subtend 
a right angle at the centre of the sphere, and if its centre of gravity 
divide it in the ratio 1 : 2, shew that its inclination to the horizon 
is tan-i^, and that the reactions are 8^5 and 16;y/5 lbs. weight 
respectively. 

Ex. 6. Sheio how the forces which act on a kite maintain it in 
equilibrium, proving that the perpendicular to the kite must lie betioeen 
the direction of the string and the vertical. 

Let AB be the middle line of the kite, B being the point at which 
the tail is attached; the plane of the kite is perpendicular to the 
plane of the paper. Let G be the centre of gravity of the kite 
including its tail. 

The action of the wind may be resolved at each point of the kite 
into two components, one perpendicular to the kite and the other 
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along its surface. The latter components have no effect on it and 
may be neglected. The former components compound into a single 



A M 




force R perpendicular to the kite which acts at a point // which is 
a short distance above G. 

U and W meet at a point and through it must pass the direction 
of the third force, viz. the tension T oi the string. 

Draw KL vertically to represent the weight W, and LM parallel 
to HO to represent 2J. 

Then, by the triangle of forces, MK must represent the tension T 
ot the string. 

It is clear from the figure that the line MK must make a greater 
angle with the vertical LK than the line LM, 

i.e. the perpendicular to the kite must lie between the vertical 
and the direction of the string. 

Prom the triangle of forces it is clear that both T and W must 
be smaller than the force It exerted by the wind. 

79. Trigonometrical Theorems. There are two 
trigonometrical theorems which are useful in Statical 
Problems, viz. If P he any point in tlie base AB of a 
triangle ABC, and if CP divides AB into two parts m 
and n, and the angle C into two parts a and p, and if 
tlie angle CPB he 6, then 

(m + n^cotO = mcot a — ncotp (1)>* 

a7id irn + n)cot6 = ncot A —mcot B (2). 
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Foi 

m_AP^AP FG ainAGF sin FBG 

n~ PB~ PG' FB~ sinFAG ' sin FG£ 

sin a sia(^ + i8) , „„^ ,_-.o //, n^ 

= ^-rg r- . 7—7r-^, Since L FBG = 180 - (/? + 6), 

sm (P - a) sin p 

sin a (sin 6 cos )8 + cos 6 sin )8) _ cot ft + cot ^ 
sin /3 (sin ^ cos a — cos 6 sin a) cot a — cot ^ ' 
.'. mcota — wcot;8 = (m + »z)cot0. 
Again 
m_smAGF^nFBG 
n~ sinFAG sin FGB 
sin (6 - A) sin B 
~ sin A ' sin (6 + B) 
(sin ^ cos A — cos ^ sin A ) sin i? 
sin A (sin ^ cos jB + cos sin j5) 
cot A — cot 5 
" cot B + cot ' 

.'. (m + n) cot ^ = M cot ,4 — m cot B. 

As an illustration of the use of these formulM take Ex. 5 of 
Art. 78. Here formula (2) gives 

(a + h) cot OGB=b cot OAS - a cot OBA, 

i.e., (a+&) tan0=&tana — atana. 

Other illustrations of their use will be found later on in this book. 



EXAMPLES. XI. 

1. A uniform rod, AB, of weight W, is movable in a vertical 
plana about a hinge at A, and is sustained in equilibrium by a weight 
P attached to a string BGP passing over a smooth peg G, AC being 
vertical ; if ^0 be equal to AB, shew that P=WcoaACB. 

2. A uniform rod can turn freely about one of its ends, and is 
pulled aside from the vertical by a horizontal force acting at the 
other end of the rod and equal to half its weight ; at what inclination 
to the vertical will the sod resW 




THREE FORGES ACTING ON A BODY 93 

3. A rod AB, hinged at -4, is supported in a horizontal position 
by a string BG, making an angle of 45° vrith the rod, and the rod has 
a mass of 10 lbs. suspended from B. Neglecting the weight of the 
rod, find the tension of the string and the action at the hinge. 

4. A uniform heavy rod AB has the end A in contact vrith a 
smooth vertical wall, and one end of a string is fastened to the rod 
at a point C, such that AG=\AB, and the other end of the string is 
fastened to the wall ; find the length of the string, if the rod rest in 
a position inclined at an angle to the vertical. 

5. ^CjB is a uniform rod, of weight W', it is supported {B being 
uppermost) with its end A against a smooth vertical wall AD by means 
of a string CD, DB being horizontal and CB inclined to the wall at 
an angle of 30°. Find the tension of the string and the reaction of 
the wall, and prove that AG=\AB. 

6. A uniform rod, AB, resting with one end A against a smooth 
vertical wall is supported by a stnng BG which is tied to a point G 
vertically above A and to the other end B of the rod. Draw a diagram 
shewing the lines of action of the forces which keep the rod in equi- 
librium, and shew that the tension of the string is greater than the 
weight of the rod. 

7. A uniform beam AB, of given length, is supported with its 
extremity. A, in contact with a smooth wall by means of a string GD 
fastened to a known point G of the beam and to a point D of the waU ; 
if the inclination of the beam to the wall be given, shew how to find 
by geometrical construction the length of the string GD and the height 
of I) above A. 

For the problem to be possible, shew that the given angle BAD 
must be acute or obtuse according as ^ (7 is less or greater than ^AB. 

8. A uniform rod, of length a, hangs against a smooth vertical 
wall being supported by means of a string, of length I, tied to one end 
of the rod, the other end of the string being attached to a point in the 
wall ; shew that the rod can rest inclined to the wall at an angle 

given by cos^ = ^ . What are the limits of the ratio of a : Z that 

equilibrium may be possible ? 

9. Equal weights P and P are attached to two strings ^CP and 
BCP passing over a smooth peg C. AB is a heavy beam, of weight W, 
whose centre of gravity is a feet from A and b feet from B ; shew that 
AB is inclined to the horizon at an angle 



^-'D^b^i'^-'^)]- 
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10. A heavy uniform beam is hung from a fixed point by two 
strings attached to its extremities ; if the lengths of the strings and 
beam be as 2:3:4, shew that the tensions of the strings and the 
weight of the beam are as 2 : 3 : >/lO. 

11. A heavy uniform rod, 15 inches long, is suspended from a 
fixed point by strings fastened to its ends, their lengths being 9 and 
12 inches ; if ^ be the angle at which the rod is inclined to the vertical, 
shew that 25 sin ^=24. 

12. A straight uniform rod, of weight 3 lbs. , is suspended from a 
peg by two strings, attached at one end to the peg and at the other to 
the extremities of the rod; the angle between the strings is a right 
angle and one is twice as long as the other ; find their tensions. 

13. Two equal heavy spheres, of 1 inch radius, are in equilibrium 
within a smooth spherical cup of 3 inches radius. Shew that the 
action between the cup and one sphere is double that between the two 
spheres. 

14. A sphere, of given weight W, rests between two smooth 
planes, one vertical and the other inclined at a given angle a to the 
vertical ; find the reactions of the planes. 

15. A solid sphere rests upon two parallel bars which are in the 
same horizontal plane, the distance between the bars being equal to 
the radius of the sphere ; find the reaction of each bar. 

16. A smooth sphere is supported in contact with a smooth 
vertical wall by a string fastened to a point on its surface, the other 
end being attached to a point in the wall ; if the length of the string 
be equal to the radius of the sphere, find the inclination of the string 
to the vertical, the tension of the string, and the reaction of the wall. 

17. A picture of given weight, hanging vertically against a smooth 
wall, is supported by a string passing over a smooth peg driven into 
the wall; the ends of the string are fastened to two points in the 
upper rim of the frame which are equidistant from the centre of the 
rim, and the angle at the peg is 60° ; compare the tension in this case 
with what it will be when the string is shortened to two-thirds of its 
length. 

18. A picture, of 40 lbs. wt., is himg, with its upper and lower 
edges horizontal, by a cord fastened to the two upper comers and 
passing over a nail, so that the parts of the cord at the two sides of 
the nail are inclined to one another at an angle of 60°. Pind the 
tension of the cord in lbs. weight. 

19. A picture hangs symmetrically by means of a string passing 
over a naif and attached to two rings in the picture; what is the 
tension of the string when the picture weighs 10 lbs., if the string be 
4 feet long and the nail distant 1 ft. 6 inches from the horizontal line 
joining the rings? 
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20. -A. picture frame, rectangular in shape, rests against a smooth 
vertical wall, from two points in which it is suspended by parallel 
strings attached to two points in the upper edge of the back of the 
frame, the length of each string being equal to the height of the 
frame. Shew that, if the centre of gravity of the frame coincide with 
its centre of figure, the picture will hang against the wall at an angle 

tan~^^ to the vertical, where a is the height and 6 the thickness of 

the picture. 

21. It is required to hang a picture on a vertical wall so that it 
may rest at a given inclination, a, to the wall and be supported by a 
cord attached to a point in the wall at a given height h above the 
lowest edge of the picture ; determine, by a geometrical construction, 
the point on the back of the picture to which the cord is to be 
attached and find the length of the cord that will be required. 

22. A rod rests wholly within a smooth hemispherical bowl, of 
radius r, its centre of gravity dividing the rod into two portions of 
lengths a and b. Shew that, if d be the inclination of the rod to the 

horizon in the position of equilibrium, then sin^= — , and 

2^Jr^-ab 
find the reactions between the rod and the bowl. 

23. In a smooth hemispherical cup is placed a heavy rod, equal 
in length to the radius of the cup, the centre of gravity of the rod 
being one-third of its length from one end ; shew that the angle made 
by the rod with the vertical is tan~^ (3\/3). 

24. A uniform rod, 4 inches in length, is placed with one end 
inside a smooth hemispherical bowl, of which the axis is vertical and 
the radius /^3 inches ; shew that a quarter of the rod will project over 
the edge of the bowl. 

Prove also that the shortest rod that will thus rest is of length 
2^2 inches. 



Tbe following examples are to be solved grapblcally. 

25. A heavy beam, AB, 10 feet long, is supported, A uppermost, 
by two ropes attached to it at ^ and B which are respectively inclined 
at 55° and 50° to the horizontal; if ^J3 be inclined at 20° to the 
horizontal, find at what distance from A its centre of gravity is. 
Also, if its weight be 200 lbs., find the tensions of the two ropes. 

26. A light rod AB, of length 2 feet, is smoothly jointed to a fixed 
support at A and rests horizontally; at D, where AD = Q inches, it 
carries a weight of 10 lbs., being supported by a light rod CB, where 
C is exactly underneath A and ^C=6 inches; find the thrust in the 
rod CB. 
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27. -4J5 is a uniform beam turning on a pivot at C and kept in 
equilibrium by a light string AD attached to the highest point A and 
to a point D vertically below G. Ji AB=Sit., AG=lit., GD=z2it., 
and DA =2-7 ft., and the weight of the beam be 10 lbs., find the 
tension of the string and the reaction of the pivot. 

28. A cantilever consists of a horizontal rod AB hinged to a fixed 
support at A, and a rod DG hinged at a point G of AB and also 
hinged to a fixed point D vertically below A. A weight of 1 cwt. 
is attached at ^ ; find the actions at A and G, given that ^JB=6ft., 
^(7=2 ft., and AD=B ft., the weights of the rods being neglected. 

29. The plane of a kite is inclined at 50° to the horizon, and its 
weight is 10 lbs. The resultant thrust of the air on it acts at a point 
8 inches above its centre of gravity, and the string is tied at a point 
10 inches above it. find the tension of the string and the thrust 
of the air. 



CHAPTER VIII. 

GENERAL CONDITIONS OP EQUILIBRIUM OF A 
BODY ACTED ON BY FORCES IN ONE PLANE. 

80. Theorem. Any system of forces, acting in one 
plane upon a rigid body, can be reduced to either a single 
force or a single couple. 

By the parallelograui of forces any two forces, whose 
directions meet, can be compounded into one force; also, 
by Art. 52, two parallel forces can be compounded into one 
force provided they are not equal and unlike. 

First compound together all the parallel forces, or sets 
of parallel forces, of the given system. 

Of the resulting system take any two forces, not form- 
ing a couple, and find their resultant R^; next find the 
resultant ^2 o^ -^^1 ^^^ ^ suitable third force of the system ; 
then determine the resultant of R^ and a suitable fourth 
force of the system; and so on until all the forces have 
been exhausted. 

Finally, we must either arrive at a single force, or we 
shall have two equal parallel unlike forces forming a 
couple. 

81. Theorem. If a system of forces act in one 
plane upon a rigid body, and if the algebraic sum of their 
moments about each of three points in the plane {not lying in 
the same straight line) vanish separately, tJie system of forces 
is in equilibrium,. 

L. s. 7 
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Yov any such system of forces, by the last article, 
reduces to either a single force or a single couple. 

In our case they cannot reduce to a single couple ; for, 
if they did, the sum of their moments about any point in 
their plane would, by Art. 69, be equal to a constant which 
is not zero, and this is contrary to our hypothesis. 

Hence the system of forces cannot reduce to a single 
coupla 

The system must therefore either be in equilibrium or 
reduce to a single force F. 

Let the three points about which the moments are taken 
he A, B, and C. 

Since the algebraic sum of the moments of a system of 
forces is equal to that of their resultant (Art. 62), therefore 
the moment of F about the point A must be zero. 

Hence F is either zero, or passes through A. 

Similarly, since the moment of F about B vanishes, 
F must be either zero or must pass through B, 

i.e., F is either zero or acts in the line AB. 

Mnally, since the moment about G vanishes, F must be 
either zero or pass through G. 

But (since the points A, B, G are not in the same 
straight line) the force cannot act along AB and also pass 
through G. 

Hence the only admissible case is that F should be zero, 
i.e., that the forces should be in equilibrium. 

The system will also be in equilibrium if (1) the sum of the 
moments about each of two points, A and B, separately vanish, and 
if (2) the sum of the forces resolved along AB be zero. For, if (1) 
holds, the resultant, by the foregoing article, is either zero or acts 
along AB. Also, if (2) be true there is no resultant in the direction 
AB; hence the resultant force is zero. Also, as in the foregoing 
article, there is no resultant couple. Hence the system is in equi- 
librium. 
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82. Theorem. A system of forces, acting in oneplane 
upon a rigid body, is in equilihriuin, if the sum of their compo- 
nents parallel to each of two lines in their plane he zero, and if 
the algebraic sum of their moments about any point be zero also. 

For any such system of forces, by Art. 80, can be 
reduced to either a single force or a single couple. 

In our case they cannot reduce to a single force. 

For, since the sums of the components of the forces 
parallel to two lines in their plane are separately zero, 
therefore the components of their resultant force parallel to 
these two lines are zero also, and therefore the resultant 
force vanishes. 

Neither can the forces reduce to a single couple ; for, if 
they did, the moment of this couple about any point in its 
plane would be equal to a constant which is not zero ; this, 
however, is contrary to our hypothesis. 

Hence the system of forces must be in equilibrium. 

83. It will be noted that in the enunciation of the last 
article nothing is said about the directions in which we are 
to resolve. In practice, however, it is almost always desir- 
able to resolve along two directions at right angles. 

Hence the conditions of equilibrium of any system of 
forces, acting in one plane upon a rigid body, may be ob- 
tained as follows ; 

I. Equate to zero the algebraic sum of the re- 
solved parts of all the forces in some fixed direction. 

II. Equate to zero the algebraic sum of the 
resolved parts of all the forces in a perpendicular 
direction. 

III. Equate to zero the algebraic sum of the 
moments of the forces about any point in their 
plane. 

7—2 
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I and II ensure that there shall be no motion of the 
body as a whole ; III ensures that there shall be no motion 
of rotation about any point. 

The above three statical relations, together with the 
geometrical relations holding between the component 
portions of a system, will, in general, be sufficient to deter- 
mine the equilibrium of any system acted on by forces 
which are in one plane. 

In applying the preceding conditions of equilibrium to 
any particular case, great simplifications can often be intro- 
duced into the equations by properly choosing the directions 
along which we resolve. In general, the horizontal and 
vertical directions are the most suitable. 

Again, the position of the point about which we take 
moments is important ; it should be chosen so that as few 
of the forces as possible are introduced into the equation of 
moments. 



84. We have shewn that the conditions given in the previous 
article are sufficient for the equilibrium of 'the system of forces ; they 
are also necessary. 

Suppose we knew only that the first two conditions were satisfied. 
The system of forces might then reduce to a single couple ; for the 
forces of this couple, being equal and opposite, are such that their 
components in any direction would vanish. Hence, resolving in any 
third direction would give ua no additional condition. In this case 
the forces would not be in equUibrium unless the third condition were 
satisfied. 

Suppose, again, that we knew only that the components of the 
system along one given line vanished and that the moments about a 
given point vanished also ; in this case the forces might reduce to a 
single force through the given point perpendicular to the given line ; 
hence we see that it is necessary to have the sum of the components 
parallel to another line zero also. 



GENERAL CONDITIONS OF EQUILIBRIUM 101 

85. We shall now give some examples of the applica- 
tion of the general conditions of equilibrium. In solving 
any statical problem the student should proceed as 
follows ; 

(1) Draw the figure according to the conditions given. 

(2) Mark all the forces acting on the body or bodies, 
taking care to assume an unknown reaction (to be deter- 
mined) wherever one body presses against another, and 
to mark a tension along any supporting string, and to 
assume a reaction wherever the body is hinged to any other 
body or fixed point. 

(3) For each body, or system of bodies, involved in 
the problem, equate to zero the forces acting on it resolved 
along two convenient perpendicular directions (generally 
horizontal and vertical). 

(4) Also equate to zero the moments of the forces 
about any convenient point. 

(5) Write down any geometrical relations connecting 
the lengths or angles involved in the figure. 

Ex. 1. A heavy uniform, beam rests with one end upon a horizontal 
plane, and the other end upon a given inclined plane; it is kept in 
equilibrium by a string which is attached to the end resting on the 
horizontal plane and to the intersection of the inclined and horizontal 
planes; given that tlie inclinution (a) of the beam to the horizontal is 
one-half that of the inclined plane, jind the tension of the string and the 
reactions of the planes. 

Let AB be the beam, AO the horizontal, and OB the inclined 
plane. 
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Let T be the tension of the string AO, W the weight of the body, 
R and S the reactions at A and B respectively vertical and perpen- 
dicular to OB. 

Eesolving horizontally and vertically we have 

r=Ssin2a (1), 

W=B + Soo&2a (2). 

Also, taking moments about A, we have 

W . aaos a= S . AB BVQ. ABL = S ,2aGos a (3), 

where 2a is the length of the beam. 

These three equations give the circumstances of the equilibrium. 

From (3), we have S=\W. 

.-. from (2), E=TF-i^TFoos2a=^(l--2-cos2a). 

Also, from (1), 

W 
T=~wa.2a. 

Hence the reactions and the tension of the string are determined. 

Suppose that, instead of the inclination of the beam to the horizon 
being given, the length of the string were given (=i say). 

Let us assume the inclination of the beam to the horizon to be 6. 

The equations (1) and (2) remain the same as before. 

The equation of moments would be, however, 

W,aQOB0=S.ABmiABL = S.2aGos,ABO 

= S.2aGOs{2a-e) (4). 

We should have a geometrical equation to determine ^, viz., 

I _0A _ sin ABO _& m (2a -6) 
2a~ AB~ 8mA0B~ sin2a ^ ^' 

This latter equation determines 6, and then the equations (1), (2), 
and (4) would give T, R, and S. 

This question might have been solved by resolving along and 
perpendicular to the beam ; in each equation we should then have 
involved each of the quantities T, R, S, and W, so that the resulting 
equations would have been more complicated than those above. 

It was also desirable to take moments about A; for this is the 
only convenient point in the figure through which pass two of the 
forces which act on the body. 

Sx. a. A beam whose centre of gravity divides it into portions, of 
lengths a and b respectively, rests in equilibrium with its ends resting 
on two sviooth planes inclined at angles a and /3 respectively to the 
horizon, the planes intersecting in a horizontal line; find the incli7iation 
of the beam to the Iwrizon and the reactions of the planes. 
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Let the planes be OA and OB, and let AB be the rod, whose centre 
of gravity is G, so that GA and GB are a and h respectively. 

Let B, and S be the reactions at A and B perpendicular to the 
inclined planes, and let d be the inclination of the beam to the 
horizon. 




Eesolving vertically and horizontally, we have 

iJoo3a + /Scosj8=IF 

JJsina=(S'sinj8 

Also, by taking momenta about G, we have 

R . GA sin GAL = S.GB sin GBM. 
Now lGAL=:9O°-BAO=9O°-(a-0), 

and Z GBM=90° - ^^0=90" - {^+6). 

Hence the equation of moments becomes 

R.aco3{a-d) = S.bcoB{p+e) 

From (2), we have 

H _ S _ Ecoaa + Soosp _ W 
sin/3 " sin a ~ sin^ cosa + sin a eos/3 ~ sin (a+p) 



•(1). 
.(2). 



.(3). 



, by (1). 



These equations give R and S; also substituting for B and S in (3) 
we have 

a sin p cos (a - ^) = 6 sin a cos (jS + ^) ; 

/. a sin p (cos a cos ^ + sinasin ^) = &sin a (cos p cos ^-sin^sin^); 

.*. (a + ft) sin a sin p sin 6=cos0 (6 sin a cos p-a cos a sin p); 

/. (a+&) tan^=&cotj8-acota (4), 

giving the value of 9. 

Otberwise thus; Since there are only three forces acting on the 
body this question might have been solved by the methods of the last 
chapter. 
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For the three forces R, S, and W, must meet in a point (/. 
The theorem of Art. 79 then gives 

(a + h) cot O'GA = b cot /3 - o cot a, 
i.e. (a+b) tan 0=bcot/3-acota, 
which is equation (4). 

Also Lami's Theorem (Art. 40) gives 

R S ^ W 

sin B^G ~ sin AaG~ sin AO'B * 

. _i?_^_S_^ W 

sin/3~sina sin(a+/3)' 

Ex. 3. A ladder, wJwse weight is 192 lbs, and whose length is 25 
feet, rests xoith one end against a smooth vertical tvall and with the 
other end upon the ground; if it be prevented from slipping by a peg 
at its lowest point, and if the lowest point be distant 7 feet from the 
wall, find the reactions of the peg, tlie ground, and the wall. 

Let AB be the rod and G its middle point ; let R and R^ be the 
reactions of the ground and wall, and S the hori- 
zontal reaction of the peg. Let the angle GAO be 
a, so that 

Ao r 

cosa=^ = ^. 

and hence ___ 

24 
sin ( 



/, 49 /576 

3ma=^l-g25=^g25 = 



25 



Equating to zero the horizontal and vertical 
components of the forces acting on the rod, we have 




■(1). 
.(2). 



JR-192=0 

and Ri-S=0 

Also, taking moments about A, we have 

192 X ^G cos a= J?i X ^B sin a 

.-. jRi=192x-|cota=96x-!^=28. 

Hence, from (1) and (2), 

J? =192 and S=28. 

The required reactions are therefore 28, 192, and 28 lbs. weight 
respectively. 

The resultant of R and S must by the last chapter pass through O', 
the point of intersection of the weight and J^j. 
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Ex. 4. One end of a uniform rod is attached to a hinge, and the 
other end is supported by a string attached to the extremity of the rod, 
and the rod and string are inclined at tlie same angle, 6, to the hori- 
zontal; if W he the weight of the rod, shew that the action at the 



W 



hinge is -j- tjs+cosec^d. 

Let AB be the rod, G its middle point, and BD the string meeting 
the horizontal line through A in D. 




Let the tension of the string be T. 

The action at the hinge is unknown both in magnitude and 
direction. Let the horizontal and vertical components of this action 
he X and Y, as marked in the figure. Draw BE perpendicular to AD. 
Then AI}=2AE=2ABco&6. 

Besolving horizontally and vertically, we have 

X=T(i05e (1), 

Y+TBm6=W (2). 

Also, taking moments about A, we have 

W. AG cos e=T. AD sin6=T.2ABco&e Bine (3). 

From (3), ^'=^^21^ = ?^' 

Henoe, by (1) and (2), 

x=^co\.e, and r=Tr-v = ^. 

4 4 4 

Therefore the action at the hinge = sjx^+ Y^ 

=? j9 + cot2^= ^ j8+cosec2 0. 
4 4 

If DB meet the direction of W in M, then, by the last chapter, 
AM is the direction of the action at A. Hence, if CN be parallel to 
AM, then GMN is a triangle of forces. 
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Ex. 6. A uniform heavy rod can turn freely about one end, which 
is fixed ; to this end is attached a string which supports a sphere of 
radius a. If the length of the rod be 4:a, the length of the string a, and 
the weights of the sphere and rod be each W,find the inclinations of the 
rod and string to the vertical and the tension of the string. 

Let OA be the rod, 00 the string, B the centre of the sphere, and 
D the point in \Thich the rod touches the sphere. 




Between the sphere and the rod at D there is a reaction, B, per- 
pendicular to OD, acting in opposite directions on the two bodies. 

The forces which act on the sphere only must be in equilibrium ; 
and so also must the forces which act on the rod. 

Since there are only three forces acting on the sphere they must 
meet in a point, viz., the centre of the sphere. 

Hence 0GB is a straight line. 

Let d and <p be the inclination of the rod and string to the 
vertical. 

Then s^(^ + «?^) = OB=2^ = 2' 
so that ^ + ^=30° (1). 

The forces acting on the rod are the reaction at D, the weight of 
the rod, and the action at the hinge 0. 

If we take moments about we shall avoid this action, and we 
have 

Tr.2asin^=U.OJ[5=JJ.2aco8 30° (2). 
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From the conditions of equilibrium of the sphere, 

_JL_ = -A-=_^ (3). 

sin (^ + 60°) sin0 sin60° ■ ■ 

Therefore, from (2) and (3), 

sin _ ^ _ s"^^ 
cos30°~TF~sin60°* 

.-. 0=0, and hence, from (1), 

Substituting in (3), we have 

^= ^^£f° = ^^"^^ = ^(3V2 W6)=l-1153 X W, 
^^ E=Tr|^=Tr^ = f(3V2-V6)=-2988xTr. 

EXAMPLES. XTL 

1. A uniform beam, AB, whose weight is W, rests mth one end, 
^, on a smooth horizontal plane AC. The other end, B, rests on a 
plane CB inclined to the former at an angle of 60°. If a string CA, 
equal to GB, prevent motion, find its tension. 

2. A ladder, of weight W, rests with one end against a smooth 
vertical wall and with the other resting on a smooth floor; if the 
inclination of the ladder to the horizon be 60°, find, by calculation 
and graphically, the horizontal force that must be applied to the lower 
end to prevent the ladder from sliding down. 

3. A beam, of weight W, is divided by its centre of gravity C into 
two portions -4 C and BG, whose lengths are a and & respectively. The 
beam rests in a vertical plane on a smooth floor AD and against a 
smooth vertical wall DB. A string is attached to a hook at D and to 
the beam at a point P. If T be the tension of the string, and 6 and <{> 
be the inclinations of the beam and string respectively to the horizon, 

shew that T= W -. — . ,. . — -ri — — , . 

(a+6)sm(5-0) 

4. A ladder rests at an angle a to the horizon, with its ends rest- 
ing on a smooth floor and against a smooth vertical wall, the lower 
end being attached by a string to the junction of the wall and floor ; 
find the tension of the string. 

Find also the tension of the string when a man, whose weight is 
one-half that of the ladder, has ascended the ladder two-thirds of its 
length. 
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5. One end of a uniform beam, of weight W, is placed on a smooth 
horizontal plane; the other end, to which a string is fastened, rests 
against another smooth plane inclined at an angle a to the horizon ; the 
string, passing over a pulley at the top of the inclined plane, hangs 
vertically, and supports a weight P; shew that the beam will rest in 
all positions if 2P= W sin a. 

6. A heavy uniform beam rests with its extremities on two smooth 
inclined planes, which meet in a horizontal line, and whose inclinations 
to the horizon are a and /3 ; find its inclination to the horizon in the 
position of equilibrimn, and the reactions of the planes. 

7. A uniform beam rests with a smooth end against the junction 
of the ground and a vertical wall, and is supported by a string 
fastened to the other end of the beam and to a staple in the wall. 
Find the tension of the string, and shew that it will be one-half 
the weight of the beam if the length of the string be equal to the 
height of the staple above the ground. 

8. A uniform rod BG, of weight 2 lbs., can turn freely about B 
and is supported by a string^ (7, 8 inches long, attached to a point A in 
the same horizontal line as B, the distance AB being 10 inches. If 
the rod be 6 inches long, find the tension of the string. Verify by 
a drawing and measurement. 

9. A uniform rod has its upper end fixed to a hinge and its other 

end attached by a string to a fixed point in the same horizontal plane 

as the hinge, the length of the string being equal to the distance 

between the fixed point and the hinge. If the tension of the string be 

equal to the weight W of the rod, shew that the rod is inclined to the 

horizon at an angle tan-^ -g-, and that the action of the hinge is equal 

W 
to a force -^ y^/lO inclined at an angle tan"^ ^ to the horizon. 

10. A rod is movable in a vertical plane about a hinge at one end, 

and at the other end is fastened a weight equal to half the weight of 

the rod ; this end is fastened by a string, of length I, to a point at a 

height c vertically over the hinge. Shew that the tension of the string 

IW 
is — , where W is the weight of the rod. 

11. AB is a uniform rod, of length 8a, which can turn freely 
about the end A , which is fixed ; is a smooth ring, whose weight is 
twice that of the rod, which can slide on the rod, and is attached by a 
string CD to a point D in the same horizontal plane as the point A ; if 
AD and GB be each of length a, find the position of the ring and the 
tension of the string when the system is in equilibrium. 

Shew also that the action on the rod at the fixed end ^ is a hori- 
zontal force equal to sl^W, where W is the weight of the rod. 
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12. A rigid wire, without weight, in the form of the arc of a circle 
subtending an angle a at its centre, and having two weights P and 
Q at its extremities, rests with its convexity downwards upon a hori- 
zontal plane ; shew that, if be the inclination to the vertical of the 
radius to the end at which P is suspended, then 

, . Q sin a 
tand=: 



"P+Qcosa* 



13. A smooth hemispherical bowl, of diameter a, is placed so 
that its edge touches a smooth vertical wall ; a heavy uniform rod is 
in equilibrium, inclined at 60° to the horizon, with one end resting on 
the inner surface of the bowl, and the other end resting against the 

wall; shew that the length of the rod must be o-+-Tr^- 

14. A cylindrical vessel, of height 4 inches and diameter 3 inches, 
stands upon a horizontal plane, and a smooth uniform rod, 9 inches 
long, is placed within it resting against the edge. Find the actions 
between the rod and the vessel, the weight of the former being 6 ounces. 

15. A thin ring, of radius B and weight W, is placed round a 
vertical cyUnder of radius r and prevented from falling by a nail 
projecting horizontally from the cylinder. Find the horizontal re- 
actions between the cylinder and the ring. 

16. A heavy carriage wheel, of weight W and radius r, is to be 
dragged over an obstacle, of height h, by a horizontal force F applied 
to the centre of the wheel ; shew that F must be slightly greater than 



W 



■ h 



17. A uniform beam, of length 2a, rests in equilibrium, with one 
end resting against a smooth vertical wall and with a point of its 
length restmg upon a smooth horizontal rod, which is parallel to the 
wall and at a distance b from it; shew that the inclination of the 
beam to the vertical is 



-C-)*- 



18. A circular disc, BCD, of radius a and weight TV, ia supported 
by a smooth band, of inappreciable weight and thickness, which sur- 
rounds the disc along the arc BCD and is fastened at its extremities to 
the point ^ in a vertical wall, the portion AD touching the wall and 
the plane of the disc being at right angles to the wall. If the length 
of the band not in contact with the disc be 26, shew that the tension 

of the band is — -— , and find the reaction at D. 

2 b^ 
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19. Two equal uniform heavy straight rods are connected at one 
extremity by a string and rest upon two smooth pegs in the same 
horizontal line, one rod upon one peg and the other upon the other ; 
if the distance between the pegs be equal to the length of each rod and 
the length of the string be half the same, shew that the rods rest at an 
angle 6 to the horizon given by 2 cos^ 6=1. 

20. A uniform rod, whose weight is W, is supported by two fine 
strings, one attached to each end, which, after passing over small 
fixed smooth pulleys, carry weights w^ and w^ respectively at the other 
ends. Shew that the rod is inclined to the horizon at an angle 

sm-i ^ ^ . 

21. A uniform rod, of weight W, is supported in equilibrium by 

a string, of length 21, attached to its ends and passing over a smooth 

peg. If a weight W be now attached to one end of the rod, shew that 

it can be placed in another position of equilibrium by sliding a length 

IW 
:r^ — =j^ of the string over the peg. 

22. -4-B is a straight rod, of length 2a and weight \W, with the 
lower end A on the ground at the foot of a vertical wall AG, B and O 
being at the same vertical height 26 above A ; a heavy ring, of weight 
W, is free to move along a string, of length 21, which joins B and C, 
If the system be in equilibrium with the ring at the middle point of 
the string, shew that 

^-'^ ^ (X+l)2' 

23. A given square board ABGD, of side h, is supported hori- 
zontally by two given loops of string OAGO and OBDO passing under 
opposite comers and hung over a fixed hook ; find the tensions of 
the strings, if the height of above the board be &. 

24. A gate weighing 100 lbs. is hung on two hinges, 3 feet apart, 
in a vertical line which is distant 4 feet from the centre of gravity of 
the gate. Find the magnitude of the reactions at each hinge on the 
assumption that the whole of the weight of the gate is borne by the 
lower hinge. 

25. A triangle, formed of three rods, is fixed in a horizontal 
position and a homogeneous sphere rests on it; shew that the 
reaction on each rod is proportional to its length. 

26. A light triangular frame ABG stands in a vertical plane, G 
being uppermost, on two supports, A and B, in the same hori- 
zontal line and a mass of 18 lbs. weight is suspended from G. If 
AB=:AG=1Q feet, and BG=5 feet, find the reactions of the supports. 

27. The sides of a triangular framework are 13, 20, and 21 inches 
in length ; the longest side rests on a horizontal smooth table and a 
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weight of 63 lbs. is suspended from the opposite angle. Find the 
tension in the side on the table. Verify by a dra^ving and measure- 
ment. 

28. A. bowl is formed from a hollow sphere, of radius a, and is so 
placed that the radius of the sphere drawn to each point in the rim 
makes an angle a with the vertical, whilst the radius a^a^vn to a point 
A of the bowl makes an angle /3 with the vertical ; if a smooth uniform 
rod remain at rest with one end at A and a point of its length in 
contact with the rim, shew that the length of the rod is 

■ia sm /3 sec —5-^ . 

86. In the following articles the conditions of equi- 
librium enunciated in Art. 83 will be obtained in a slightly 
different manner. 

*87. Theorem. Any system of forces, acting in one 
plane upon a rigid body, is equivalent to a force acting 
at an arbitrary point of the body together tvith a couple. 

Let P be any force of the system acting at a point A of 
the body, and let be any arbitrary point. At introduce 




two equal and opposite forces, the magnitude of each being 
P, and let their line of action be parallel to that of P. 
These do not alter the state of equilibrium of the body. 
The force P at ^ and the opposite parallel force P 
at form a couple of moment P . p, where p is the per- 
pendicular from upon the line of action of the original 
force P. 
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Hence the force P 'd,t A is equivalent to a parallel force 
P a,t and a couple of moment P . p. 

So the force (J at -5 is equivalent to a parallel force 
Q aX, and to a couple of moment Q . q, where q is the 
perpendicular from on the line of action of Q. 

The same holds for each of the system of forces. 

Hence the original system of forces is equivalent to 
forces P, Q, R... acting at 0, parallel to their original 
directions, and a number of couples ; these are equivalent 
to a single resultant force at 0, and a single resultant 
couple of moment 

P.p + Q.q+ .... 

*88. By Art. 74 a force and a couple cannot balance 
unless each is zero. 

Hence the resultant of P, Q, P,... at must be zero, 
and therefore, by Art. 46, the sum of their resolved parts 
in ttvo directions must separately vanish. 

Also the moment Pp + Qq-v ... must be zero, i.e., the 
algebraic sum of the moments of the forces about an arbitrary 
point m,ust vanish also. 

*89. Ex. ABGD is a square; along the sides AB, BC, DC, and 
DA act forces equal to 1, 9, 5, and 3 lbs. weight ; find the force, passing 
through the centre of the sqiiare, and the couple which are together 
equivalent to the given system. 

Let O be the centre of the square and let OX and OF be perpendi- 
cular to the sides BG, CD respectively. Let 
the side of the square be 2a. ^ i ^ ^ 5 ^ 

The force 9 is equivalent to a force 9 
along OY together vrith a oouple of moment 
9. a. 

The force 3 is equivalent to a force - 3 
along OY together with a couple of moment 
3. a. 

The force 5 is equivalent to a force 5 
along OX together ■with a couple of moment 
-5. a. 
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The force 1 is equivalent to a force 1 along OX together with a 
couple of moment 1 . a. 

Hence the moment of the resultant couple is 9a + 3a-5a + l .a, 
i.e., 8. a. 

The component force along OX is 6 and the component along OY 
is 6. 

Hence the resultant force is one of &iJ2 lbs. weight inclined at 45° 
to the side AB. 

EXAMPLES. XIII. 

1. A square is acted upon by forces equal to 2, 4, 6, and 8 lbs. 
weight along its sides taken in order; find the resultant force and the 
resultant couple of these forces, when the resultant force goes through 
the centre of the square. 

2, ABGD is a square ; along DA, AB, BG, CD, and DB act forces 
equal to P, 3P, 5P, IP, and 9^2P; find the force, passing through^, 
and the couple, which are together equivalent to the system. 

3. Forces equal to 1, 2, 3, 4, 5, and 6 lbs. weight respectively act 
along the sides AB, BG, GD, BE, EF, and FA of a regular hexagon; 
find the force, passing through A, and the couple, which are together 
equivalent to the system. 

4, Given in position a force equal to 10 lbs. weight and a couple 
consisting of two forces, each equal to 4 lbs. weight, at a distance of 
2 inches asunder, draw the equivalent single force. 

Constrained body. 

90. A body is said to be constrained when one or 
more points of the body are fixed. For example, a rod 
attached to a wall by a ball-socket has one point fixed and 
is constrained. 

If a rigid body have two points A and B fixed, all the 
points of the body in the line AB are fixed, and the only 
way in which the body can move is by turning round 
AB as an axis. For example, a door attached to the door- 
post by two hinges can only turn about the line joining the 
hinges. 

If a body have three points in it fixed, the three points 
not being in the same straight line, it is plainly immovable. 

L. s. 8 
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The only cases we shall consider are (1) when the 
body has one point fixed and is acted upon by a system 
of forces lying in a plane passing through the fixed point, 
and (2) when the body can only move about a fixed axis 
in it and is acted upon by a system of forces whose 
directions are perpendicular to the axis, 

91. When a rigid body has one point fixed, and is acted 
upon by a system of forces in a plane passing through the 
point, it will be in equilibrium if the algebraic sum of the 
m,om^nts of tlie forces about the fixed point vanisJies. 

When a body has one point A fixed (as in the case 
of Ex. 4, Art. 85), there must be exerted at the point some 
force of constraint, F, which together with the given 
system of forces is in equilibrium. Hence the conditions 
of equilibrium of Art. 83 must apply. 

If we resolve along two directions at right angles, we 
shall have two equations to determine the magnitude and 
direction of the force F. 

If we take moments about A for all the forces, the 
force F (since it passes through A) does not appear in 
our equation, and hence the equation of moments of Art. 
83 will become an equation expressing the fact that the 
algebraic sum of the moments of the given system of 
forces about A is zero. 

Hence for ^he equilibrium of the body (unless we wish 
to find the force of constraint F) we have only to express 
that the algebraic sum of the moments of the forces about 
the fixed point A is zero. 

82. Ex. A rod AB has one end A fixed, and is kept in a horizontal 
position by a force equal to 10 lbs. weight acting at B in a direction 
inclined at 30° to the rod; if the rod be liomogeneous, and of length 
4: feet, find its weight. 

The moment of the weight about A must be equal to the moment 
of the force about A. 
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If W be the weight, the foi-mer moment is W x 2, and the latter is 
10x4 sin 30°. 

/. 2ir=10x4sin30°=20. 
.-. ir=101bs. wt. 

93. When a rigid body has an axis fixed, aiid is acted 

upon hy forces, whose directions are perpendicular to this 

axis, it will he in equilibrium if the algebraic sum of tlie 

moments of the forces about the fixed axis vanishes. 

[If a force be perpendicular to a given axis and do ngt meet it, its 
moment about the axis is the product of the force and the perpen- 
dicular distance between the axis and the force.] 

Suppose AB to be the fixed axis in the body, and let 
the body be acted on by forces P, Q.., ', these forces need 



/\ 



I 

4 



it 



^ 



■p,C' D' 

P Q 

not be parallel but their directions must be perpendicular 
to the axis. 

Draw CC perpendicular to both the axis and P, and 
DD' perpendicular to the axis and Q ; let their lengths be 
p and q. 

At C introduce two equal and opposite forces, each 
equal to P, one of these being parallel to the original 
force P. 

The force P at C and the two forces (P, P) at C" are 
equivalent to a force P, parallel to the original P, and a 
couple of moment P.p. 

Similarly, the force Q at Z> is equivalent to a force Q 
at ly and a couple of moment Q . q. 

Similarly for the other forces. 

8—2 
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The forces, since they intersect the axis, can have no 
effect in turning the body about the axis and are balanced 
by the forces of constraint applied to the axis. 

The couples are, by Arts. 72 and 73, equivalent to a couple 
of moment P .p + Q .q+... in a plane perpendicular to the 
axis. 

Hence the body will be in equilibrium if 
P . p + (? . g- + ... be zero ; 
also the latter expression is the algebraic sum of the 
moments of the forces about the axis. 

Hence the theorem is true. 

94. Ex. A circular uniform table, of weight 80 lbs., rests on four 
equal legs placed symmetrically round 
its edge; find the least weight which hung 
upon the edge of the table will just over- 
turn it. 

Let AE and BF be two of the legs of 
the table, whose centre is ; the weight 
of the table will act through the point 0. 

If the weight be hung on the portion 
of the table between A and B the table 
will, if it turn at all, turn about the line 
joining the points E and F. Also it will 
be just on the point of turning when the 
weight and the weight of the table have equal moments about EF^ 

Now the weight will clearly have the greatest effect when placed at 
M, the middle point of the arc AB. 

Let OM meet AB in L, and let x be the required weight. Taking 
moments about EF, which is the same as taking moments about AB, 
we have 

x.LM=%0.OL. 

LM=OM-OL=OA- OA cos 45° 




But 



and 



(l-^) 0^=80.0^-... ^2 
.=80(^2 + 1) 



:80.Oi=80, 



.OA, 



80 



^/2-l' 
= 193- libs. wt. 
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95. Theorem. If three forces acting on a body keep 
it in equilibrium, they must lie in a plane. 
Let the three forces be P, Q, and R. 

Let Pi and Qi be any two points on the lines of action 
of P and Q respectively. 

Since the forces are in equilibrium, they can, taken 
together, have no effect to turn the body 
about the line FiQi, But the forces F 
and Q meet this line, and therefore 
separately have no effect to turn the body 
about FiQi. Hence the third force R 
can have no effect to turn the body about 

Therefore the line F^Q^ must meet R. 

Similarly, if Q^, Qsy- be other points 
on the line of action of Q, the lines F^Q^, 
F1Q3,... must meet R. 

Hence R must lie in the plane through Fi and the line 
of action of Q, i.e., the lines of action of Q and R must be 
in a plane which passes through F^. 

But Pi is any point on the line of action of P ; and 
hence the above plane passes through any point on the 
line of action of P, 

i.e., it contains the line of action of P. 

Cor. From Art. 77 it now follows that the three forces 
must also meet in a point or be parallel. 

EXAMPLES. XIV. 

1, A square uniform plate is suspended at one of its vertices, and 
a weight, equal to half that of the plate, is suspended from the 
adjacent vertex of the square. Find the position of equilibrium of the 
plate. 
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2. A hollow vertical cylinder, of radius 2a and height 3a, rests on 
a homontal table, and a uniform rod is placed within it with its 
lower end resting on the circumference of the base; if the weight of 
the rod be equal to that of the cylinder, how long must the rod be so 
that it may just cause the cylinder to topple over? 

3. A cylinder, whose length is h and the diameter of whose base 
is c, is open at the top and rests on a horizontal plane; a uniform 
rod rests partly within the cylinder and in contact with it at its upper 
and lower edges ; supposing the weight of the cylinder to be n times 
that of the rod, find the length of the rod when the cylinder is on. the 
point of falling over. 

4. A square table stands on four legs placed respectively at the 
middle points of its sides ; find the greatest weight that can be put at 
one of the comers without upsetting the table. 

5. A round table stands upon three equidistant weightless legs at 
its edge, and a man sits upon its edge opposite a leg. , It just upsets 
and falls upon its edge and two legs. He then sits upon its highest 
point and just tips it up again. Shew that the radius of the table is 
^2 times the length of a leg. 

6. A circular table, whose weight is 10 lbs., is provided with three 
vertical legs attached to three points in the circumference equidistant 
from one another ; find the least weight which hung from any point 
in the edge of the table will just cause it to overturn. 

7. A square four-legged table has lost one leg ; where on the table 
should a weight, equal to the weight of the table, be placed, so that 
the pressures on the three remaining legs of the table may be equal ? 

8. A square table, of weight 20 lbs., has legs at the middle points 
of its sides, and three equal weights, each equal to the weight of the 
table, are placed at three of the angular points. What is the greatest 
weight that can be placed at the fourth comer so that equilibrium 
may be preserved ? 

9. A circular metallic plate, of uniform thickness and of weight 
ID, is hung from a point on its circumference. A string Wound on its 
edge, carries a weight j). Find the angle which the diameter through 
the point of suspension makes with the vertical. 

10. A uniform circular disc, of weight nW, has a particle, of 
weight TF, attached to a point on its rim. If the disc be suspended 
from a point A on its rim, B is the lowest point; also, if suspended 
from B, A is the lowest point. Shew that the angle subtended by AB 
at the centre of the disc is 2 sec~i 2 (n+ 1). 

11. A heavy horizontal circular ring rests on three supports at 
the points A, B, and G of its circumference. Given its weight and 
the sides and angles of the triangle ABGy find the reactions of the 
supports. 



CHAPTER IX. 

CENTRE OF GRAVITY. 

96. EvEKY particle of matter is attracted to the 
centre of the Earth, and the force with which the Earth 
attracts any particle to itself is, as we shall see in 
Dynamics, proportional to the mass of the particle. 

Any body may be considered as an agglomeration of 
particles. 

If the body be small, compared with the Earth, the 
lines joining its component particle.s to the centre of the 
Earth will be very approximately parallel, and, within the 
limits of this book, we shall consider them to be absolutely 
parallel. 

On every particle, therefore, of a rigid body there is 
acting a force vertically downwards which we call its 
weight. 

These forces may by the process of compounding 
parallel forces, Art. 52, be compounded into a single 
force, equal to the sum of the weights of the particles, 
acting at some definite point of the body. Such a point 
is called the centre of gravity of the body. 

Centre of gravity. Def. The centre of gravity of a 
body, or system of particles rigidly connected togetJier, is 
that point through which the line of action of the loeight of 
the body always passes in whatever position the body is 
placed. 
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97. Every body, or system of particles rigidly connected 
together, has a centre of gravity. 

Let A, B, G, D... be a system of particles whose 
weights are w-i^, w^, w^.,,. 




•E 

Join. AJB, and divide it ac Gi so that 
AGi : GiB '.'. w^: w-^. 
Then parallel forces w^ and w^, acting at A and B, are, 
by Art. 52, equivalent to a force {w^ + w^ acting at G^. 
Join G^G, and divide it at G^ so that 

Then parallel forces, (tVi + w^) at G^ and ^^Jg at C, are 
equivalent to a force (wi + w^ + w^ at C^g- 

Hence the forces Wj^, w^, and W3 may be supposed to be 
applied at G^ without altering their effect. 

Similarly, dividing G^D in Gg so that 

61^2^3 ' ^3^ :: Wi : W1 + W2 + w^, 
we see that the resultant of the four weights at A, B, C, 
and D is equivalent to a vertical force, tOi + W2 + w^ + w^, 
acting at G^. 

Proceeding in this way, we see that the weights of any 
number of particles composing any body may be supposed 
to be applied at some point of the body without altering 
their effect. 

98. Since the construction for the position of the 
resultant of parallel forces depends only on the point of 
application and magnitude, and not on the direction of 
the forces, the point we finally arrive at is the same if 
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the body be turned through any angle; for the weights 
of the portions of the body are still parallel, although they 
have not the same direction, relative to the body, in the 
two positions. 

We can hence shew that a body can only have one 
centre of gravity. For, if possible, let it have two centres 
of gravity G and G^. Let the body be turned, if necessary, 
until GG^ be horizontal. We shall then have the resultant 
of a system of vertical forces acting both through G and 
through Gi. But the resultant force, being itself neces- 
sarily vertical, cannot act in the horizontal line GGy. 

Hence there can be only one centre of gravity. 

0©. If the body be not so small that the weights of its component 
parts may all be considered to be very approximately parallel, it has 
not necessarily a centre of gravity. 

In any case, the point of the body at which we arrive by the con- 
struction of Art. 97, has, however, very important properties and is 
called its Centre of Mass, or Centre of Inertia. If the body be of 
uniform density its centre of mass coincides with its Centroid. 

100. We shall now proceed to the determination of 
the centre of gravity of some bodies of simple forms. 

I. A uniform rod. 

Let AB be a uniform rod, and G its middle point. 

P. Q 



Take any point P of the rod between G and A, and a 
point Q in GB^ such that 

GQ = GP. 

The centre of gravity of equal particles at P and Q 
is clearly G \ also, for every particle between G and A, 
there is an equal particle at an equal distance from G^ 
lying between G and B. 
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The centre of gravity of each of these pairs of particles 
is at 6r; therefore the centre of gravity of the whole rod 
is at G. 

101. II. A uniform parallelogram. 

Let ABOD be a parallelogram, and let JS and F be the 
middle points oi AD and BG. 

Divide the parallelogram 
into a very large number of 
strips, by means of lines parallel 
to AD, of which PR and QS 
are any consecutive pair. Then 

PQSR may be considered to be a uniform straight line, 
whose centre of gravity is at its middle point G^. 

So the centre of gravity of all the other strips lies on 
EF, and hence the centre of gravity of the whole figure 
lies on FF. 

So, by dividing the parallelogram by lines parallel to 
AB, we see that the centre of gravity lies on the line 
joining the middle points of the sides AB and CD. 

Hence the centre of gravity is at G the point of inter- 
section of these two lines. 

G is clearly also the point of intersection of the diagonals 
of the parallelogram. 

102. It is clear from the method of the two previous 
articles that, if in a uniform body we can find a point G 
such that the body can be divided into pairs of particles 
balancing about it, then G must be the centre of gravity 
of the body. 

The centre of gravity of a uniform circle, or uniform 
sphere, is therefore its centre. 

It is also clear that if we can divide a lamina into 
strips, the centre of gravity of which all lie on a straight 
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line, then the centre of gravity of the laminta must lie on 
that line. 

Similarly, if a body can be divided into portions, the 
centres of gravity of which lie in a plane, the centre of 
gravity of the whole must lie in that plane. 

103. III. Uniform triangular lamina. 

Let ABC be the triangular lamina and let D and E be 
the middle points of the sides BG 
and GA. Join AD and BE, and 
let them meet in G. Then G 
shall be the centre of gravity of 
the triangle. 

Let B^G^ be any line parallel 
to the base BG meeting AD in D^, 

As in the case of the parallelogram, the triangle may 
be considered to be made up of a very large number of 
strips, such as B^G^, all parallel to the base BG. 

Since B^G^ and BG are parallel, the triangles AB^D^ 
and ABD are similar; so also the triangles ADJJi and 
ADG are similax*. 

Hence ^1 = ^1= Mi 

±ience ^^ ^^ ^^ 

But BD = DG ; therefore B^D^^D^G^. Hence the 
centre of gravity of the strip B^G^ lies on AD. 

So the centres of gravity of all the other strips lie on 
AD, and hence the centre of gravity of the triangle lies 
on AD. 

Join BE, and let it meet AD in G. 

By dividing the triangle into strips parallel to ^C we 
see, similarly, that the ceixtre of gravity lies on BE. 

Hence the required centre of gravity must be at G. 
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Since D is the middle point of BG and E is the middle 
point of GA, therefore DE is parallel to AB. 

Hence the triangles GDE and GAB are similar, 
. GD DE _CE _\ 
" GA~ AB~ CA" 2' 

so that 2GD = GA, and 3GD = GA+GI> = AD. 
:. GD = IAD. 
Hence the centre of gravity of a triangle is on the 
line joining the middle point of any side to the opposite 
vertex at a distance equal to one-third the distance of 
the vertex from that side. 

104. The centre of gravity of any uniform triangular 
lamina is the same as that of three equal particles placed at 
the vertices of the triangle. 

Taking the figure of Art. 103, the centre of gravity of 
two equal particles, each equal to w, at B and C, is at D 
the middle point of BG ; also the centre of gravity of 2w 
at D and w at A divides the line DA in the ratio of 1 : 2. 
But G, the centre of gravity of the lamina, divides DA in 
the ratio of 1 : 2, 

Hence the centre of gravity of the three particles is the 
same as that of the lamina. 

105. IV. Tbree rods forming a triangle. 

Let BG, CA, and AB be the three rods, of the same thickness and 
material, forming the triangle, and let D, E, and F be the middle 
points of the rods. Join BE, EF, and FD. Clearly DE, EF, and 
FD are half ot AB, BC, and CA respectively. The centres of gravity 
of the three rods are D, E, and F. 

The centre of gravity of the rods AB and ^C is therefore a point 
L on EF such that 

EL : LF :: weight at J^ : weight at E 
:: AB : AC 
:: DE : DF, 
so that, by Geometry, DL bisects the angle FDE. 
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Also the centre of gravity of the three rods must lie on BL. 
Similarly the centre of gravity must lie on EM which bisects the 
angle DEF. 

A 




Hence the required point is the point at which EM and DL meet, 
and is therefore the centre of the circle inscribed in the triangle DEP, 

i.e., the centre of the circle inscribed in the triangle formed by 
joining the middle points of the rods. 

106. V. Tetrahedron. 

Let ABCD be the tetrahedron, E the middle point of 
AB^ and G^ the centre of gravity of the base ABC. 

D 




B C 

Take any section A'B'C of the tetrahedron which is 
parallel to ABC; let DE meet A'B' in E' and let DG^ 
meet E'C in G'. 
Then 

EG'_ _ Da_ 
EG^ ~ DG^ 

= ^, by similar As DG'C\ DG^G, 

E'G' _EG^_l 
" C'G'~ CG^~ r 



, by similar A s I>E'G', DEG^, 
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Hence G' is the centre of gravity of the section A'B'C. 

By considering the tetrahedron as built up of triangles 
parallel to the base ABC, it follows, since the centre of 
gravity of each triangle is in the line DG^^ that the centre 
of gravity of the whole lies in DG^. 

D 




Similarly, it may be shewn that the centre of gravity 
lies on the line joining G to the centre of gravity G^ of the 
opposite face. Also G^ lies in the line ED and divides it in 
the ratio 1 : 2. 

Hence G^ the required point, is the point of intersection 
of GG^ and DG^. 

Join G-fir^. 

Then 

^ = ^, by similar As GG.fi^ and GCD, 
GO D\j 

= ^^hy similar As BG^G^ and ECJD, 

_ 1^ 

.-. GG==3.G^G, 

.: G^G = 4..G^G. 

Similarly G^D = iG^G. 

Hence the centre of gravity of the pyramid lies on the 
line joining the centre of gravity of any face to the opposite 
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angular point of the tetrahedron at a distance equal to one- 
quarter of the distance of the angular point from that face. 

Cor. The centre of gravity of the tetrahedron is the 
same as that of equal particles placed at its vertices. 

For equal weights w placed at the angular points ABC 
of a triangle are equivalent, by Art. 104, to a weight ^w 
placed at (x^, the centre of gravity of ABC. AJso Zw at G^ 
and w at D are equivalent to iw at (x, since G divides G^D 
in the ratio 1 : 3. 

107. VI. Pyramid on any base. Solid Cone. 

If the base of the pyramid in the previous article, instead 
of being a triangle, be any plane figure ABCLMN... whose 
centre of gravity is (x^, it may be shewn, by a similar 
method of proof, that the centre of gravity must lie on the 
line joining D to G^. 

Also by dra^ving the planes DAG^, DBG^^... the whole 
pyramid may be split into a number of pyramids on tri- 
angular bases, the centres of gravity of which all lie on 
a plane parallel to ABCL... and at a distance from D 
of three-quarters that of the latter plane. 

Hence the centre of gravity of the whole lies on the line 
G^D, and divides it in the ratio 1 : 3. 

Let now the sides of the plane base form a regular 
polygon, and let their number be indefinitely increased. 
Ultimately the plane base becomes a circle, and the pyramid 
becomes a solid cone having D as its vertex ; also the point 
Gi is now the centre of the circular base. 

Hence the centre of gravity of a solid right circular 
cone is on the line joining the centre of the base to the 
vertex at a distance equal to one-quarter of the distance of 
the vertex from the base. 
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108. VII. Surface of a hollow cone. 

Since the surface of a cone can be divided into an 
infinite number of triangular laminas, by joining the vertex 
of the cone to points on the circular base indefinitely close 
to one another, and since their centres of gravity all lie in 
a plane parallel to the base of the cone at a distance from 
the vertex equal to two-thirds of that of the base, the centre 
of gravity of the whole cone must lie in that plane. 

But, by symmetry, the centre of gravity must lie on the 
axis of the cone. 

Hence the required point is the point in which the 
above plane meets the axis, and therefore is on the axis at 
a point distant from the base one-third the height of the 
cone. 

EXAMPLES. XV. 

1. An isosceles triangular lamina has its equal sides of length 
5 feet and its base of length 6 feet ; find the distance of the centre of 
gravity from each of its sides. 

2. The sides of a triangular lamina are 6, 8, and 10 feet in 
length; find the distance of the centre of gravity from each of the 
sides. 

3. The base of an isosceles triangular lamina is 4 inches and the 
equal sides are each 7 inches in length; find the distances of its 
centre of gravity from the angular points of the triangle. 

4. D is the middle point of the base BC of a triangle ABC', shew 
that the distance between the centres of gravity of the triangles ABD 
and ^ CD is Jj5C. 

5. A heavy triangular plate ABG hes on the ground ; if a vertical 
force apphed at the point A be just great enough to begin to lift that 
vertex from the ground, shew that the same force wUl suffice, if apphed 
at B or C. 

6. Three men carry a weight, W, by putting it on a smooth 
triangtdar board, of weight w, and supporting the system on their 
shoulders placed respectively at the angular points; find the weight 
that each man supports. 
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7. Tbe base of a triangle is fixed, and its vertex moves on a given 
straight line ; shew that the centre of gravity also moves on a straight 
line. 

8. The base of a triangle is fixed, and it has a given vertical 
angle; shew that the centre of gravity of the triangle moves on an 
arc of a certain circle. 

9. A given weight is placed anywhere on a triangle; shew that 
the centre of gravity of the system lies Avithin a certain triangle. 

10. A uniform equilateral triangular plate is suspended by a 
string attached to a point in one of its sides, which divides the side 
in the ratio 2:1; find the inclination of this side to the vertical. 

11. A uniform lamina in the shape of a right-angled triangle, and 
such that one of the sides containing the right angle is three times 
the other, is suspended by a string attached to the right angle; in the 
position of equilibrium, shew that the hypotenuse is inclined at an 
angle sin"!^^ to the vertical. 

12. A uniform triangular lamina, whose sides ara 3, 4, and 5 
inches, is suspended by a string from the middle point of the longest 
side ; find the inclination of this side to the vertical. 

109. General formulae for the determination 
of the centre of gravity. 

In the following articles will be obtained formulae 
giving tlie position of the centre of gravity of any system 
of particles, whose position and weights are known. 

Theorem. If a system of particles whose weights are 
Wi, w^, ... w„ he on a straight line, and if tlieir distances 
measured from a fixed point in the line he 

a?!, x^, ... x^, 
the distance, x, of their centre of gravity from the fi:ced point 
is given hy 

_ _ w-^x^ + w.^2 + . . . + w^x^ 
W1 + W2+ ... +w,^ 
Let A, li, G, D... be the particles and let the centre of 
gravity of w^ and w^ at A and ^ be G-y', let the centre of 

O A B C D 

1 1 , \ r-i 1 

Gi G2 G3 

\/ \/ v/ V 

2^1 ^W« ^tO, W. 



Jm S. 
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gravity of {w^ + w^ at G^ and w^ at G be G^, and so for the 
other particles of the system. 

By Art. 97, we have Wj . ^ G^j = tWg . G^B ; 

/. w^{OG^-OA) = w^{OB-OG^). 
Hence {w^ + w^ . OG^ = w^ . OA + W2 . OB, 

^ w,x, + w^ ., 

W1 + W2 ' 

Similarly, since G2 is the centre of gravity of (wi + w^) 
at Gi and Wg at C, we have 

^g ^ (wi + W2) . OGi + W3 . DC 
^ (w^ + Wz) + Ws 

Wy+Wz + Ws ' ^ ^ ^' 

^g (wi + w^ + w^ . OG^ + W4 . OD 

W^Xi + If gflJa + M'g.'Bs + W^X^ 
tOi + W^ + W^ + W^ 

Proceeding in this manner we easily have 

_ _ WiXj^ + W^i^ + . . . + Wn^n 
t«l + 102 + . . . + Wn ' 

whatever be the number of the particles in the system. 

Otberwise, The above formula may be obtained by the use of 
Article 65. For the weights of the particles form a system of parallel 
forces whose resultant is equal to their sum, viz. Wi + w^+...+to,,. 
Also the sum of the moments of these forces about any pomt in their 
plane is the same as the moment of their resultant. But the sum of 
the moments of the forces about the fixed point is 

Also, if X be the distance of the centre of gravity from 0, the moment 
of the resultant is 

(wi+.Wa+...+w7„)x5. 

Hence S (wj + Wj +••• + '''«) ='''1^1 +^2^2 +-"+'''n^n 5 
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no. Ex. 1. A rod AB, 2 feet m length, and of weight 5 lis,, is 
trisected in the points G and D, and at tlie -points A, C, D, and B are 
placed particles of 1, 2, 3, and 4 lbs. weight respectively ; find what 
point of t}ie rod must be supported so that the rod may rest in any 
position, i.e., find tJie centre of gravity of the system. 

Let G be the middle point of the rod and let the fixed point O of 
the previous article be taken to coincide vath the end A of the rod. 
The quantities Xj, Xg, x^, x^, and x^ are in this case 0, 8, 12, 16, and 
2-4 inches respectively. 

Hence, if X be the point required, we have 

1.0 + 2.8 + 5.12 + 3.16 + 4.24 
1+2+5+3+4 

=~—=14if inches. 
15 

Ex. 2. If, in the previous question, the body at B be removed and 
another body be substituted, find the weight of this unhunon body so that 
the new centre of gravity may be at the middle point of the rod. 

Let X lbs. be the required weight. 

Since the distance of the new centre of gravity from J ia to be 
12 inches, we have 

1.0 + 2. 8 + 5. 12 + 3. 16 + X. 24 124 + 24\ 



12=: 



1+2+5+3+X 11+X 

.-. 132 + 12X=124 + 24X. 



Ex. 3. To tlie eml of a rod, whose length is 2 feet aiid whose weight 
is 8 lbs., is attached a sphere, of radius 2 inches and weight 10 lbs.; 
find the position of the centre of gravity of the compound body. 

Let OA be the rod, G^ its middle point, G^ the centre of the sphere, 
and G the required point. 

Then 0G= 4 .;■■ -. 

3 + 10 

But 0(?j = 12 inches ; OGa = 26 inches. 

. -_ 3.12 + 10.26 296 ..jo . , 
•• 0G=--___ = ^=22T7mches. 



EXAMPLES. XVI. 

1. A straight rod, 1 foot in length and of mass 1 ounce, has an 
ounce of lead fastened to it at one end, and another ounce fastened to 
it at a distance from the other end equal to one-third of its length ; 
find the centre of gravity of the system. 

9—2 
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2. A uniform bar, 3 feet in length and of mass 6 ounces, has 
3 rings, each of mass 3 ounces, at distances 3, 15, and 21 inches from 
one end. About what point of the bar will the system balance? 

3. A uniform rod ^B is four feet long and weighs 3 lbs. One lb. is 
attached at ^, 2 lbs. at a point distant 1 foot from A, 3 lbs. at 2 feet 
from A, 4 lbs. at 3 feet from A, and 5 lbs. at B. Find the distance 
from A of the centre of gravity of the system. 

4. A telescope consists of 3 tubes, each 10 inches in length, 
one within the other, and of weights 8, 7, and 6 oimces. Find the 
position of the centre of gravity when the tubes are drawn out at full 
length. 

5. Twelve heavy particles at equal intervals of one inch along a 
straight rod weigh 1, 2, 3, ...12 grains respectively; find their centre 
of gravity, neglecting the weight of the rod. 

6. Weights proportional to 1, 4, 9, and 16 are placed in a straight 
line so that the distances between them are equal ; find the position 
of their centre of gravity. 

7. A rod, of uniform thickness, has one-half of its length com- 
posed of one metal and the other half composed of a different metal, 
and the rod balances about a point distant one-third of its whole 
length from one end ; compare the weight of equal quantities of the 
metal. 

8. An inclined plane, with an angle of inclination of 60°, is 3 feet 
long; masses of 7, 5, 4, and 8 oimces are placed on the plane in order 
at distances of 1 foot, the latter being the highest ; find the distance 
of their centre of gravity from the base of the inclined plane. 

9. AB is a uniform rod, of length n inches and weight (jJ + 1) W. 
To the rod masses of weight W, 2W, ^W,...nW are attached at distances 
1, 2, 3,...« inches respectively from A. Find the distance from A of 
the centre of gravity of the rod and weights. 

10. A rod, 12 feet long, has a mass of 1 lb. suspended from one 
end, and, when 15 lbs. is suspended from the other end, it balances 
about a point distant 3 ft. from that end; if 8 lbs. be suspended there, 
it balances about a point 4 ft. from that end. Find the weight of the 
rod and the position of its centre of gravity. 

111. Theorem. If a system of particles, whose 
weights are w^, w^, . . . WJ^, lie in a plane, and if OX and OY 
he two fixed straight lines in the plane at right angles, and if 
the distances of the 'particles from OX be y^, y.^, ... y^, and 
the distance of their centre of gravity he y, then 
__ w^yy + w^y^ + ... + w^y^ 
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Similarly, if the distances of the particles from OY he 
Xi, 0C2, ...x,^and tliat of tlieir centre of gravity he x, then 

_ _ Wi-T'i + W^2 + • • • + 'i^H^n 




LRi M R2 R3N 



Let Ay By C,,.. be the particles, and AL, BM, CJV... tlie 
perpendiculars on OX. 

Let Gi be the centre of gravity of Wi and lo^, G^ the 
centre of gravity of (rWi + w^ at G-^ and tOg at (7, and so on. 

Draw G-Ji-^, G^R^i ••• perpendicular to OX, and through 
Gi draw IIG^K parallel to OX to meet AL and BM in 77 
and K. 

Since G^ is the centre of gravity of w^ and w», we have 

^=!^=. (Art. 97.) 

Now AG-fl and BG-^K are similar triangles, 

IIA _ AGi_w„ 
" BK~ G^B~w^' 

But IIA = nL-AL = G^E, - y^ , 

and BK = BM - KM = y. - G^R^ ; 

. GJt^-y^ w. 



2/a-^A w;i' 
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Hence lo^ {G^R^ - 2/1) = Wj {y^ - O^Ry ) ; 

... Gji, = '^i±:!^ (1). 

Similarly, since G^ is the centre of gravity of (w^ + w^) 
at Gi and Wg at C, we have 

Proceeding in this way we easily obtain 
- ^i2/i + ^2y2+ --- +^nyro 

y = ^ . 

^ Wl + «^2 + • • • + WJn 

Again, since the triangles AG ^H andi BG^K sxxe similar, 
we have 

EG^AGyW^ 
GyK~ GyB~Wy' 

But IlGy = LRi = ORy -0L= OR^ - x„ 
and GyK= RyM= OM- ORy = x^- OR^ . 

.'. Wi {ORi — a^) = tOa {^2 ~ ORi). 
Hence ^^^ w,x, + w^ ^ 

Proceeding as before we finally have 

W1 + W2+ ... +^0n 

The theorem of this article may be put somewhat 
differently as follows; 

The distance of the centre of gravity from any line in 
the plane of the particles is equal to a fraction, whose 
numerator is the sum of the products of each weight into its 
distance from the given line, and whose denominator is the 
sum ofiJie weights. 

In other words, the distance of the centre of gravity is 
equal to the average distance of the particles. 
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11 a. The formula of the preceding article may be deduced from 
Article 93. For, since the resultant weight {w■^^■\■^D2+ ...+w^ acting 
at G, where G i3 the centre of gravity of all the weights, is equivalent 
to the component weights to^, w^,... the resultant would, if the line 
OX be supposed to be a fixed axis, have the same moment about 
this fixed axis that the component weights have. 

But the moment of the resultant is 

and the sum of the moments of the weights is 

Hence y ^I'lyi+Ml+lii+JHr^ . 

In a similar manner we should have 

_ WiXi+ w^^ + . . . + iv^x^ 

~ 101 + 102+.. .+tO„ 

113. Ex. 1 . A square lamina, whose weight is 10 Ihs. , has attaclied 
to its angular points particles whose weights, taken in order, are 3, 6, 5, 
and 1 lbs. respectively. Find the position of the centre of gravity of 
the system, if tlie side of the lamina be 25 inches. 

Let the particles be placed at the angular points 0, A, B, and C. 
Let the two fixed lines from which the distances are measured be OA 
and 00. 




The weight of the lamina acts at its centre D. Let Q be the 
required centre of gravity and draw BL and GM perpendicular 
to OX. 

The distances of the points 0, A, B, G, and D from OX are clearly 
0, 0, 25, 25, and 12|- inches respectively. 

,^^ ^ 3. + 6. + 5. 25 + 1. 25 + 10. 12A- 275 „. 
•^ 3 + 6 + 5 + 1 + 10 25 

So the distances of the particles from OY are 0, 25, 25, 0, and 
12| inches respectively. 



OM=x= 



3.0 + 6. 25 + 5. 25 + 1. + 10. 12i 400 



3+6+5+1+10 
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Hence the required point may be obtained by measuring 16 inches 
from O along OA and then erecting a perpendicular of length 11 inches. 

Ex. 2. OAB is an isosceles ipcightless triangle, wliose hase OA is 
6 inches and ivhose sides are each 5 inches; at the points O, A, and B 
are placed particles of iveights 1, 2, and 3 lbs.; find their centre of 
gravity. 

Let the fixed line OX coincide with OA and let OF be a perpen- 
dicular to OA through the point 0. 

If BL be drawn perpendicular to OA , then OL = 3 ins. , and 

I,J5= 75^^32= 4 ins. 

Hence, if G be the required centre of gravity and GM be drawn 
perpendicular to OX, we have 

^-. 1.0 + 2.6 + 3.3 21 „i. , 

0M= — -— ^ =— =3imches, 

1+2+3 6 ^ 

, ,,.^ 1.0 + 2.0 + 3.4 12 „. , 

and MG = — - — = — = 2 mches. 

1+2+3 6 

Hence the required point is obtained by measuring a distance 
3§ inches from O along OA and then erecting a perpendicular of 
length 2 inches. 

114. Centre of Parallel forces. 

The methods and formulae of Arts. 109 and 111 will 
apply not only to weights, but also to any system of parallel 
forces and will determine the position of the resultant of 
any such system. The magnitude of the resultant is tlie 
sum of the forces. Each force must, of course, be taken 
with its proper sign prefixed. 

There is one case in which we obtain no satisfactory 
result; if the algebraic sum of the forces be zero, the 
resultant force is zero, and the formulae of Art. Ill give 

S = CO , and y=<x>. 
In this case the system of parallel forces is, as in 
Art. 53, equivalent to a couple. 
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EXAMPLES. XVn. 

1. Particles of 1, 2, 3, and 4 lbs. weight are placed at the angular 
points of a square ; find the distance of their c.g. from the centre of 
the square. 

2. At two opposite comers A and C of a square ABGD weights 
of 2 lbs. each are placed, and at B and D are placed 1 and 7 lbs. 
respectively; find their centre of gravity. 

3. Particles of 5, 6, 9, and 7 lbs. respectively are placed at the 
comers ^, B, C, and I) of a horizontal square, the length of whose side 
is 27 inches; find where a single force must be applied to preserve 
equilibrium. 

4. Five masses of 1, 2, 3, 4, and 5 ounces respectively are place<l 
on a square table. The distances from one edge of the table are 2, 4, 
6, 8, and 10 inches and from the adjacent edge 3, 5, 7, 9, and 11 inches 
respectively. Find the distance of the centre of gravity from the two 



5. Weights proportional to 1, 2, and 3 are placed at the corners 
of an equilateral triangle, whose side is of length a ; find the distance 
of their centre of gravity from the first weight. 

Find the distance also if the weights be proportional to 11, 13, 
and 6. 

6. J 50 is an equilateral triangle of side 2 feet. KiA, B, and C 
are placed weights proportional to 6, 1, and 3, and at the middle 
points of the sides BC, CA, and AB weights proportional to 2, 4, 
and 6 ; shew that their centre of gravity is distant 16 inches from B. 

7. Equal masses, each 1 oz., are placed at the angular points of 
a heavy triangular lamina, and also at the middle points of its sides ; 
find the position of the centre of gravity of the masses. 

8. ABC is a triangle right-angled at A, AB being 12 and AC 
15 inches; weights proportional to 2, 3, and 4 respectively are placed 
at A, C, and B ; find the distances of their centre of gravity from B 
and G. 

9. Particles, of mass 4, 1, and 1 lbs., are placed at the angular 
points of a triangle ; shew that the centre of gravity of the particles 
bisects the distance between the centre of gravity and one of the 
vertices of the triangle. 

10. Three masses are placed at the angular points of a triangle 
ABC. Find their ratios if their centre of inertia be halfway between 
A and the middle point of BC. 
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11. Bodies of mass 2, 3, and 4 lbs. respectively are placed at the 
angular points ^, B, and C of a triangle ; find their centre of gravity G, 
and shew that forces 2GA, 8GB, and 4GG are in equilibrium. 

12. ABC is a uniform triangular plate, of mass 3 lbs. Masses 
of 2, 3, and 5 lbs. respectively are placed &tA,B, and G. Find the 
position of the centre of gravity of the whole system. 

13. To the vertices A, B, and C of a uniform triangular plate, 
whose mass is 3 lbs. and whose centre of gravity is G, particles of 
masses 2 lbs., 2 lbs., and 11 lbs., are attached ; shew that the centre 
of gravity of the system is the middle point of GG. 

14. Masses of 2, 3, 2, 6, 9, and 6 lbs. are placed at the angular 
comers of a regular hexagon, taken in order; find their centre of 
gravity. 

15. Weights proportional to 5, 4, 6, 2, 7, and 3 are placed at the 
angular points of a regular hexagon, taken in order ; shew that their 
centre of gravity is the centre of the hexagon. 

16. Weights proportional to 1, 5, 3, 4, 2, and 6 are placed at the 
angular points of a regular hexagon, taken in order ; shew that their 
centre of gravity is the centre of the hexagon. 

17. If weights proportional to the numbers 1, 2, 3, 4, 6, and 6 be 
placed at the angular points of a regular hexagon taken in order, 
shew that the distance of their centre of gravity from the centre of 
the circumscribing circle of the hexagon is f^ths of the radius of the circle. 

18. At the angular points of a square, taken in order, there act 
parallel forces in the ratio 1:3:5:7; find the distance from the 
centre of the square of the point at which their resultant acts. 

19. A, B, C, and D are the angles of a parallelogram taken in 
order ; like parallel forces proportional to 6, 10, 14, and 10 respectively 
act at ^, B, G, and D ; shew that the centre and resultant of these 
parallel forces remain the same, if, instead of these forces, parallel 
forces, proportional to 8, 12, 16, and 4, act at the points of bisection 
of the sides ^J3, BG, GD, and DA respectively. 

20. Find the centre of parallel forces equal respectively to P, 2P, 
3P, 4P, 5P, and 6P, the points of application of the forces being at 
distances 1, 2, 3, 4, 5, and 6 inches respectively from a given point A 
measured along a given line AB. 

21. Three parallel forces, P, Q, and J?, act at the vertices A,B, and 
G, of a triangle and are proportional respectively to a, 6, and c. Pind 
the magnitude and position of their resultant. 



CENTRE OF GRAVITY 139 

115. Given the centre of gravity oftlie two portions of a 
body, to find the centre of gravity of the whole body. 

Let the given centres of gravity be G^ and G2, and let 
the weights of the two portions be TTj and W^; the re- 
quired point G, by Art. 97, divides G^G^ so that 
G^G-.GG^:: W^: W^. 

The point G may also be obtained by the use of 
Art. 109. 

Ex- On the same base AB, and on opposite sides of it, isosceles 
triangles CAB and DAB are described wliose 
altitudes are 12 inches and 6 inches respectively. 
Find the distance from AB of the centre of 
gravity of the quadrilateral CADB. 

Let CLD be the perpendicular to AB, meet- 
ing it in I/, and let Gj and Gj be the centres of 
gravity of the two triangles GAB and DAB 
respectively. Hence 

and GG2=GL + LG^=12 + 2=:U. 

The weights of the triangles are propor- 
tional to their areas, i.e., to -^AB . 12 and ^AB - 6. 

If G be the centre of gravity of the whole figure, we have 
A GAB X C(?i + A DAB x GG^ 
aGAB+aDAB 

_lA B.12xQ + ^AB.6xU _4L8 + i2_90_^^ 
IaB.12 + ^AB.6 ~ 6-t-3 9 
Hence LG= GL - GG=2 inches. 

This result may be verified experimentally by cutting the figure 
out of thin cardboard, 

116. Given the centre of gravity of the whole of a body 
and of a portion of the body, to find the centre of gravity of 
the remainder. 

Let G be the centre of gravity of a body ABGD, and G^ 
that of the portion ADC. 

Let W be the weight of the whole body and IFj that of 
the portion ACD, so that W^{=W- F,) is the weight of 
the portion ABC. 




1.40 
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Let G^ be the centre of gravity of the portion ABC. 
Since the two portions of the body make up the whole, 
therefore TFj at G^ and TFg at G^ must have their centre of 
gravity at G. 




Hence G must lie on Gfi^^ and be such that 

W^.GG^^ W^.GG^. 
Hence, given G and G^, we obtain G^ by producing G^G 
to G^2> so that 



W 
riry _ " i riri 



GG,. 



IF -If, 

The required point may be also obtained by means of 
Art. 109. 

Sx. 1. Frovi a circular disc, of radius r, is cut out a circle, ichose 
diameter is a radius of the disc; find the centre of gravity of the 
remainder. 

Since the areas of circles are to one another as the squares of their 
radii, 

.". area of the portion cut out 

: area of the whole circle 

::1:4. 

Hence the portion cut off is one- 
quarter, and the portion remaining is 
three-quarters, of the whole, so that 
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Now the portions W^ and W^ make up the whole disc, and therefore 
balance about 0. 

Hence W^ . 00.^=17^ . OG^^^W^xhr. 

This may be verified experimentally. 

Ex. 2. From a triangular lamina ABGis att off, by a Hue parallel 
to its base BG, onc-quartcr of its area; find the centre of gravity of the 
remainder. 

Let ABjGi be the portion cut off, fy 

so that 

aAB^Gi : aABG :: 1 : 4. 
By Geometry, since the triangles Bj 
AB^C^ and ABG are similar, we have ^/^ r^ 



aAB^G^: aABG ::AB^-^:AB'. y^ /Q ^ 



AB^ : Am :: 1:4, „ y^ /G 



G 



and hence ABi = ^AB. 

The line B^C^ therefore bisects AB, AG, and AD. 

Let G and G, be the centi-es of gravity of the triangles ABG and 
AB^Gi respectively ; also let W^ and W^ be the respective weights of 
the portion cut off and the portion remaining, so that JF'^j=3Jrj. 

Since Wn at G^ and IFj at Gj balance about G, we have, by Art. 109, 
^^ _ JFi . DGi + W ^ . DG, _ DG^ + dPG^ 

Wl+W\ ~ 4 ^''' 

But ■ DG=^DA = ^DDi, 

and Z)Gi=DDi + ^Di^=DDi + ^DDi=§DZ)i. 

Hence (i) is 4 x §DDi=^DDi + 3DG2. 

.-. DG2=4dDi. 
This result can also be easily verified experimentally. 

EXA3VIPLES. XVni. 

[The stmlait should verify some of the folUnoing questions experi- 
vientally; suitable ones for this purpose are Nos. 1, 2, 4, 5, 8, 9, 10, 
11, 17, 18, and 19.] 

1. A uniform rod, 1 foot in length, is broken into two parts, of 
lengths 5 and 7 inches, which are placed so as to form the letter T> ^^^ 
longer portion being vertical ; find the centre of gravity of the system. 

2. Two rectangular pieces of the same cardboard, of lengths 6 and 
8 inches and breadths 2 ayd 2^ inches respectively, are placed touching, 
but not overlapping, one another on a table so as to form a T-shaped 
figure, the longer portion being vertical. Pind the position of its centre 
of gravity. 
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(/ 3. A heavy beam consists of two portions, whose lengths are as 
3 : 5, and whose weights are as 3 : 1 ; find the position of Its centre 
of gravity. 

4. Two sides of a rectangle are double of the other two, and on 
one of the longer sides an equilateral triangle is described ; find 
the centre of gravity of the lamina made up of the rectangle and 
the triangle. 

5. A piece of cardboard is in the shape of a square ABGD with 
an isosceles triangle described on the side BG; if the side of the 
square be 12 inches and the height of the triangle be 6 inches, find the 
distance of the centre of gravity of the cardboard from the line AD. 

6. An isosceles right-angled triangle has squares described ex- 
ternally on all its sides. Shew that the centre of gravity of the figure 
so formed is on the line, which bisects the hypothenuse and passes 
through the right angle, and divides it in the ratio 1 : 26. 

7. Two uniform spheres, composed of the same materials, and 
'^ whose diameters are 6 and 12 inches respectively, are firmly united ; 

find the position of their centre of gravity. 

8. F-Tom a parallelogram is out one of the four portions into 
which it is divided by its diagonals ; find the centre of gravity of the 
remainder. 

9. A parallelogram is divided into four parts, by joining the 
middle points of opposite sides, and one part is cut away; find the 
centre of gravity of the remainder. 

10. From a square a triangular portion is cut off, by cutting the 
square along a line joining the middle points of two adjacent sides; 
find the centre of gravity of the remainder. 

11. From a triangle is cut off -g^th of its area by a straight line 
parallel to its base. Find the position of the centre of gravity of the 
remainder. 

12. ABG is an equilateral triangle, of 6 inches side, of which 
is the centre of gravity. If the triangle OBG be removed, find the 
centre of gravity of the remainder. 

13. If from a triangle ABG three equal triangles ARQ, BPR, 
and CQP, be cut off, shew that the centres of inertia of the triangles 
ABC and PQR are coincident. 

14. G is the centre of gravity of a givea isosceles triangle, right- 
angled at A, and having BG equal to a. The portion GBG is cut 
away; find the distance of the centre of gravity of the remainder 
from A. 
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15. On the same base BG are two triangles, ABC and A'BC, the 
vertex A' falling -within the former triangle. Find the position of A' 
when it is the centre of gravity of the area hetween the two triangles. 

16. Two triangles, each — th of the whole, are cut off from a 

given triangle at two of its angular points, B and C, by straight lines 
parallel to the opposite sides; find the c.o. of remainder. 

17. Out of a square plate shew how to cut a triangle, having one 
side of the square for base, so that the remainder may have its centre 
of gravity at the vertex of this triangle and therefore rest in any 
position if this point be supported. 

j^ 18. A uniform plate of metal, 10 inches square, has a hole of area 
3 square inches cut out of it, the centre of the hole being 2\ inches 
from the centre of the plate ; find the position of the centre of gravity 
of the remainder of the plate. 

j/ 19. Where must a circular hole, of 1 foot radius, be punched out 
of a circular disc, of 3 feet radius, so that the centre of gravity of 
the remainder may be 2 inches from the centre of the disc? 

20. Two spheres, of radii a and 6, touch internally; find the 
centre of gravity of the solid included between them. 

21. If a right cone be cut by a plane bisecting its axis at right 
angles, find the distance of the vertex of the cone from the centre of 
gravity of the frustum thus cut off. 

22. A solid right circular cone of homogeneous iron,- of height 
64 inches and mass 8192 lbs., is cut by a plane perpendicular to its 
axis so that the mass of the sinall cone removed is 686 lbs. Pind the 
height of the centre of gravity of the truncated portion above the base 
of the cone. 

23. A solid right circular cone has its base scooped out, so that 
the hollow is a right cone on the same.' base; how much must be 
scooped out so that the centre of gravity of the remainder may coincide 
with the vertex of the hollow? 

24. The mass of the moon is 'OlS times that of the earth. 
Taking the earth's radi^^ as 4000 miles and the distance of the moon's 
centre from the earth's centre as 60 times the earth's radius, find the 
distance of the c.o. of the earth and moon from the centre of the earth. 
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117. Centre of gravity of a hemisphere. 

If a hemisphere bo of radius r, the centre of gravity 

lies on that radius which is perpendicular to its plane 

3r 
face, and is at a distance -3- from the centre of the plane 

o 

r 
face. If the hemisphere be hollow, the distance is ^. 

The proofs of these statements are difficult by elementary 
methods ; they will be found in tlie last chapter. 

118. To find the centre of gravity of a quadrilateral 
lamina having two parallel sides. 

Let ABGD be the quadrilateral, having the sides AB 
and CD parallel and equal to 2a and 26 respectively. 

D F 




Let E and F be the middle points oi AB and CD 
respectively. Join DE and EG ; the areas of the triangles 
ADE, DEC, and BEG are proportional to their bases 
AE, DC, and EB, i.e., are proportional to a, 26, and a. 

Replace them by particles equal to one-third of their 
weight placed at their angular points (Art. 104). 

We thus have weights proportional to 

■^ + ^ at each of G and D, 

^ at each of A and B, 

2a 26 ^ „ 
and -K- + -q- at -o. 
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Again, replace the equal weights at G and Z> by a 

weight proportional to -q- + "o" ^^ *^® middle point F 

of CD, and the equal weights at A and ^ by a weight 

proportional to -^ at E. 

We thus have weights 

y + yati^, 

4a 26 ^ „ 
and -yr- + -^ a.x, Jij. 

6 o 

Hence the required centre of gravity G is on the 

straight line EF, and is such that 

EG _ weight at i^ _ a + 26 \ 

GF ~ weight at E ~ 2a + b' 



EXAMPLES. XIX. 

1. A triangular table rests on supports at its vertices; weights of 
6, 8, and 10 lbs. are placed at the middle points of the sides, iind by 
how much the pressures on the legs are increased thereby. 

2. A piece of thin uniform wire is bent into the form of a four- 
sided figure, ABGD, of which the sides AB and CD are parallel, and 
BG and DA are equally inclined to AB. If ^J3 be 18 inches, CD 
12 inches, and BC and DA each 5 inches, find the distance from AB 
of the centre of gravity of the wire. 

3. AB, BG and GD are three equal uniform rods firmly joined, 
so as to form three successive sides of a regular hexagon, and are 
suspended from the point A ; shew that GD is horizontal. 

4. ABG is a piece of uniform wire ; its two parts AB and BG are 
straight, and the angle ABG is 135°. It is suspended from a fixed 
point by a string attached to the wire at B, and the part AB is 
observed to be horizontal. Shew that BG is to AB as ^2 to 1. 

5. A rod, of length 5a, is bent so as to form five sides of a regular 
hexagon ; shew that the distance of its centre of gravity from either 

end of the rod is -n '^133« 

L. S. • 10 
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6. The side CD of a uniform trapezoidal lamina ABCD is twice 
as long as AB, to which it is opposite and parallel; compare the 
distances of the centre of gravity of ABGD from AB and CD. 

7. If the centre of gravity of a quadrilateral lamina ABGD 
coincide with one of the angles A, shew that the distances of A and G 
from the line BD are as 1 : 2. 

8. A uniform quadrilateral ABGD has the sides AB and AD, and 
the diagonal AG all equal, and the angles BAG and CAD are 30° and 
60° respectively. If a weight, equal to two-thirds that of the triq,ngle 
ABC, be attached at the point B, and the whole rest suspended from 
the point A, shew that the diagonal AG will be vertical. 

9. Explain what will take place when 3 forces, represented by 
AB, BG, and GA respectively, act along the sides of a triangular board 
ABG which is supported on a smooth peg passing through its centre 
of gravity. 

10. Three forces act at a point in the plane of a triangle ABC, 
being represented by OA, OB and OG; where must be the point so 
that the three forces may be in equilibrium ? 

11. A particle P is attracted to three points A, B, G by forces 
equal to fi . PA, /t . PB, and fj, . PC respectively; shew that the re- 
sultant is 3/t . PG, where G is the centre of gravity of the triangle 
ABG. 

12. A particle P is acted upon by forces towards the points 
A, B, C, ... which are represented by X . PA, fi . PB, v . PG, ... ; shew 
that their resultant is represented by {\+n-\-v + ...)PG, where G is 
the centre of gravity of weights placed at A, B, G, ... proportional 
to X, fjk, V, ... respectively. 

[This is the generalised form of Art. 42, and may be proved by 
successive applications of that article.] 

13. A uniform rod is himg up by two strings attached to its ends, 
the other ends of the strings being attached to a fixed point; shew 
that the tensions of the strings are proportional to their lengths. 

Prove that the same relation holds for a uniform triangular lamina 
hung up by three strings attached to its angular points. 

14. Pind the vertical angle of a cone in order that the centre of 
gravity of its whole surface, including its plane base, may coincide 
with the centre of gravity of its volume. 

15. A cylinder and a cone have their bases joined together, the 
bases being of the same size ; find the ratio of the height of the cone 
to the height of the cylinder so that the common centre of gravity may 
be at the centre of the common base. 
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16. Shew how to cut out of a uniform cylinder a cone, whose base 
coincides with that of the cylinder, so that the centre of gravity of the 
remaining solid may coincide with the vertex of the cone. 

17. If the diameter of the base of a cone be to its altitude as 
1 : ^2, shew that, when the greatest possible sphere has been cut 
out, the centre of gravity of the remainder coincides with that of the 
cone. 

18. From a uniform right cone, whose vertical angle is 60°, is cut 
out the greatest possible sphere; shew that the centre of gravity of 
the remainder divides the axis in the ratio 11 : 49. 

19. A solid in the form of a right circular cone has its base 
scooped out, so that the hollow so formed is a right circular cone on 
the same base and of half the height of the original cone ; find the 
position of the centre of gravity of the cone so formed. 

20. A uniform equilateral triangle ABC \i supported with the 
angle A in contact with a smooth wall by means of a string BB, equal 
in length to a side of the triangle, which is fastened to a point D ver- 
tically above A. Shew that the distances of B and G from the wall 
are as 1 : 5. 

21. A cone, whose height is equal to four times the radius of its 
base, is hung from a point in the circumference of its base ; shew that 
it will rest with its base and axis equally inclined to the vertical. 

22. Two right cones, consisting of the same material, have equal 
slant slides and vertical angles of 60° and 120° respectively, and are 
so joined that they have a slant side coincident. Shew that, if they 
be suspended from their common vertex, the line of contact will be 
inclined at 15° to the vertical. 

23. A triangular piece of paper is folded across the line bisecting 
two sides, the vertex being thus brought to lie on the base of the 
triangle. Shew that the distance of the centre of inertia of the paper 
in this position from the base of the triangle is three-quarters that of 
the centre of inertia of the unfolded paper from the same line. 

24. A rectangular sheet of stiff paper, whose length is to its 
breadth as fJ2 to 1, lies on a horizontal table with its longer sides 
perpendicular to the edge and projecting over it. The corners on the 
table are then doubled over symmetrically, so that the creases pass 
through the middle point of the side joining the comers and make 
angles of 45° with it. The paper is now on the point of falling over; 
shew that it had originally f f ths of its length on the table. 

25. At each of n- 1 of the angular points of a regular polygon of 
n sides a particle is placed, the particles being equal ; shew that the 
distance of their centre of gravity from the centre of the circle 

circumscribing the polygon is -— =■ , where r is the radius of the 

circle. 

10—2 
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26. A square hole is punched out of a circular lamina, the 
diagonal of the square being a radius of the circle. Shew that the 

centre of gravity of the remainder is at a distance --^ — -. from the 

OTT — 4 

centre of the circle, where a is the diameter of the circle, 

27. Prom a uniform triangular board a portion consisting of the 
area of the inscribed circle is removed ; shew that the distance of the 
centre of gravity of the remainder from any side, a, is 

S 2s3 - ZvaB 
3as s2-7rS ' 
where S is the area and s the semiperimeter of the board. 

28. A circular hole of a given size is punched out of a uniform cir- 
cular plate ; shew that the centre of gravity lies within a certain circle. 

29. 2'/ie distances of the angular points and intersection of the 
diagonals of a plane quadrilateral lamina from any line in its plane 
are a, b, c, d, and e; shew tliat the distance of the centre of inertia 
from the same line is-^{a + h + c + d-e). 

Let A, BfCfDhe the angular points, and E the intersection of the 
diagonals. Then 

A AGP _ perpendicular from D on AC _ DE _d-e 
aACB ~ perpendicular from B on AG ~ EB ~ e-b' 
By Arts. 104 and 111 the distance of the centre of gravity of the 
A A CD from OX is ^±J±^ and that of the A AGB is £±|±i' . 

Hence distance of required c.g. from OX 

_ AAGDx^{a+c+d)+ AACBx^{a+b+c) 

aagd+aagb 

i {d-e){a+c+d) + {e-b)(a+b + c) 
-^ (d-e) + {e-b) 

= ^(a+b + c+d-e), on reduction. 

30. If A and B be the positions of two masses, m and n, and if 
G be their centre of gravity, shew that, if P be any point, then 

m . AP^+n . BP^=m . AG^+n . BG^+{m+n) PGK 
Similarly, if there be any number of masses, m,n,p,... at points 
A,B, G, ... , and G be their centre of gravity, shew that 

m . AP^+n. BP^+p . CP^+... 

=m .AG^+n . BG^^+p . CG^+ ... + {m+n+p + ...)PG^. 



CHAPTER X. 



CENTEE OF GRAVITY (contimied). 



119. If a rigid body be in equilibrium, one point 
only of the body being fixed, the centre of gravity of tlie body 
ivill be in tlie vertical line poising through the fixed point of 
tlie body. 

Let be the fixed point of the body, and G its centre of 
gravity. 





The forces acting on the body are the reaction at 
the fixed point of support of the body, and the weights of 
the component parts of the body. 

The weights of these component parts are equivalent to 
a single vertical force through the centre of gravity of the 
body. 
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Also, when two forces keep a body iu equilibrium, they 
must be equal and opposite and have the same line of action. 
But the lines of action cannot be the same unless the vertical 
line through G passes through the point 0. 

Two cases arise ; the first, in which the centre of gravity 
G is below the point of suspension 0, and the second, in 
which G is above 0. 

In the first case, the body, if slightly displaced from its 
position of equilibrium, will tend to return to this position; 
in the second case, the body will not tend to return to its 
position of equilibrium. 

120. To find, hy experiment, the centre of gravity of 
a body of any shape. 

Take a flat piece of cardboard of any shape. Bore 
several small holes A, B,G, D,... in it 
of a size just large enough to freely 
admit of the insertion of a small pin. 

Hang up the cardboard by the 
hole A and allow it to hang freely 
and come to rest. Mark on the card- 
board the line A A' which is now 
vertical. This may be done by hang- 
ing from the pin a fine piece of string 
with a small plummet of lead at the other end, the string 
having first been well rubbed with chalk. If the string be 
now flipped against the cardboard it will leave a chalked 
line, which is AA' . Now hang up the cardboard with the 
hole B on the pin, and mark in a similar manner the line 
BB' which is now vertical. • 

Perform the experiment again with the points C, D, E 
as the points through which the small pin passes, and 
obtain the corresponding vertical lines CC , DD', EE'. 
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These chalked lines AA', BB', GO', DD\ EE' will all be 
found to pass through the same point G. If the thickness 
of the cardboard be neglected, this point G is its centre of 
gravity. If the pin be now passed through (r, the card- 
board will be found to rest in any position in which it is 
placed. 

121 • If a- body he placed vnth its base in contact vnth 
a horizontal plane, it will stand, or fall, according as the 
vertical line dratvn through the centre of gravity of the body 
meets the plane within, or without, the base. 

The forces acting on the body are its weight, which acts 
at its centre of gravity G, and the reactions of the plane, 





acting at different points of the base of the body. These 
reactions are all vertical, and hence they may be com- 
pounded into a single vertical force acting at some point 
of the base. 

Since the resultant of two like parallel forces acts 
always at a point between the forces, it follows that the 
resultant of all the reactions on the base of the body 
cannot act through a point outside the base. 

Hence, if the vertical line through the centre of gravity 
of the body meet the plane at a point outside the base, 
it cannot be balanced by the resultant reaction, and the 
body cannot therefore be in equilibrium, but must fall over. 
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If the base of the body be a figure having a re-entrant 

D 




angle, as in the above figure, we must extend the meaning 
of the word "base" in the enunciation to mean the area 
included in the figure obtained by drawing a piece of thread 
tightly round the geometrical base. In the above figure 
the "base" therefore means the area ABDEFA. 

For example, the point G, at which the resultant 
reaction acts, may lie within the area AHB, but it cannot 
lie without the dotted line AB. 

If the point G were on the line AB, between A and B, 
the body would be on the point of falling over. 

Ex. A cylinder, of height h, and the radius of whose base is r, is 
placed on an inclined plane and prevented 
from sliding; if the inclination of the 
plane be gradually increased, find when 
the cylinder will topple. 

Let the figure represent the section 
of the cylinder when it is on the point of 
toppling over; the vertical line through 
the centre of gravity G of the body must 
therefore just pass through the end A of 
the base. Hence CAD must be equal to 
the angle of inclination, a, of the plane. 




Hence 



h CB , ^.^ . , 
-— =-r^=tanC/^ij = cota; 
2r AB 

2r 
.'. tana = T-, 
h 



giving the required inclination of the plane. 
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Stable, unstable, and neutral equilibrium. 

122. We have pointed out in Art. 119 that the body 
in the first figure of that article would, if slightly dis- 
placed, tend to return to its position of equilibrium, and 
that the body in the second figure would not tend to return 
to its original position of equilibrium, but would recede 
still further from that position. 

These two bodies are said to be in stable and unstable 
equilibrium respectively. 

Again, a cone, resting with its flat circular base in 
contact with a horizontal plane, would, if slightly displaced, 
return to its position of equilibrium; if resting with its 
vertex in contact with the plane it would, if slightly dis- 
placed, recede still further from its position of equilibrium; 
whilst, if placed with its slant side in contact with the 
plane, it will remain in equilibrium in any position. The 
equilibrium in the latter case is said to be neutral. 

123. Consider, again, the case of a heavy sphere, 
resting on a horizontal plane, whose centre of gravity is 
not at its centre. 

Let the first figure represent the position of equilibrium, 
the centre of gravity being either below the centre 0,a&G^, 





or above, as G^. Let the second figure represent the sphere 
turned through a small angle, so that B is now the point of 
contact with the plane. 
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The reaction of the plane still acts through the centre 
of the sphere. 

If the weight of the body act through G^, it is clear that 
the body will return towards its original position of equi- 
librium, and therefore the body was originally in stable 
equilibrium. 

If the weight act through G^, the body will move still 
further from its original position of equilibrium, and there- 
fore it was originally in unstable equilibrium. 

If however the centre of gravity of the body had been 
at 0, then, in the case of the second figure, the weight 
would still be balanced by the reaction of the plane ; the 
body would thus remain in the new position, and the 
equilibrium would be called neutral. 

124. Def. A body is said to be in stable equi- 
librium when, if it be slightly displaced from its position 
of equilibrium, the forces acting on the body tend to 
make it return towards its position of equilibrium; it is 
in unstable equilibrium when, if it be slightly displaced, 
the forces tend to move it still further from its position of 
equilibrium ; it is in neutral equilibrium, if the forces 
acting on it in its displaced position are in equilibrium. 

In general bodies which are " top-heavy," or which have 
^sniall bases, are unstable. 

Thus in theory a pin might be placed upright with its 
point on a horizontal table so as to be in equilibrium ; in 
practice the "base" would be so small that the slightest 
displacement would bring the vertical through its centre of 
gravity outside its base and it would fall. So with a billiard 
cue placed vertically with its end on the table. 

A body is, as a general principle, in a stable position of 
equilibrium when the centre of gravity is in the lowest 
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position it can take up; examples are the case of the last 
article, and the pendulum of a clock ; the latter when dis- 
placed always returns towards its position of rest. 

Consider again the case of a man walking on a tight 
rope. He always carries a pole heavily weighted at one 
end, so that the centre of gravity of himself and the pole is 
always below his feet. When he feels himself falling in one 
direction, he shifts his pole so that this centre of gravity 
shall be on the other side of his feet, and then the resultant 
weight pulls him back again towards the upright position. 

If a body has more than one theoretical position of 
equilibrium, the one in which its centre of gravity is lowest 
will in general be the stable position, and that in which the 
centre of gravity is highest will be the unstable one. 

125. z:x. A homogeneous body, consisting of a cylinder and 
a hemisphere joined at their bases, is placed with the hemisplicrical end 
on a liorizontal table; is the equilibrium stable or unstable} 

Let Gj and G^ be the centres of gravity of the hemisphere and 
cylinder, and let A be the point of the body 
which is initially in contact with the table, 

and let be the centre of the base of the -^,„^^ o 

hemisphere. /^""^^^T^^^^ 

If h be the height of the cylinder, and / / 7 

r be the radius of the base, we have III 

OGi=|r, and OG^J^ (Art. 117). 11 

Also the weights of the hemisphere and I q /j ~-y 
cylinder are proportional to ^-ki^ and v .r^h. V 4 / i J 

The reaction of the plane, in the dis- ^^ ? »^ . 

placed position of the body, always passes 
through the centre 0. 

The equilibrium is stable or unstable according as G, the centre 
of gravity of the compound body, is below or above 0, 

i.e. , according as 

OGj X wt. of hemisphere is^ OGg x wt. of cylinder. 
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i.e., according as 


^ 


xfTrr^is^^XTrr^ft, 


i.e., according as 




'iK"'. 


i.e., according as 




risj^2fc, 


i.e.. 




^ftxl-42. 



**126. Within the limits of this book we cannot 
enter into the general discussion of the equilibrium of one 
body resting on another ; in the following article we shall 
discuss the case in which the portions of the two bodies 
in contact are spherical. 

A body rests in equilibrium upon another fixed body, 
the portions of the two bodies in contact being splieres of 
radii r and R respectively ; if the first body be slightly 
displaced, to find whether the equilibrium is stable or un- 
stable, the bodies being rough enough to prevent sliding. 

Let be the centre of the spherical surface of the 
lower body, and Oj that of 
the upper body; since there 
is equilibrium, the centre of 
gravity G^ of the upper body 
must be in the line OOi, which 
passes through the point of 
contact J-i of the bodies. 

Let A^G^ be A. 

Let the upper body be 
slightly displaced, by rolling, 
so that the new position of 
the centre of the upper body 
is O2, the new point of contact 
is A2, the new position of the 
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centre of gravity is G^, and the new position of the point 
A-^ is G. Hence CG^ is h. 

Through A^ draw A^L vertically to meet O^G in L, 
and draw O^M vertically downwards to meet a horizontal 
line through A^in M. 

Let the angle A-fiAf^ be $, and let A^O^G be ^, so that 
the angle GO^M is {6 + <f>). 

Since the upper body has rolled into its new position, 
the arc A^A^ is equal to the arc GA^. 

Hence {Elements of Trigonometry, Art. 158) we have 

R.e = r.cf> (1), 

where r and R are respectively the radii of the upper and 
lower surfaces. 

The equilibrium is stable, or unstable, according as G^ 
lies to the left, or right, of the line A^L, 
i.e., according as the distance of G2 from O2M is 

> or < the distance of L from 0^, i.e., A^M, 

i.e., according as 

O^G^ sin (^ + ^) is > or < 0<^^ sin 0, 
i.e., according as 

(r — A) sin (^ + ^) is > or < r sin 0, 

i.e., according as 

r — h. sin $ 
IS > or < 



sin (6 + ^)' 

Tj . sin^ 6 

sin(^ + <^) e+<f>' 

since $ and <fi are both very small, 

r 
" 7M^ ' ^^ equation (1). 
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Hence the equilibrium is stable, or unstable, according as 



IS > or < 



r + i2' 



i.e., accord in Of as r -^^ is > or <: h, 

' ° r+H ' 

Br 
i.e., according as is > or < h, 



r + B 



i.e., according as 



y1s> or <- + -^. 
h r E 

111 
If T = - + -^■, the equilibrium is sometimes said to be 
h r R ^ 

neutral ; it is however really unstable, but the investiga- 
tion is beyond the limits of this book. 

Hence tlie equilibrium is stable only when 

1 . 11 
y IS > - + -^ ; 
h T R 

in all other cases it is unstable. 

Cor. 1. If the surface of the lower body, instead of 
being convex, as in the above 
figure, be concave, as in the follow- 
ing figure, the above investigation 
will still apply provided we change 
the sign of R. 

Hence the equilibrium is stable 
when 

1 . 1 _2 
h^^'^r R'' 

otherwise it is, in general, un- 
stable. 
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Cor. 2. If the upper body have a plane face in 
contact with the lower body, as in the following figure, r 

is now infinite in value, and therefore — is zero. 

T 



if 



Hence the equilibiium is stable 



i^^^i' 




i.e., h he < R. 

Hence the equilibrium is stable, 
if the distance of the centre of 
gravity of the upper body from its 
plane face be less than the radius of the lower body; 
otherwise the equilibrium is unstable. 

Cor. 3. If the lower body be a plane, so that R is 
infinity, the equilibrium is stable if 

T be > - , i.e., if h be < r. 
h r 

Hence, if a body of spherical base be placed on a hori- 
zontal table, it is in stable equilibrium, if the distance of 
its centre of gravity from the point of contact be less than 
the radius of the spherical surface. 

EXAMPLES. XX. 

1. A carpenter's rule, 2 feet in length, is bent into two parts at 
right angles to one another, the length of the shorter portion being 
8 inches. If the shorter be placed on a smooth horizontal table, what 
is the length of the least portion on the table that there may be equi- 
librium ? 

2. A piece of metal, 18 cubic inches in volume, is made into a 
cylinder which rests with its base on an inclined plane, of 30° slope, 
and is prevented from slipping. How tall may the cylinder be made 
so that it may just not topple over? 

3. If a triangular lamina ABG can just rest in a vertical plane 
with its edge AB in contact with a smooth table, prove that 

BC2,-^C2=34U2. 
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4. The side CD of a uniform square plate ABCD, whose weight 
is W, is bisected at E and the triangle AED is cut off. The plate 
ABGEA is placed in a vertical position with the side CE on a hori- 
zontal plane. What is the greatest weight that can be placed at A. 
without upsetting the plate? 

5. ABC is a flat board, A being a right angle and AG in contact 
with a flat table; D is the middle point of ^C and the triangle ABD 
is cut away; shew that the triangle is just on the point of falling 



6. A brick is laid with one-quarter of its length projecting over 
the edge of a wall ; a brick- and one-quarter of a brick are then laid 
on the flrst with one-quarter of a brick projecting over the edge of the 
first brick ; a brick, and a half are laid on this, and so on ; shew that 
4 courses of brick laid in the above manner will be in equilibrium 
without the aid of mortar, but that, if a fifth course be added, the 
structure will topple. 

7. How many coins, of the same size and having their thick- 
nesses equal to wi^ih. of their diameters, can stand in a cylindrical pile 
on an inclined plane, whose height is one-sixth of the base, assuming 
that there is no slipping? 

If the edge of each coin overlap on one side that of the coin below, 
find by what fraction of the diameter each must overlap so that a 
pile of unlimited height may stand on the plane. 

8. A number of bricks, each 9 inches long, 4 inches wide, and 
3 inches thick, are placed one on another so that, whUst their narrowest 
surfaces, or thicknesses, are in the same vertical plane', each brick 
overlaps the one underneath it by half an inch; the lowest brick 
being placed on a table, how many bricks can be so placed without 
their falling over? 

9. ABC is an isosceles triangle, of weight W, of which the angle 

A is 120°, and the side AB rests on a smooth horizontal table, the 

W 
plane of the triangle being vertical ; if a weight -^ be hung on at C, 

shew that the triangle will just be on the point of toppling over. 

10. The quadrilateral lamina ABCD is formed of two uniform 
isosceles triangles ABC and ADC, whose vertices are B and D, on 
opposite sides of a common base AC, the angle ABC being a right 
angle. Shew that it will rest in a vertical plane with BC on a hori- 
zontal plane, provided the area of ADC be not greater than four times 
that of ABG. 
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11. A body, consisting of a cone nnd a hemisphere on the same 
base, rests on a rough horizontal table, the hemisphere being in con- 
tact with the table ; find the greatest height of the cone so that the 
equilibrium may be stable. 

12. A solid consists of a cylinder and a hemisphere of equal 
radius, fixed base to base ; find the ratio of the height to the radius of 
the cylinder, so that the equilibrium may be neutral when the spherical 
surface rests on a horizontal plane. 

13. A hemisphere rests in equilibrium on a sphere of equal radius ; 
shew that the equilibrium is unstable when the curved, and stable 
when the flat, surface of the hemisphere rests on the sphere. 

14. A heavy right cone rests with its base on a fixed rough sphere 
of given radius ; find the greatest height of the cone if it be in stable 
equilibrium. 

15. A vmiform beam, of thickness 26, rests symmetrically on a 
perfectly rough horizontal cylinder of radius a ; shew that the equi- 
librium of the beam will be stable or unstable according as h is less or 
greater than a. 

16. A heavy uniform cube balances on the highest point of a 

sphere, whose radius is r. If the sphere be rough enough to prevent 

ttT 
sliding, and if the side of the cube be -^ , shew that the cube can rock 

through a right angle without falling. 

17. A lamina in the form of an isosceles triangle, whose vertical 

angle is o, is placed on a sphere, of radius r, so that its plane is vertical 

and one of its equal sides is in contact 'with the sphere; shew that, if 

the triangle be slightly displaced in its own plane, the equilibrium is 

8r 
stable if sin o be less than — , where a is one of the equal sides of the 
a 

triangle. 

18. A weight W is supported on a smooth inclined plane by a 
given weight P, connected with W by means of a string passing round 
a fixed pulley whose position is given. Find the position of W 
on the plane, and determine whether the position is stable or un- 
stable. 

19. A rough uniform circular disc, of radius r and weight p, is 
movable about a point distant c from its centre. A string, rough 
enough to prevent any slipping, hangs over the circumference and 
carries unequal weights W and w at its ends. Find the position of 
equilibrium, and determine whether it is stable or unstable. 

L. S. " 11 
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20. A solid sphere rests inside a fixed rough hemispherical bowl 
of twice its radius. Shew that, however large a weight is attached to 
the highest point of the sphere, the equilibrium is stable. 

21. A thin hemispherical bowl, of radius & and weight W, rests 
in equilibrium on the highest point of a fixed sphere, of radius a, 
which is rough enough to prevent any sliding. Inside the bowl is 
placed a small smooth sphere of weight w. Shew that the equilibrium 
is not stable unless 



CHAPTER XI. 

WOKK. 

127. Work. Def. A force is said to do work 
when its point of application moves in the direction of the 
force. 

The force exerted by a horse, in dragging a waggon, does work. 
The force exerted by a man, in raising a weight, does work. 
The pressure of the steam, in moving the piston of an engine, 
does work. 

When a man vnnds up a watch or a clock he does work. 

The measure of the work done by a force is the product 
of the force and the distance through which it moves its 
point of application in the direction of the force. 

Suppose that a force acting at a point ^ of a body 



A D 

moves the point A to J), then the work done by F is 
measured by the product of P and AD. 

If the point i) be on the side of A toward which the 
force acts, this work is positive; if J) lie on the opposite 
side, the work is negative. 

Next, suppose that the point of application of the force 
is moved to a point C, which does not lie on the line AB. 

11—2 
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Draw CD perpendicular to AB^ or AB produced. Then 
AD \^ the distance through which the point of application 
is moved iu tlie direction of the force. Hence in the first 
figure the work done is F x AD ; in the second figure the 
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A D ^ B DA P B 

work done is — /* x AD. When the work done by the force 

is negative, this is sometimes expressed by saying that the 

force has work done against it. 

Ir the case when AG is. at right angles to AB, the 

points A and D coincide, and the work done by the force 

P vanishes. 

As an example, if a body be moved about on a horizontal table the 
work done by its weight is zero. So, again, if a body be moved on an 
inclined plane, no work is done by the normal reaction of the plane. 

128. The unit of work, used in Statics, is called a 
Foot-Pound, and is the work done by a force, equal to the 
weight of a pound, when it moves its point of application 
through one foot in its own direction. A better, though 
more clumsy, term than " Foot-Pound " would be Foot- 
Pound-weight. 

Thus, the work done by the weight of a body of 10 pounds, whilst 
the body falls through a distance of 4 feet, is 10 x 4 foot-pounds. 

The work done by the weight of the body, if it were raised through 
a vertical distance of 4 feet, would be - 10 x 4 foot-pounds. 

129. It will be noticed that the definition of work, 
given in Art. 127, necessarily implies motion. A man may 
use great exertion in attempting to move a body, and yet 
do no work on the body. 

For example, suppose a man pulls at the shafts of a 
heavily-loaded van, which he cannot move. He may pull 
to the utmost of his power, but, since the force which he 
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exerts does not move its point of application, lie does no 
work (in the technical sense of the word). 

130. Theorem. To shew that tlw work doiie in 
raising a number of particles from one position to another is 
Wh, where W is the total weight of the particles, and h is the 
distance through which tJie centre of gravity of the particles 
has been raised. 

Let Wi, w^, w.^, ...vjn be the weights of the particles; in 
the initial position let a^, x^, tCj, ...a;„ be their heights 
above a horizontal plane, and x that of their centre of 
gravity, so that, as in Art. Ill, we have 

_ WjXi + W^ + . . . + WnXn 



X = ' 



.(1). 



W1 + W2+ ... +Wn 

In the final position let Xi, x^, ...x^ be the lieights of 
the difierent particles, and x the height of the new centre 
of gravity, so that 

,, _ WiX^ + w^^ + ... w^Xn ^2) 

Wi + W2+...Wn 

But, since Wi + W2+ ... = W, equations (1) and (2) give 
WiXi + w^2 + • • • = W .X, 
and w^Xi + w^ + ... = W .x. 

By subtraction we have 

w^ (a%' - sCi) + w^ (asa' - ccj) + . . . = W {x — x). 
But the left-hand member of this equation gives the 
total work done in raising the different particles of the 
system from their initial position to their final position; 
also the right-hand side 

= TF X height through which the centre of gravity has been 

raised 
= W. h. 

Hence the proposition is proved. 
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131. Power. Def. The power of an agent is 
tlie amount of work that would he doiie hy the agent if 
working uniformly for the unit of time. 

The unit of power used by engineers is called a Horse- 
Power. An agent is said to be working with one horse- 
power when it perforins 33,000 foot-pounds in a minute, i.e., 
when it would raise 33,000 lbs. through a foot in a minute, 
or when it would raise 330 lbs. through 100 feet in a 
minute, or 33 lbs. through 1000 feet in a minute. 

This estimate of the power of a horse was made by 
Watt, but is above the capacity of ordinary horses. The 
word Horse-power is usually abbreviated into h.p. 

132. It will be noted that the result of Art. 130 does 
not in any way depend on the initial or final arrangement 
of the particles amongst themselves, except in so far as the 
initial and final positions of the centre of gravity depend 
on these arrangements. 

For example, a hole may be dug in the ground, the soil 
lifted out, and spread on the surface of the earth at the 
top of the hole. We only want the positions of the c.g. 
of the soil initially and finally, and then the work done is 
known. This work is quite independent of the path by 
which the soil went from its initial to its final position. 

Ex. A well, of which the section is a sqtiare wliose side is 4 feet, 
and tvhose depth is BOO feet, is full of water; find the work done, in 
foot-pounds, in immping the water to the level of the top of the well. 

Find also the H.P. of the engine which would ju^t accomplish this 
work in one hour, 

[N.B. A cubic foot of water weighs 1000 ounces.] 

Initially the height of the centre of gravity of the water above the 
bottom of the well was 150 feet and finally it is 300 feet, so that the 
height through which the centre of gravity has been raised is 150 feet. 

The volume of the water =4 x 4 x 300 cubic feet. 
Therefore its weight =4 x 4 x 300 x ^f^ lbs. =300,000 lbs. 

Hence the work done =300,000 x 150 ft.-lbs. =45,000,000 ft. -lbs. 



WORK 



167 



O A 



LMN B 



Let X be the required h.p. Then the work done by the engine in 
one hour =a; x 60 x 33,000. 

Hence we have a; x 60 x 33,000=45,000,000; 

133. Graphical representation of the work done hy a 
force. 

It is sometimes difficult to calculate directly the work 
done by a varying force, but it 
may be quite possible to obtain 
the result to a near degree of 
approximation. 

Suppose the force to always 
act in the straight line OX, and 
let us find the work done as its 
point of application moves from A to B. At A and B erect 
ordinates AG and DB to represent the value of the force 
for these two points of application. For any and every 
intermediate point of application L erect the ordinate LP to 
represent the corresponding value of the acting force; then 
the tops of these ordinates will clearly lie on some such 
curve as GFD. 

Take M a very near point to Z, so near that the force 
may be considered to have remained constant 'as its point 
of application moved through the small distance LM. 

Then the work done by the force 
= its magnitude x distance through which its 

^ point of application has moved 

= LP X L3f = area. PM very nearly. 

Similarly whilst the point of application moves from M 
to iV the work done 

= area QI^ very nearly, and so on. 



168 STATICS 

Hence it follows that the work done as the point of 
application moves from ^ to i> is, when the lengths LM, 
MN, ... are taken indefinitely small, equal more and more 
nearly to the area ACDB. 

[Where the shape of the curve GPD is irregular a rough 
approximation to its area may be found as follows ; divide 
AB into a number, say 10, of equal strips ; take the middle 
ordinates of these strips and obtain the average of these 
middle ordinates; and multiply this average ordinate by 
the distance AB. This clearly gives an approximation to 
the area of ACDB.] 

134. As an example of the above construction let us find the 
work done by a force which was initially zero and which varied as the 
distance through which its point of application was moved. 

In this case AG Ss, zero, and NP=\.AN, where X is some 
constant. 

PN a ^ 

.'. tan P^J/=-jj-^.=X, so that Plies on a straight ^.--t^ 

line passing through A . The work done = area ABD ^^— fJ~Q 

= ^AB . BD = ^ . displacement of the point of applica- 
tion X the final value of the force. 



EXAMPLES. XXI. 

1. How much work is done by a man 

(1^ in climbing to the top of a mountain 2700 foot high, if his 
weight IS 10 stone ? 

(2) in cycling 10 miles if the resistance to his motion be equal 
to 5 lbs. wt. ? 

2. A chain, whose mass is 8 lbs. per foot, is wound up from a 
shaft by the expenditure of four million units of work ; find the 
length of the chain. 

3. A shaft, whose horizontal section is a rectangle 10 ft. by 8 ft., 
is to be sunk 100 ft. into the earth. If the average weight of the soil 
is 150 lbs. per cubic foot, find the work done in bringing the soil 
to the surface. 
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4. How many cubic feet of water ■will an engine of 100 H.r. raise 
in one hour from a depth of 150 feet ? 

5. In how many hours would an engine of 18 h.p. empty a vertical 
shaft full of water if the diameter of the shaft be 9 feet, and the depth 
420 feet? 

6. Find the h.p. of an engine that would empty a cylindrical 
shaft full of water in 32 hours, if the diameter of the shaft bo 8 feet 
and its depth 600 feet. 

7. Find how long an engine of 20 h.p. would take to pump 
5000 cubic feet of water to a height of 100 feet, one-third of the 
work being wasted by friction, etc. 

8. A man whose weight is 10 stone climbs a rope at the rate 
of 18 inches per second. Prove that he is working at just under 



^ 9. A tower is to be built of brickwork, the base being a rectangle 

whose external measurements are 22 ft. by 9 ft., the height of the 
tower 66 feet, and the walls two feet thick ; find the number of hours 
in which an engine of 3 h.p. would raise the bricks from the ground, 
the weight of a cubic foot of brickwork being 112 lbs. 

l/^ 10. At the bottom of a coal mine, 275 feet deep, there is an iron 

cage containing coal weighing 14 cwt., the cage itself weighing 4 cwt. 
109 lbs., and the wire rope that raises it 6 lbs. per yard. Find the 
work done when the load has been lifted to the surface, and the h.p. 
of the engine that can do this work in 40 seconds. 

11. A steamer is going at the rate of 15 miles per hour ; if the 
eiJective n.p. of her engines be 10,000, what is the resistance to her 
motion ? 

12. A man is cycling at the rate of 6 miles per hour up a hill 
whose slope is 1 in 20 ; if the weight of the man and the machine be 
200 lbs. prove that he must at the least be working at the rate of 
•16 n.p. 

13. A man rowing 40 strokes per minute propels a boat at the 
rate of 10 miles an hour, and the resistance to his motion is equal to 
8 lbs. wt. ; find the work he does in each stroke and the h.p. at which 
he is Avorking. 

14. A Venetian blind consists of 30 movable bars, the thickness 
of each bar being negligible, and, when it is hanging down, the distance 
between each pair of consecutive bars is 2h inches ; if the weight 
of each bar be 4 ozs., find the work done in drawing up the blind. 

If there were n such bars, what would be the corresponding work? 
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15. A Venetian blind consists of n thin bars, besides the top fixed 
bar, and the weight of the movable part is W, When let down the 
length of the blind is a, and when pulled up it is & ; shew that the 
work done against gravity in drawing up the blind is 

n+1, ,. 
^^■^^^^-^^' 

16, A solid hemisphere of weight 12 lbs. and radius 1 foot rests 
with its flat face on a table. How many foot-lbs. of work are required 
to turn it over so that it may rest with its curved surface in contact 
with the table? [Use the result of Art. "ise.] "2 i ^ 

17, A uniform log weighing half a ton is in the form of a 
triangular prism, the sides of whose cross section are l|-ft., 2 ft., 
and 2^ ft. respectively, and the log is resting on the ground on its 
narrowest face. Prove that the work which must be done to raise it 
on its edge so that it may fall over on to its broadest face is approxi- 
mately -27 ft. -tons. 

18. A force acts on a particle, its initial value being 20 lbs. wt. 
and its values being 25, 29, 32, 31, 27, and 24 lbs. wt. in the direction 
of the particle's motion when the latter has moved through 1, 2, 3, 4, 
5, and 6 feet respectively ; find, by means of a graph, the work done 
by the force, assuming that it varies uniformly during each foot of 
the motion. 



CHAPTER XII. 

MACHINES. 

135. In the present chapter we shall explain and 
discuss the equilibrium of some of the simpler machines, 
viz., (1) The Lever, (2) The Pulley and Systems of Pulleys, 
(3) The Inclined Plane, (4) The Wheel and Axle, (5) The 
Common Balance, (6) The Steelyards, and (7) The Screw. 

The Lever, The Wheel and Axle, The Balance, and the 
Steelyards are similar machines. In each we have either 
a point, or an axis, fixed about which the machine can 
revolve. 

In the pulleys an essential part is a flexible string or 
strings. 

We shall suppose the different portions of these 
machines to be smooth and rigid, that all cords or strings 
used are perfectly flexible, and that the forces acting on 
the machines always balance, so that they are at rest. 

In actual practice these conditions are not even approxi- 
mately satisfied in the cases of many machines. 

136. When two external forces applied to a machine 
balance, one may be, and formerly always was, called the 
Power and the other may be called the Weight. 
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A machine is always used in practice to overcome some 
resistance; the force Ave exert on the machine is the power; 
the resistance to be overcome, in whatever form it may 
appear, is called the Weight 

Unfortunately the word Power is also used in a different 
sense with reference to a machine (Art. 131); of late years 
the word Effort has been used to denote what was formerly 
called the Power in the sense of this article. The word 
Resistance is also used instead of Weight; by some writers 
Load is substituted for Weight. 

137. Mechanical Advantage. If in any 

machine an effort P balance a resistance W, the ratio 

W : F is called the mechanical advantage of the machine, 

so that 

Resistance ,r i • i a i 
— =75; — ■ — = MecJaanicai Advantage, 
Effort ° 

and Resistance = Effort x Mechanical Advantage, 

Almost all machines are constructed so that the me- 
chanical advantage is a ratio greater than unity. 

If in any machine the mechanical advantage be less 
than unity, it may, with more accuracy, be called me- 
chanical disadvantage. 

The term Force-Ratio is sometimes used instead of 
Mechanical Advantage. 

Velocity Ratio. The velocity ratio of any machine 
is the ratio of the distance through which the point of 
application of the effort or " power " moves to the distance 
through which the point of application of the resistance, or 
"weight," moves in the same time; sp that 

,^ , . , T. , . Distance through which P moves 

Velocity Ratio = .=rr— -. ^. ^-^—. — == . 

Distance through which W moves 
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If the machine be such that no work has to be clone in 
lifting its component parts, and if it be perfectly smooth 
throughout, it will be found that the Mechanical Advantage 
and the Velocity Ratio are equal, so that in this case 
]V Distance through which P moves 
P ~ Distance through which W moves ' 
and then 

P X distance through which P moves 

= IF X distance through which W moves, 
oi", in other words, 

work done by P will = work done against W. 
138. The following we shall thus find to be a uni- 
versal principle, known as the Principle of "Work, viz.. 
Whatever be tlie machine we use, provided that there he no 
friction and that the weight of the machine he neglected, the 
work done hy the effort is always equivalent to the work done 
against the weight, or resistance. 

Assuming that the machine we are using gives me- 
chanical advantage, so that the effort is less than the 
weight, the distance moved through by the effort is there- 
fore greater than the distance moved through by the weight 
in the same proportion. This is sometimes expressed in 
popular language in the form j What is gained in povjer is 
lost in speed. 

More accurate is the statement that mechanical ad- 
vantage is always gained at a proportionate diminution 
of speed. No work is ever gained by the use of a machine 
though mechanical advantage is generally obtained. 

139. It will be found in the next chapter that, as 
a matter of fact, some work, in practice, is always lost by 
the use of any machine. 

The uses of a machine are 

(1) to enable a man to lift weights or overcome 
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resistances much greater than he could deal with unaided, 
e.g., by the use o£ a system of pulleys, or a wheel and axle, 
or a screw-jack, etc., 

(2) to cause a motion imparted to one point to be 
changed into a more rapid motion at some other point, 
e.g., in the case of a bicycle, 

(3) to enable a force to be applied at a more con- 
venient point or in a more convenient manner, e.g., in the 
use of a poker to stir the fire, or in the lifting of a bucket 
of mortar by means of a long rope passing over a pulley at 
the top of a building, the other end being puUed by a man 
standing on the ground. 

I. The Lever. 

140. The Lever consists essentially of a rigid bar, 
straight or bent, which has one point fixed about which 
the rest of the lever can turn. This fixed point is called 
the Fulcrum, and the perpendicular distances between the 
fulcrum and the lines of action of the efibrt and the weight 
are called the arms of the lever. 

When the lever is straight, and the effort and weight 
act perpendicular to the lever, it is usual to distinguish 
three classes or orders. 
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Class I. Here the effort P 
and the weight W act on opposite 
aides of the fulcrum G. 

Class II. Here the efibrt P 
and the weight W act on the ■ „ 
same side of the fulcrum G, but A immmmimniimimwiih. 
the former acts at a greater dis- 
tance than the latter from the 
fulcrum. 
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Class III. Here the effort 



P and the weight W act on the b Af^ 



rjjnn!I!IELMME:ni!m^ 



same side of the fulcrum C, but 
the former acts at a less dis- 
tance than the latter from the fi^VV 
fulcrum. 

141. Conditions o/ equilibrium of a straight lever. 

In each case we have three parallel forces acting on 
the body, so that the reaction, R^ at the fulcrum must 
be equal and opposite to the resultant of P and W. 

In the first class P and W are Hke parallel forces, so 
that their resultant is P + TT. Hence 

R = P^■W. 

In the second class P and W are unlike parallel forces, 
so that 

R = W-P. 

So in the third class R = P-W. 

In the first and third classes we see that R and P act 
in opposite directions ; in the second class they act in the 
same direction. 

In all three classes, since the resultant of P and IF 
passes through C, we have, as in Art. 52, 

P.AG=^^Y.BC, 

i.e. P X the arm of P = TT x the arm of TF. 

„. W arm of P 

bmce -=.- = . TT7- > "^^ observe that generally m 

P arm of TT t^ j 

Class I., and always in Class II., there is mechanical 

advantage, but that in Class IIL there is mechanical 

disadvantage. 
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The practical use of levers of the latter class is to 
apply a force at some point at which it is not convenient 
to apply the force directly. 

In this article we have neglected the weight of the 
lever itself. 

If this weight be taken into consideration we must, 
as in Art. 91, obtain the conditions of equilibrium by 
equating to zero the algebraic sum of the moments of the 
forces about the fulcrum G. 

The principle of the lever was known to Archimedes 
who lived in the third century B.c. ; until the discovery of 
the Parallelogram of Forces in the sixteenth century it was 
the fundamental principle of Statics. 

142. Examples of the different classes of levers are; 

Class I. A Poker (when used to stir the fire, the bar 
of the grate being the fulcrum) ; A Claw-hammer (when 
used to extract nails) ; A Crowbar (when used with a -point 
in it resting on a fixed support) ; A Pair of Scales ; The 
Brake of a Pump. 

Double levers of this class are; A Pair of Scissors, A 
Pair of Pincers. 

Class II. A Wheelbarrow; A Cork Squeezer; A 
Crowbar (with one end in contact with the ground); An 
Oar (assuming the end of the oar in contact with the water 
to be at rest). 

A Pair of Nutcrackers is a double lever of this class. 

Class III. The Treadle of a Lathe; The Human 
Forearm {when ilie latter is used to support a weight placed 
on ilie palm of the hand. The Fulcrum is the elbow, and 
tlw tension exerted by the muscles is ilie effort). 

A Pair of Sugar-tongs is a double lever of this class. 
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143. Bent Levers. 

Let AOB be a bent lever, of which O is the fulcrum, and let OL 
and OM be the perpendiculars from O upon the lines of action A G and 
BG oi the effort P and resistance W. 

The condition of equilibrium of Art. 91 again applies, and we have, 
by taking moments about 0, 

P.OL=W.OM (1); 

. P__OM 
•' W~'OL 
_ perpendicular from fulcrum on direc tion of resistance 
perpendicular from fulcrum on direction of effort 

To obtain the reaction at let the directions of P and W meet in C. 
Since there are only three forces acting 
on the body, the direction of the reaction 
i? at O must pass through (7, and then, 
by Lami's Theorem, we have 

■R P _ W 

s\nACB~ &\nBG6~ sin A CO ' 

The reaction may also be obtained, 
as in Art. 46, by resolving the forces R, 
F, and W in two directions at right 
angles. 

It the effort and resistance be parallel forces, the reaction II ia 
parallel to either of them and equal to (P+W), and, as before, we 
have P.OL=W.OM, - 

where OL and OM are the perpendiculars from O upon the Unes of 
action of the forces. 

If the weight W of the lever be not neglected, we have an additional 
term to introduce into our equation of moments. 

144. 1/ two weights balance, ahaut a fixed fulcrtim, at the 
extremities of a straight lever, in any position inclined to the vertical, 
they tvill balance in any other position. 

Let AB be the lever, of weight W, 
and let its centre of gravity be G. 
Let the lever balance about a ful- 
crum in any position inclined at an 
angle to the horizontal, the weights 
at A and B being P and W respectively. 

Through O draw a horizontal line 
LONM to meet the lines of action of 
P, W, and W in L, N, and M re- 
spectively. 

Since the forces balance about 0, 
we have 

P.OL = W. OM-^ W.'. ON. 
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:. P. OAcos0=W. OB cose +W'.OGcos0. 
.: P.OA = W.OB + W'.OG. 
This condition of equilibrium is independent of the inclination 9 of 
the lever to the horizontal ; hence in any other position of the lever 
the condition would be the same. 

Hence, if the lever be in equilibrium in one position, it will be in 
equilibrium in all positions. 



EXAMPLES. XXII. 

1, In a weightless lever, if one of the forces be equal to 10 lbs. wt. 
and the thrust on the fulcrum be equal to 16 lbs. wt., and the length 
of the shorter arm be 3 feet, find the length of the longer arm. 

2, Where must the fulcrum be so that a weight of 6 lbs. may 
balance a weight of 8 lbs. on a straight weightless lever, 7 feet long? 

If each weight be increased by 1 lb., in what direction will the 
lever turn? 

3, If two forces, applied to a weightless lever, balance, and if the 
thrust on the fulcrum be ten times the difference of the forces, find 
the ratio of the arms. 

4, A lever, 1 yard long, has weights of 6 and 20 lbs. fastened to 
its ends, and balances about a point distant 9 inches from one end ; 
find its weight. 

y 5. A straight lever, AB, 12 feet long, balances about a point, 

I foot from A, when a weight of 13 lbs. is suspended from A. It will 
balance about a point, which is 1 foot from B, when a weight of 

II lbs. is suspended from B. Shew that the centre of gravity of the 
lever is 5 inches from the middle point of the lever. 

6, A straight uniform lever is kept in equilibrium by weights of 
12 and 5 lbs. respectively attached to the ends of its arms, and the 
length of one arm is double that of the other. What is the weight of 
the lever? 

/ 7. A straight uniform lever, of length 5 feet and weight 10 lbs., 

has its fulcrum at one end and weights of 3 and 6 lbs. are fastened to 
it at distances of 1 and 3 feet respectively from the fulcrum; it is 
kept horizontal by a force at its other end; find the thrust on the 
fulcrum. 

8. A uniform lever is 18 inches long and is of weight 18 ounces ; 
find the position of the fulcrum when a weight of 27 ounces at one 
end of the lever balances one of 9 ounces at the other. 

If the lesser weight be doubled, by how much must the position of 
the fulcrum be shifted so as to preserve equilibrium? 
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^ 9. Two weights, of 8 and 4 ounees, are in equilibrium when 
attaehed to the opposite ends of a rod of neghgible weight ; if 2 ounces 
be added to the greater^ the fulcrum must be moved through -^ths of 
an inch to preserve equilibrium ; find the length of the lever. 

10. The short arm of one lever is hinged to the long arm of a 
second lever, and the short arm of the latter is attached to a press ; 
the long arms being each 3 feet in length, and the short arms 6 inches, 
find what thrust will be produced on the press by a force, equal to 
10 stone weight, applied to the long end of the first lever. 

11. A straight heavy uniform lever, 21 inches long, has a ful- 
crum at its end. A force, equal to the weight of 12 lbs., acting at a 
distance of 7 inches from the fulcrum, supports a weight of 3 lbs. 
hanging at the other end of the lever. If the weight be increased by 
1 lb., what force at a distance of 5 inches from the fulcrum ynW 
support the lever? 

12. On a lever, forces of 13 and 14 lbs. weight balance, and their 
directions meet at an angle whose cosine is — x^^'i ^^^ *^^ thrust 
on the fulcrum. 

13. A straight lever is acted on, at its extremities, by forces in 
the ratio ^3 + 1 : ,^3 - 1, and which are inclined at angles of 30° and 
60° to its length. Find the magnitude of the thrust on the fulcrum, 
and the direction in which it acts. 

14. The arms of a bent lever are at right angles to one another, 
and the arms are in the ratio of 5 to 1. The longer arm is inclined 
to the horizon at an angle of 45°, and carries at its end a weight of 
10 lbs.; the end of the shorter arm presses against a horizontal plane ; 
find the thrust on the plane. 

15. The arms of a uniform heavy bent rod are inclined to one 
another at an angle of 120°, and their lengths are in the ratio of 2 : 1 ; 
if the rod be suspended from its angular point, find the position in 
which it will rest. 

16. A uniform bar, of length 1^ feet and weight 17 lbs., rests on 
a horizontal table with one end projecting 2 j feet over the edge ; find 
the greatest weight that can be attached to its end, without making 
the bar topple over. 

17. A straight weightless lever has for its fulcrum a hinge at one 
end A , and from a point B is hung a body of weight W. If the strain 
at the hinge must not exceed f TF in either direction, upwards or down- 
wards, shew that the effort must act somewhere within a epace equal 
to ^AB. 

12—2 
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18. Shew thsit the propelling force on an eight-oared boat is 
224 lbs. weight, supposing each man to pull his oar with a force of 
66 lbs. weight, and that the length of the oar from the middle of the 
blade to the handle is three times that from the handle to the row- 
lock. 

19. In a pair of nutcrackers, 5 inches long, if the nut be placed 
at a distance of -g- inch from the hinge, a force equal to 3^ lbs. wt. 
applied to the ends of the arms will crack the nut. What weight 
placed on the top of the nut will crack it? 

20. -A- man raises a 3-foot cube of stone, weighing 2 tons, by 
means of a crowbar, 4 feet long, after having thrust one end of the 
bar under the stone to a distance of 6 inches; what force must be 
appHed at the other end of the bar to raise the stone? 

21. A cubical block, of edge a, is being turned over by a crowbar 
applied at the middle point of the edge in a plane through its centre 
of gravity; if the crowbar be held at rest when it is inclined at an 
angle of 60° to the horizon, the lower face of the block being then 
inclined at 30° to the horizon, and if the weight of the block be n 
times the force applied, find the length of the crowbar, the force 
being appHed at right angles to the crowbar. 

II. Pulleys. 

145. A pulley is composed of a wheel of wood, or 
metal, grooved along its circumference to receive a string 
or rope ; it can turn freely about an axle passing through 
its centre perpendicular to its plane, the ends of this axle 
being supported by a frame of wood called the block. 

A pulley is said to be movable or fixed according as its 
block is movable or fixed. 

The weight of the pulley is often so small, compared 
with the weights which it supports, that it may be neg- 
lected; such a pulley is called a weightless pulley. 

We shall always neglect the weight of the string or 
rope which passes round the pulley. 

We shall also in this chapter consider the pulley to be 
perfectly smooth, so that the tension of a string which 
passes round a pulley is constant throughout its length. 
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146. Single Pulley. The use of a single pulley 
is to apply an effort in a different direction from that in 
which it is convenient to us to apply thq effort. 

Thus, in the first figure, a man standing on the ground 
and pulling vertically at one end of the rope might support 
a weight W hanging at the other end ; in the second figure 
the same man pulling sideways might support the weight. 

In each case the tension of the string passing round 
the pulley is unaltered ; the effort P is therefore equal to 
the weight W. 

In the first figure the action on the fixed support to 
which the block is attached must balance the other forces 
ou the pulley-block, and must therefore be equal to 

W+P + w, 
i.e.y 2W+W, where to is the weight of the pulley-block. 



W 







In the second figure, if the weight of the pulley be 
neglected, the effort P, and the weight W, being equal, 
must be equally inclined to the line OA. 

Hence, if T be the tension of the supporting string OB 
and 29 the angle between the directions of P and IF, we 
have 

T=Pcose+Wcos9 = 2WcQs$. 
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If w be the weight of the pulley, we should have, 
T2=(Tr+w)2+i^+2 (TF+w) . P . cos 26* 

=2lP + 2Trw + w2+2(Tr+w).Tr(2cos2^-l),sincePandJFare equal, 
=w2+4jr(Tr+w)cos2^. 

147. We shall discuss three systems of pulleys and 
shall follow the usual order ; there is no particular reason 
for this order, but it is convenient to retain it for purposes 
of reference. 

First system of Pulleys. Each string attaclied to 
tJie supporting beam. To find the relation between the effort 
or "power " and the weight. 

In this system of pulleys the weight is attached to the 
lowest pulley, and the string pass- 
ing round it has one end attached 
to the fixed beam, and the other 
end attached to the next highest 
pulley; the string passing round 
the latter pulley has one end 
attached to the fixed beam, and 
the other to the next pulley, and 
so on ; the efibrt is applied to the 
free end of the last string. 

Often there is an additional 
fixed pulley over which the free 
end of the last string passes; the 
effort may then be applied as a 
downward force. 

Let A^, A2, ... be the pulleys, beginning from the 

lowest, and let the tensions of the strings passing round 

tliem be Ti, T^, ... . Let W be the weight and P the 

power. 

[N.B. The string passing round any pulley, A^ say, pulls An ver- 
tically upwards, and pulls A^ dow7iwards.] 
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I. Let the weights of the pulleys he neglected. 

From the equilibrium of the pulleys A-^, A», ... , taken 
ill order, we have 



Q7» _ yr . • 7»_i7J__i]{r 



2=^ 



2^, = :Z'3; .-. T,^\T,^\,W, 
But, with our figure, T^ = F. 

Similarly, if there were n pulleys, we should have 

2" 

Hence, in this system of pulleys, the mechanical 
advantage 

()n 

P " ' 

II. Let the weights of the pulleys in succession, he- 
ginning from the lowest, he Wi, w^,.... 

In this case we have an additional downward force 
on each pulley. 

Resolving as before, we have 

2T,= W + w„ 

2T,= T, + w„ 
2T,= T, + w,. 
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^ 2 2' 

-^2 — •2--ii + -2 '22'*''22"'"2"' 

7T _ 1 77 . ««3 _ TT w;i w;2 _^ «^3 
•^3 — ^^a'»""2' ~"23 2^ 2^ "2"' 



w^ W w^ W2 w^ Wi 
2'^2*'''2^'''2^'^22'^'2 



ana ■^--t4--5^-'s + -?r--?M+o4 + 7w+o5 + 



Similarly, if there were n pulleys, we should have 

P = — + — + — ^ + . . . + — ^ . 
2" 2" 2"-* 2 

.'. 2"P = IF + ?^;l + 2 . w;2 + 2=^s + . . . + 2"-^mj„. 
If the pulleys be all equal, we have 

W^ = W2= . . . = Wj^ = w. 

:. 2"P=F+m;(1 + 2 + 22+... + 2"-^) 
= F + «;(2"-l), 
by summing the geometrical progression. 

W 
It follows that the mechanical advantage, -p , depends 

on the weight of the pulleys. 

In this system of pulleys we observe that the greater 
the weight of the pulleys, the greater must P be to support 
a given weight W ; the weights of the pulleys oppose the 
effort, and the pulleys should therefore be made as light as 
is consistent with the required strength. 

Stress on the beam from which the pulleys are hung. 

Let It be the stress on the beam. Since B, together with the 
force P, supports the system of pulleys, together with the weight W, 
we have 

R-\-P=W+Wj+w^+...+w„. 
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+ '"3 (l -2^2) + - + ^« ( 1 - ^) • 

Ex. If there he 4 movable pulleys, wlwse weights, commencing 
with the lowest, are 4, 5, 6, and 7 Ihs., what effort xoill support a hody 
of weight 1 cxot.? 

Using the notation of the previous article, we have 
2r, = 112 + 4; .-. ^1=58. 

2r2=ri+5=63; .-. T2=3l|. 
2r3=r2+6 = 37|; .-. T2=18f. 
2P = T3+7=25f ; .-. P = 12|- lbs. wt. 

148. Verification of the Principle of Work. 

Neglecting the weights of the pulleys we have, if there 
be four pulleys, 

If the weight W be raised through a distance x, the 
pulley A2 would, if the distance A^A^ remained unchanged, 
rise a distance x ; but, at the same time, the length of the 
string joining A^ to the beam is shortened by x, and a 
portion x of the string therefore slips round A^; hence, 
altogether, the pulley A^ rises through a distance 2x. 

Similarly, the pulley A3 rises a distance 4a;, and the 
pulley A^ a distance 8x. 

Since A^ rises a distance 8x, the strings joining it to 
the beam and to the point at which F is applied both 
shorten by 8a;. 

Hence, since the slack string runs round the pulley A^, 
the point of application of P rises through 16a;, i.e., through 
sixteen times as far as the point of application of W. 

Hence the velocity-ratio (Art. 137) =16, so that it is 
equal to the mechanical advantage in this case. 
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Also 

work done by the effort P . 16a; 

work done against the weight W . x 

i|r.l6a; ^ 
_2^ W.x 

~ W.x ~¥T^" ■ 

Hence the principle is verified. 

Taking the weights of the pulleys into account, and 
taking the case of four pulleys, we have 
■p_W Wi W2 Wg Wi 

As before, if A^ ascend a distance x, the other pulleys ascend 
distances 2a;, 4fl3, and Sec, respectively. Hence the work 
done on the weight and the weights of the pulleys 

= W . X+W1.X + W2.2X+W3. 4:X + W4,.8X 



- 1 A r^ "^^ ^2 ^3 "^i] 



= 16fl3 X P = work done by the effort. 
A similar method of proof would apply, whatever be the 
number of pulleys. 

EXAMPLES. XXIII. 

1. In the following cases, the movable pulleys are weightless, 
their number is n, the weight is W, and the " power " or effort is P ; 

(1) If n=4 and P=201bs. wt., find W; 

(2) If n = 4 and Tr= 1 cwt. , find P ; 

(3) If W=5Q lbs. wt. and P=7 lbs. wt., find ?i. 

2. In the following cases, the movable pulleys are of equal weight 
w, and are n in number, P is the "power" or effort, and W is the 
weight ; 

(1) n TC=4, w = llb. wt., and W=91 lbs. wt., find P; 

(2) If ?t=3, w = lf lbs. wt., andP= 7 lbs. wt., find W; 

(3) K n=5, ir=7751bs. wt.,andP=31 lbs. wt., find w ; 

(4) If W= 107 lbs. wt. , P= 2 lbs. wt. , and w = ^ lbs. wt. , find n. 
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3. In the first system of pulleys, if there be 4 pulleys, each of 
weight 2 lbs., what weight can be raised by an effort equal to the 
weight of 20 lbs.? 

4. If there be 3 movable pulleys, whose weights, commencing 
with the lowest, are 9, 2, and 1 lbs. respectively, what force will sup 
port a weight of 69 lbs. ? 

5. If there be 4 movable pulleys, whose weights commencing 
with the lowest, are 4, 3, 2, and 1 lbs. respectively, what force will 
support a weight of 54 lbs. ? 

6. If there be 4 movable pulleys, each of weight w, and the effort 
be P, shew that the stress on the beam is 15P- llw. 

7. If there be 3 movable pulleys and their weights beginning from 
the lowest be 4, 2, and 1 lbs. respectively, what force will be required 
to support a weight of 28 lbs. ? 

8. Shew that, on the supposition that the pulleys are weightless, 
the mechanical advantage is greater than it actually is. 

9. In the system of pulleys in which each hangs by a separate 
string, if there be 3 pulleys, it is found that a certain weight can be 
supported by an effort equal to 7 lbs. weight ; but, if there be 4 pulleys, 
the same weight can be supported by an effort equal to 4 lbs. weight ; 
find the weight supported and the weight of the pulleys, which are 
equal. 

10. A system consists of 4 pulleys, arranged so that each 
hangs by a separate string, one end being fastened to the upper block, 
and all the free ends being vertical. If the weights of the pulleys, 
be^nning at the lowest, be to, 2i(;, Zw, and Aw, find the power 
necessary to support a weight of \bw, and the magnitude of the single 
force necessary to support the beam to which the other ends of the 
string are attached. 

11. In the system of 4 heavy pulleys, if P be the effort and W 
the weight, shew that the stress on the beam is intermediate between 
i|Trandl5P. 

12. A man, of 12 stone weight, is suspended from the lowest of a 
system of 4 weightless pulleys, in which each hangs by a separate 
string, and supports himself by pulling at the end of the string which 
passes over a fixed pulley. Find the amount of his pull on this 
string. 

13. A man, whose weight is 156 lbs., is suspended from the 
lowest of a system of 4 pulleys, each being of weight 10 lbs., and 
supports himself by pulling at the end of the string which passes over 
the fixed pulley. Find the force which he exerts on the string, sup- 
posing all the strings to be vertical. 
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149. Second system of pulleys. The same 
string passing round all 'the pulleys. To find tJie relation 
hetweeii the effort and the weight. 

In this system there are two blocks, each containing 
pulleys, the upper block being fixed and the lower block 
movable. The same string passes round all the pulleys 
as in the figures. 

If the number of pulleys in the upper block be the 
same as in the lower block (Fig. 1), one end of the string 





Fig. 2. 

must be fastened to the upper block; if the number in 
the upper block be greater by one than the number in 
the lower block (Fig. 2), the end of the string must be 
attached to the lower block. 

In the first case, the number of portions of string con- 
necting the blocks is even ; in the second case, the number 
is odd. 
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In either case, let n be the number of portions of string 
at the lower block. Since we have only one string passing 
over smooth pulleys, the tension of each of these portions 
is P, so that the total upward force at the lower block 
is n . P. 

Let ^V be the weight supported, and w the weiglit of 
the lower block. 

Hence W -^w = nP, giving the relation required. 

In practice the pulleys of each block are often placed 
parallel to one another, so that the strings are not mathe- 
matically parallel ; they are, however, very approximately 
parallel, so that the above relation is still very approxi- 
mately true. 

EXAMPLES. XXIV. 

1. If a weight of 5 lbs. support a weight of 24 lbs., find the 
weight of the lower block, when there are 3 pulleys in each block. 

2. If weights of 5 and 6 lbs, respectively at the free ends of the 
string support weights of 18 and 22 lbs. at the lower block, find the 
number of the strings and the weight of the lower block. 

3. If weights of 4 lbs. and 5 lbs. support weights of 5 lbs. and 
18 lbs. respectively, what is the weight of the lower block, and how 
many pulleys are there in it? 

4. A weight of 6 lbs. just suppoirts a weight of 28 lbs., and 
a weight of 8 lbs. just supports a weight of 42 lbs. ; find the number 
of strings and the weight of the lower block. 

5. In the second system of pulleys, if a basket be suspended from 
the lower block and a man in the basket support himself and the 
basket, by pulling at the free end of the rope, find the tension he 
exerts, neglecting the inclination of the rope to the vertical, and 
assuming the weight of the man and basket to be W. 

If the free end of the rope pass round a pulley attached to the 
ground and then be held by the man, find the force he exerts. 

6. A man, whose weight is 12 stone, raises 3 cwt. by means of 
a system of pulleys in which the same rope passes round all the 
pulleys, there being 4 in each block, and the rope being attached to 
the upper block; neglecting the weights of the pulleys, find what 
wiU be his thrust on the ground if he puU vertically downwards. 
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7. We are told that the cable by which "Great Paul," whose 
weight is 18 tons, was lifted into its place in the cathedral tower, 
passed four times through the two blocks of pulleys. From this 
statement give a description of the pulleys, and estimate the strength 
of the cable. 

8. Prove the Principle of Work in this system of pulleys, and find 
the Velocity Ratio. 

9. An ordinary block and tackle has two pulleys in the lower 
block and two in the upper. What force must be exerted to lift 
a load of 300 lbs. ? If on account of friction a given force will only 
lift -45 times as much as if the system were frictionless, find the force 
required. 

10. In a block and tackle the velocity ratio is 8 : 1. The friction 
is such that only 55 "/o of the force applied can be usefully employed. 
Pind what force will raise 5 cwt. by its use. 

150. Third system of pulleys. All the strings 
attached to tlie weight. To find the relation between the effort 
and the weight. 

In this system the string passing round any pulley 
is attached at one end to a bar, from 
■which the weight is suspended, and at 
the other end to the next lower pulley; 
the string round the lowest pulley is 
attached at one end to the bar, whilst 
at the other end of this string the 
power is applied. In this system the 
upper puUey is fixed. 

Let ^1, A^, ^3, ... be the movable 
pulleys, beginning from the lowest, 
and let the tensions of the strings 
passing round these pulleys respec- 
tively be T„ T^, ^3, .... 

If the power be P, we have clearly 
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I. Let the weights of the pulleys he iieglected. 

For the equilibrium of the pulleys, taken in order and 
commencing from the lowest, we have 

and Ti=21\=2U\ 

But, since the bar, from wliich W is suspended, is in 
equilibrium, we have 

-^|^ = ^(2*-1) (!)• 

If there were n pulleys, of which {n—\) would be 
movable, we should have, similarly. 



= P 



' 2"-l ~| 
_2-lJ' 



by sunnning the geometrical progression, 

= P(2"-1) (2). 

Hence the mechanical advantage is 2" — !. 

II. Let the toeights of the 7novable puUei/s, taken in 
order and commencing with the lowest, be w^, w^,, .... 

Considering the equilibrium of the pulleys in order, 

we have 

:Z'2=2^i + «^, = 2P + ti-i, 

T^ = 2^2 ^w^= 22P + 1w^ + w^, 

T^ = 2^3 + Wi = 2^P + 2hvi + 2tU2 + w^. 
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But, from the equilibrium of the bar, 
W=Ti+T^+T^^T^ 

= (23 + 22 + 2 + l)P + (22+2 + l)w>i + (2 + l)M;o+w;3 
24-1 „ 23-1 2^-1 

= {1^-\)P+{2^-\)w^ + {2''-\)w^ + w., (3). 

If there were n pulleys, of which [n—\) would be 
movable, we should have, similarly, 

W=T,, + T,_^^... + T,+ T^ 

= (2«-i + 2™-2 + ... + 1) P + (2"-^ + 2'^-' +...+ l)tVi 
+ (2^-3+2™-*+ ... + 1) tfa + ... + (2 + 1)m;„_3 + w„_i 
2» - 1 2«-i - 1 2"-^ - 1 

= 2^^^TrT-"^^-^-23r^-'^ 

22-1 

= (2''-l)P + (2"-i-l)wi + (2»-2- 1)?«2+... 

+ (22-l)^„_3+(2-l>„_, (4). 

If the pulleys be all equal, so that 

Wj = t«2 = . . • = •"^n-i = ^> 

the relation (4) becomes 

Tr= (2"- 1) P + m; [2"-i + 2»-2 + ... + 2 -(?i - 1)J 

= (2''-1)P + m;[2«-vi-1], 

by summing the geometrical progression. 

Stress on the supporting beam. This stress balances the effort, the 
weight, and the weight of the pulleys, and therefore equals 

and hence is easily found. 

Es:. If there he 4 pulleys, whose weights, commencing with the 
Imvest, are 4, 6, 6, and 7 lbs., what effort will support a body of weight 
1 owt. t 
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Using the notation of the previous article, we have 

2'2=2P+4, 

r3=2T2 + 5=4P + 13, 

Tj=2T3 + 6=8P+32. 
Also 112=:2'4+2'3+2'2+P=15P+49. 

.-. P=r^=4| lbs. wt. 

151. In this system we observe that, the greater the weight of 
each pulley, the less is P required to be in order that it may support 
a given weight W. Hence the weights of the pulleys assist the effort. 
If the weights of the pulleys be properly chosen, the system will remain 
in equilibrium without the application of any effort whatever. 

For example, suppose we have 3 movable pulleys, each of weight 
jp, the relation (3) of the last article will become 
Tr=15P+lltc. 

Hence, if 11^=^^, we have P zero, so that no power need be 
applied at the free end of the string to preserve equilibrium. 

152. In the third system of pulleys, the bar supporting the 
weight ^V will not remain horizontal, unless the point at which the 
weight is attached be properly chosen. In any particular case the 
proper point of attachment can be easily found. 

Taking the figure of Art. 146 let there be three movable pulleys, 
whose weights are negligible. Let the distances between the points 
D, E, F, and G at which the strings are attached, be successively a, 
and let the point at which the weight is attached be X. 

The resultant of T^, T^, Tg , and T^ must pass through X. 

Hence by Art. 109, 

jyy_ T^xO + Tgxa+ T^x 2a+'l\ x 3a 

_ 4J>.a + 2P.2a + P.Ba _na 
~ 8P+4P+2P+P ~I5"* 

.-. DX=YjDE, giving the position of X. 

153. This system of pulleys was not however designed 
in order to lift weights. If it be used for that purpose it 
is soon found to be unworkable. Its use is to give a short 
strong pull. For example it is used on board a yacht to 
set up the back stay. 

In the figure of Art. 150, DEFG is the dock of the 
yacht to which the strings are attached and there is no W. 
L. s. 13 
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The strings to the pulleys A-^^, A^, A^, Ai are inclined to the 
vertical and the point is at the top of the mast which is 
to be kept erect. The resistance in this case is the force at 
necessary to keep the mast up, and the effort is applied 
as in the figure. 

154. Verification of the Principle of Work. 

Suppose the weight W to ascend through a space x. 
The string joining B to the bar shortens by x, and hence 
the pulley A^ descends a distance x. Since the pulley A^ 
descends x and the bar rises x, the string joining A^ to the 
bar shortens by 2x, and this portion slides over A^ ; hence 
the pulley A^ descends a distance equal to 2a; together with 
the distance through which A^ descends, i.e., A^ descends a 
distance 2a; + a;, or 3a;. Hence the string ,4 gi^ shortens by 
4a;, which slips over the pulley A^, so that the pulley A^ 
descends a distance 4a; together with the distance through 
which A^ descends, i.e., ix+3x, or 7x. Hence the string 
A^G- shortens by 8a;, and A^ itself descends 7x, so that the 
point of application of F descends 15a;. 

Neglecting the weight of the pulleys, the work done by 
F therefore 
= 15x.P = a;{2*-l)F = x.Why equation (1), Art. 150, 
= work done on the weight W. 

Taking the weights of the pulleys into account, the 
work done by the effort and the weights of the pulleys 
[which in this case assist the power] 

= F . 15x-\-Wi.7x + W2.3x + W3.x 
= x[F{2'-l) + w^{2^-l) + w^{2^-l) + w,] 
= x. TF by equation (3), Art. 150, 
= work done on the weight W. 
If there were n pulleys we should in a similar manner 
find the point of application of F moved through (2"— 1) 
times the distance moved through by W, so that the 
velocity ratio is 2"— 1. 
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EXAMPLES. XXV. 

1. In the following cases, the pulleys are weightless and n in 
number, P is the "power" or effort and W the weight; 

(1) If 71=4 and P= 2 lbs. wt., find W; 

(2) If n=5 and Jr=124 lbs. wt., find P; 

(3) n W= 105 lbs. and P= 7 lbs. wt. , find n. 

2. In the following cases, the pulleys are equal and each of weight 
w, P is the "power," and W is the weight; 

(1) If n=4, %o=l lb. wt., and P= 10 lbs. wt,, find IF; 

(2) lin=Z,w = 1 lb. wt. , and W= 114 lbs. wt. , find P ; 

(3) If n=5, P= 3 lbs. wt., and IT = 106 lbs. wt., find w; 

(4) If P=4 lbs. wt., Tr=137 lbs. wt., and w = | lb. wt., find n. 

3. If there be 5 pulleys, each of weight 1 lb., what effort is 
required to support 3 cwt.? 

If the pulleys be of equal size, find to what point of the bar the 
weight must be attached, so that the beam may be always hori- 
zontal. 

4. If the strings passing round a system of 4 weightless pulleys 
be fastened to a rod without weight at distances successively an inch 
apart, find to what point of the rod the weight must be attached, so 
that the rod may be horizontal. 

5. Find the mechanical advantage, when the pulleys are 4 in 
number, and each is of weight ^th that of the weight. 

6. In a system of 3 weightless pulleys, in which each string is 
attached to a bar which carries the weight, if the diameter of each 
pulley be 2 inches, find to what point of the bar the weight should be 
attached so that the bar may be horizontal. 

7. If the pulleys he equal, and the effort be equal to the weight 
of one of them, and the number of pulleys be 5, shew that the weight 
is 57 times the power. 

8. In the third system of 3 pulleys, if the weights of the pulleys 
be ail equal, find the relation of the effort to the weight when equi- 
librium is established. If each pulley weigh 2 ounces, what weight 
would be supported by the pulleys only ? 

If the weight supported be 25 lbs. wt., and the effort be 3 lbs. wt., 
find what must be the weight of each pulley. 

9. In the third system of weightless pulleys, the weight is sup- 
ported by an effort of 70 lbs. The hook by which one of the strings is 
attached to the weight breaks, and the string is then attached to the 
pulley which it passed over, and an effort of 150 lbs. is now required. 
Find the number of pulleys and the weight supported. 

13—2 
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10. In the third system of weightless pulleys, if the string round 
the last pulley be tied to the weight, shew that the tension of the 
string is diminished in a ratio depending on the number of pulleys. 

If the tension be decreased in the ratio 16 : 15, find the number of 
pulleys. 

11. In the system of pulleys in which each string is attached to 
the weight, if each pulley have a weight w, and the sum of the weights 
of the pulleys be W', and P and W be the effort and weight in this 
case, shew that the effort P+tc would support the weight W+W in 
the same system if the pulleys had no weight. 

12. If there be n weightless pulleys and if a string, whose ends 
are attached to the weights P and W, cany a pulley from which a 
weight W is suspended, find the relation between P, W, and W. 

13. If there be n pulleys, each of diameter 2a and of negligible 

weight, shew that the distance of the point of appUcation of the 

2™ 
weight from the line of action of the effort should be ^ — -na. 

III. The Inclined Plane. 

155. The Inclined Plane, considered as a mechanical 
power, is a rigid plane inclined at an angle to the horizon. 

It is used to facilitate the raising of heavy bodies. 

In the present chapter we shall only consider the case 
of a body resting on the plane, and acted upon by forces 
in a plane perpendicular to the intersection of the inclined 
plane and the horizontal, i.e., in a vertical plane through 
the line of greatest slope. 

The reader can picture to himself the line of greatest slope on an 
inclined plane in the following manner : _ 

take a rectangular sheet of cardboard n 

ABGB, and place it at an angle to the / , p / 

horizontal, so that the line AB is in / / /\ 

contact with a horizontal table: take / / / 'E 

any point P on the cardboard and draw / /^ h-^' 

Pif perpendicular to the line AB\ PJII is / 7^ ^' 

the line of greatest slope passing through 
the point P. 

From C draw GE perpendicular to the horizontal plane through 
AB, and join BE. The lines BC, BE, and GE are called respec- 
tively the length, base, and height of the inclined plane; also tho 
angle CBE is the inclination of the plane to the horizon. 
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In this chapter the inclined plane is supposed to be 
smooth, so that the only reaction between it and any body 
resting on it is perpendicular to the inclined plane. 

Since the plane is rigid, it is capable of exerting any 
reaction, however great, that may be necessary to give 
equilibrium. 

156. A body, of given weight, rests on an inclined 
plane; to determine the relations betiveen the effort, the 
weight, and the reaction of the plane. 

Let W be the weight of the body, P the eflfort, and 
a the reaction of the plane ; also let a be the inclination 
of the plane to the horizon. 

Case I. Let the effort act up the plane along the line of 
greatest slope. 

Let AC he the inclined plane, AB the horizontal line 
through A, DE a vertical line, and 
let the perpendicular to the plane . _ ^^y^,^ 

through D meet AB in F. ^^^^"^ I 

Then clearly .^y^_jK j 

/.FDE=.^Qr-ZADE A eIf B 

w 

= /iDAE=a. 
By Lami's Theorem (Art. 40), since only three forces 
act on the body, each is proportional to the sine of the 
angle between the other two. 

. P R W 

' ' sin {E, IF) sin {W,P)~ sin {P, M) ' 

**^'' sin (180°- a) sin (90°+ a) sin 90°' 

i.e.,JL^^=W (1). 

sina cos a ^ ' 

.'. P=Ws\na, and ^=1^008 0. 



198 STATICS 

The relation (1) may be written in the form 

P :R'.W 

: : Height of plane : Base of plane : Length of plane. 

Otberwise thus: Eesolve W along and perpendicular to the 
plane; its components are 

W cos ABE, i.e., TFsina, along DA, 

and WsmADE, i.e., TFcosa, along Di*'. 

Hence P=Tr'6ina, and J?=Trcosa. 

The work done by the force P in dragging the body 
from ^ to (7 is PxAG. 

But P= IF sin a. 

Therefore the work done is TTsin ay. AC, 

i.e., W-xACsina, i.e., Wy.BC. 

Hence the work done is the same as that which would 
be done in lifting the weight of the body through the same 
height without the intervention of the inclined plane. 
Hence the Principle of Work is true in this case. 

Case II. Let the effort act horizontally. 

[In this case we must imagine a 'v C 

small hole in the plane at D through '\ ^^<^''^\ 

which a string is passed and attached to D>^^^^ i 

the body, or else that the body is pushed ^.^^'''e a ^ • 

toward the plane by a horizontal force.] 1 i^' "i^ i- 

A \^F B 

As in Case I., we have ^ 

P P W 



sin (P, W) sin ( W, P) sin (P, B) ' 
P P W 



%.e.. 



sin (180°- a) sin 90° sin (90°+ a)' 

• P R W ... 

sm a 1 cos a ^ ' 

.'. P = TTtan a, and P = TFsec a. 



MACHINES. THE INCLINED PLANE 199 

The relation (1) may be written in the form 

P-.R'.W 
:: Height of Plane : Length of Plane : Base of Plane. 

Otherwise thus : The components of W along and perpendicular 

to the plane are TTsin a and TFcosa; the components of P, similarly, 

are P cos a and P sin a. 

.•. P cos a = TT sin a, and 

„-rsin^a "1 .—sin^a + oos^a ... 

E=Psina + Trco3a=Tr +cosa \ = W =TFseoa. 

Loos o J 



cos a 
P=Trtana, and R^W^eca. 



Case III. 

inclined plane. 



Let the effort act at an angle 6 with the 




By Lami's Theorem we have 

P _ B W 

sin {R, W) " sin(r,i') sin (P, R) * 

P R W 

*"^*' sin (180° - a) ~ sin (90° + 6 + 0) ~ sin (90" - d) ' 
P R W 



%.e. 



' sin a cos (6 + a) cos 6 



(e+a) 



,. P=Tr^i^,andi2=r^-2^ 
COS 6 ' cos a 

Otlierwlse tbus: Besolving along and perpendicular to the 
plane, we have 

Pcos^=IF'sina, and J?+Psin ^=Trcosa. 

cos 6 

■^ -^ T^ . y. tttP sinasin^ 

and JJ=Trcosa-Psm^=Tr cosa t— 

L cos 6 J 

_ —. cos g cos g - sin g sin g _ cos(tt + g) 



cosg 



COS0 
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If through E we draw EK parallel to P to meet DF in K, then 
BER is a triangle of forces, and 

.-. F-.B: W:: EK : KD : DE, 
and thus we have a graphic construction for P and 11. 

It will be noted that Case III. includes both Cases I. 
and II. ; if we make $ zero, we obtain Case I. ; if we put 
6 equal to (- a), we have Case II. 

Verification of the Principle of Work. In 

Case III. let the body move a distance x along the plane ; 
the distance through which the point of application of P 
moves, measured along its direction of application, is clearly 
X cos $; also the vertical distance through which the weight 
moves is x sin a. 

Hence the work done by the power ia P .x cos 9, and 
that done against the weight is W.x sin a. These are 
equal by the relation proved above. 

157. Experiment. To find experimentally the relation hetween 
the effort and the weight in the case of an inclined plane. 

Take a wooden board AB, hinged at ^ to a second board, which 
can be clamped to a table ; to the board AB let a sheet of glass be fixed 
in order to minimise the friction. At B is fixed a vertical graduated 
scale, so that the height of B above A can be easily read off. 
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The weight consists of a heavy brass roller to which is attached a 
string which after passing over a pulley supports a scale-pan in which 
weights can be placed. These weights, together with the weight of 
the scale-pan, form the "effort" or "power" P. 

The pulley is so arranged that the string between it and W is 
parallel to the plane. 

Set the arm AB at any convenient angle ; load the scale-pan so 
that W is just supported. [In actual practice it is better to take for P 
the mean of the values of the weights which will let W just nin down 
and just drag it up respectively.] 

Observe h the height of B above A, and I the length AB. 

P h 
Then it will be found that -^^j. 

Now set the board at a different angle and determine P, h, I for 
this second experiment. The same relation will be found to be true. 

If there be a slit along the length of the board through which the 
string can pass, then a pulley can be arranged in such a position that 
the string can be horizontal. In this case the effort, as in Case II. of 
Art. 156, will be horizontal and we shall find that 

P _ Height of the plane 
W ~ Base of the plane 

158. If the power does not act in a vertical plane 
through the line of greatest slope there could not be 
equilibrium on a smooth inclined plane; in this case we 
could, however, have equilibrium if the inclined plane were 
rough. We shall return to this, case in the next chapter. 



EXAMPLES. XXVI. 

1. What force, acting horizontally, could keep a mass of 16 lbs. 
at rest on a smooth inclined plane, whose height is 3 feet and length 
of base 4 feet, and what is the reaction of the plane? 

2. A body rests on an inclined plane, being supported by a force 
acting up the plane equal to half its weight. Find the inclination of 
the plane to the horizon and the reaction of the plane. 

3. A rope, whose inclination to the vertical is 30°, is just strong 
enough to support a weight of 180 lbs. on a smooth plane, whose 
inclination to the horizon is 30°. Find approximately the greatest 
tension that the rope could exert. 
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4. A body rests on a plane, inclined at an angle of 60° to the 
horizon, and is supported by a force inclined at an angle of 30° to the 
horizon ; shew that the force and the reaction of the plane are each 
equal to the weight of the body. 

5. A body, of weight 2P, is kept in equilibrium on an inclined 
plane by a horizontal force P, together with a force P acting parallel 
to the plane ; find the ratio of the base of the plane to the height and 
also the reaction of the plane. 

6. A body rests on a plane, inclined to the horizon at an angle 
of 30°, being supported by a force inclined at 30° to the plane ; find 
the ratio of the weight of the body to the force. 

7. A weight is supported on an inclined plane by a force inclined 
to the plane; if the weight, the force, and the reaction be as the 
numbers 4, 3, and 2, find the inclination of the plane and the direction 
of the force. 

8. A body, of 5 lbs. wt., is placed on a smooth plane inclined at 
30° to the horizon, and is acted on by two forces, one equal to the 
weight of 2 lbs. and acting parallel to the plane and upwards, and the 
other equal to P and acting at an angle of 30° with the plane. Find 
P and the reaction of the plane. 

9. Pind the force which acting up an inclined plane will keep a 
body, of 10 lbs. weight, in equilibrium, it being given that the force, 
the reaction of the plane, and the weight of the body are in 
arithmetical progression. 

10. If a force P, acting parallel to an inclined plane and sup- 
porting a mass of weight TF, produces on the plane a thrust B, shew 
that the same power, acting horizontally and supporting a mass of 
weight By will produce on the plane a thrust W. 

11. • Two boards, of lengths 11 and 8 feet, are fixed with their 
lower ends on a horizontal plane and their upper ends in contact; on 
these planes rest bodies of weights W and 12 lbs. respectively, which 
are connected by a string passing over the common vertex of the 
boards; find the value of W. 

12. A number of loaded trucks, each containing 1 ton, on one 
part of a tramway inclined at an angle a to the horizon supports 
an equal number of empty trucks on another part whose inclination is 
j8. Find the weight of a truck. 

13. A body rests on a plane inclined to the horizon at an angle a; 
if the reaction of the plane be equal to the effort applied, shew that 
the inclination of the effort to the inclined plane is 90° - 2a. 

14. A heavy string is placed with a portion of it resting on a 
given inclined plane, the remaining part hanging vertically over a 
small pulley at the top of the plane. Find what point of the string 
should be placed over the pulley for equilibrium. 
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15. On two inclined planes, of equal height, two weights are 
respectively supported, by means of a string passing over the conunon 
vertex and parallel to the planes; the length of one plane is double its 
height, and the length of the other plane ia double its base ; shew 
that the reaction of one plane is three times the reaction of the 
other. 

16. A body, of weight 50 lbs., is in equilibrirmi on a smooth 
plane inclined at an angle of 20° 20' to the horizon, being supported by 
a force acting up the plane; find, graphically or by use of trigono- 
metrical tables, the force and the reaction of the plane. 

17. A body, of weight 20 lbs., rests on a smooth plane inclined at 
an angle of 25° to the horizon, being supported by a force P acting at 
an angle of 35° with the plane; find, graphically or by use of trigono- 
metrical tables, P and the reaction of the plane. 

18. A body, of weight 30 lbs., rests on a smooth plane inclined 
at an angle of 28° 15' to the horizon, being supported by a horizontal 
force P; find, graphically or by use of trigonometrical tables, P and 
the reaction of the plane. 

IV. The Wheel and Aade. 

159. This xnachine consists of a strong circular 
cylinder, or axle, terminating in two pivots, A and B, 




which can turn freely on fixed supports. To the cylinder 
is rigidly attached a wheel, CD, the plane of the wheel 
being perpendicular to the axle. 

Round the axle is coiled a rope, one end of which is 
firmly attached to the axle, and the other end of which is 
attached to the weight. 
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Round the circumference of the wheel, in a direction 
opposite to that of the first rope, is coiled a second rope, 
having one end firmly attached to the wheel, and having 
the " power," or efibrt, applied at its other end. The cir- 
cumference of the wheel is grooved to prevent the rope 
from slipping off*. 

160. To find the relation between the effort and the 
weight. 

In Art. 93, we have shewn that a body, which can turn 

freely about a fixed axis, is in equilibrium if the algebraic 

sum of the moments of the forces about the axis vanishes. 

In this case, the only forces acting on the machine are the 

effort P and the weight PF, which tend to turn the machine 

in opposite directions. Hence, if a be the radius of the axle, 

and h be the radius of the wheel, the condition of equili- 

librium is 

P.h= W.a (1). 

W 
Hence the mechanical advantage = -p 

b radius of the wheel 
a radius of the axle 

Verification of the Principle of Work. Let the 

machine turn through four right angles. A portion of 
string whose length is 27rb becomes unwound from the 
wheel, and hence F descends through this distance. At 
the same time a portion equal to 2Tra becomes wound upon 
the axle, so that W lises through this distance. The work 
done by P is therefore P x 2irb and that done against W 
is IF X 2'jra. These are equal by the relation (1). 
Also the velocity-ratio (Art. 137) 

= ^ — = - = the mechanical advantage. 
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161. Theoretically, by making the quantity - very 

large, we can make the mechanical advantage as igreat as 
we please ; practically however there are limits. Since the 
pressure of the fixed supports on the axle must balance P 
and W, it follows that the thickness of the axle, i.e., 2a, 
must not be reduced unduly, for then the axle would break. 
Neither can the radius of the wheel in practice become very 
large, for then the machine would be unwieldy. Hence the 
possible values of the mechanical advantage are bounded, 
in one direction by the strength of our materials, and in 
the other direction by the necessity of keeping the size of 
the machine within reasonable limits. 

162. In Art. 160 we have neglected the thicknesses of the 
ropes. If, however, they are too great to be neglected, compared with 
the radii of the wheel and axle, we may take them into consideration 
by supposing the tensions of the ropes to act along their middle 
threads. 

Suppose the radii of the ropes which pass round the axle and 
wheel to be x and y respectively ; the distances from the line joining 
the pivots at which the tensions now act are (a + x) and {b+y) respec- 
tively. Hence the condition of equilibrium is 

P{b+y) = W{a+x), 

P sum of the radii of the axle and its roije 



so that 



W sum of the radii of the wheel and its rope ' 



163. Other forms of the Wheel and Axle are the 
Windlass, used for drawing water from a well, and Capstan, 
used on board ship. In these machines the effort instead 
of being applied, as in Art. 159, by means of a rope passing 
round a cylinder, is applied at the ends of a spoke, or 
spokes, which are inserted in a plane perpendicular to the 
axle. 

In the Windlass the axle is horizontal, and in the 
Capstan it is vertical. 
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In the latter case the resistance consists o£ the tension 
T of the rope round the axle, 
and- the effort consists of the 
forces applied at the ends of 
bars inserted into sockets at 
the point A of the axle. The 
advantage of pairs of arms is 
that the strain on the bearings 
of the capstan is thereby much 
diminished or destroyed. The 
condition of equilibrium may 
be obtained as in Art. 160. 

164. Differential "Wheel and Axle. A slightly modified form 
of the ordinary wheel and axle is the differential wheel and axle. In 
this machine the axle consists of two cylinders, having a common axis, 
joined at their ends, the radii of the two cylinders being different. 
One end of the rope is wound round one of these cylinders, and its 
other end is wound in a contrary direction round the other cylinder. 
Upon the slack portion of the rope is slung a pulley to which the 
weight is attached. The part of the rope which passes round the 
smaller cylinder tends to turn the machine in the same direction as 
the effort, 

As before, let 6 be the radius of the wheel and let a and c be the 
radii of the portion AG and GB of the axle, a being the smaller. 

Since the pulley is smooth, the tension T of the string round it is 
the same throughout its length, and hence, for the equilibrium of the 
weight, we have T=^W. 
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Taking momenta about the line AB for the equilibrium of the 
naachine, we have 



P=T 



2 b 



, . , :, . W 21) 

Hence the mechanical advantage =^r = . 

P c — a 

By making the radii c and a of the two portions of the axle very 
nearly equal, we can make the mechanical advantage very great, with- 
out unduly weakening the machine. 

165. vreston's Differential PuUey. 

In this machine there are two blocks; the upper contains two 
pulleys of nearly the same size which turn together 
as one pulley; the lower consists of one pulley to 
which the weight W is attached. 

The figure represents a section of the machine. 

An endless chain passes round the larger of the 
upper pulleys, then round the lower pulley and the 
smaller of the upper pulleys ; the remainder of the 
chain hangs slack and is joined on to the first portion 
of the chain. The effort P is applied as in the figure. 
The chain is prevented from slipping by small pro- 
jections on the surfaces of the upper pulleys, or by 
depressions in the pulleys into which the links of 
the chain fit. 

If r be the tension of the portions of the chaia 
which support the weight W, we have, since these 
portions are approximately nearly vertical, on neg- 
lecting the weight of the chain and the lower pulley, 

2T=W (1). 

If B and r be the radii of the larger and smaller 
pulleys of the upper block we have, by taking 
moments about the centre A of the upper block. 




P.R+T.r=T.R. 



Hence 



P=T 



R-r W R-r 



R 



2 R 



The mechanical advantage of this system therefore 
_W_ 2R 
~ P~ R-r' 

Since JR and r are nearly equal this mechanical advantage is there- 
fore very great. 
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The differential pulley-block avoids one great disadvantage of the 
differential wheel and axle. In the latter machine a very great 
amount of rope is required in order to raise the weight through an 
appreciable distance. 

EXAMPLES. XXVII. 

1. If the radii of the wheel and axle be respectively 2 feet and 
3 inches, find what power must be applied to raise a weight of 
56 lbs. 

2. If the radii of the wheel and axle be respectively 30 inches 
and 5 inches, find what weight would be supported by a force equal 
to the weight of 20 lbs., and find also the pressures on the supports on 
which the axle rests. 

If the thickness of the ropes be each 1 inch, find what weight would 
now be supported. 

3. If by means of a wheel and axle a power equal to 3 lbs. weight 
balance a weight of 30 lbs., and if the radius of the axle be 2 inches, 
what is the radius of the wheel? 

4. The axle of a capstan is 16 inches in diameter and there are 
8 bars. At what distance from the axis must 8 men push, 1 at each 
bar and each exerting a force equal to the weight of 26|- lbs., in order 
that they may just produce a strain sufficient to raise the weight of 
1 ton? 

5. Pour sailors raise an anchor by means of a capstan, the radius 
of which is 4 ins. and the length of the spokes 6 feet from the capstan ; 
if each man exert a force equal to the weight of 112 lbs., find the 
weight of the anchor. 

6. Four wheels and axles, in each of which the radii are in the 
ratio of 5 : 1, are arranged so that the circumference of each axle is 
applied to the circumference of the next wheel ; what effort is required 
to support a weight of 1875 lbs. ? 

7. The radii of a wheel and axle are 2 feet and 2 ins. respectively, 
and the strings which hang from them are tied to the two ends of a 
uniform rod, 2 feet 2 ins. in length and 10 lbs. in weight ; what weight 
must be also hung from one of the strings that the rod may hang 
in a horizontal position? 

8. A pulley is suspended by a vertical loop of string from a wheel- 
and-axle and supports a weight of 1 cwt., one end of the string being 
wound round the axle and the other in a contrary direction round the 
wheel. Find the power which acting at one end of an arm, 2 feet in 
length, so as to turn the axle, will support the weight, assuming the 
radii of the wheel and axle to be 1 foot and 2 ins. 
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9. In the Differential Wheel and Axle, if the radius of the wheel 
be 1 foot and the radii of the two portions of the axle be 5 and 4 ins. 
respectively, what power will support a weight of 56 lbs. ? 

10. In the Differential Wheel and Axle, if the radius of the wheel 
be 18 ins. and the radii of the two portions of the axle be 6 and 4 ins. 
respectively, what weight will be supported by an effort equal to 20 lbs. 
weight? 

11. In a wheel and axle the radius of the wheel is 1 foot and that 
of the axle is 1 inch ; if 2 weights, each 10 lbs., be fastened to 2 points 
on the rim of the wheel, so that the line joining them subtends an 
angle of 120° at the centre of the wheel, find the greatest weight 
which can be supported by a string hanging from the axle in the usual 
way. 

12. In a wheel and axle, if the radius of the wheel be six times 
that of the axle, and if by means of an effort equal to 5 lbs. wt. a 
body be lifted through 50 feet, find the amount of work expended. 

13. A capstan, of diameter 20 inches, is worked by means of a 
lever, which measures 5 feet from the axis of the capstan. Find the 
work done in drawing up by a rope a body, of weight one ton, over 
35 feet of the surface of a smooth plane inclined to the horizon at an 
angle cos~^ 4 • Find also the force applied to the end of the lever, and 
the distance through which the point of application moves. 

14. Verify the Principle of Work in the cases of the Differential 
Wheel-and-Axle and Weston's Differential Pulley, finding the Velocity- 
Batio in each case. 



V. The Common Balance. 

166> The Common Balance consists of a rigid beam 
AB (Art. 167), carrying a scale-pan suspended from each 
end, which can turn freely about a fulcrum outside the 
beam. The fulcrum and the beam are rigidly connected 
and, if the balance be well constructed, at the point 
is a hard steel wedge, whose edge is turned downward 
and which rests on a small plate of agate. 

The body to be weighed is placed in one scale-pan and 
in the other are placed weights, whose magnitudes are 
known ; these weights are adjusted until the beam of the 
balance rests in a horizontal position. If OH be perpen- 

1.8. 14 
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dictilar to the beam, and the arms JIA and JIB be of equal 
length, and if the centre of gravity of the beam lie in 
the line OH, and the scale-pans be of equal weight, then 
the weight of the body is the same as the sum of the 
weights placed in the other scale-pan. 

If the weight of the body be not equal to the sum of 
the weights placed in the other scale-pan, the balance 
will not rest with its beam horizontal, but will rest with 
the beam inclined to the horizon. 

In the best balances the beam is usually provided with 
a long pointer attached to the beam at II. The end of 
this pointer travels along a graduated scale and, when 
the beam is horizontal, the pointer is vertical and points 
to the zero graduation on the scale. 

167. 2^0 find the position of equilibrium of a balance 
when the weights placed in the scale-pans are not equal. 

Let the weights placed in the scale-pans be P and W, 
the former being the greater ; let >S' be the weight of each 
scale-pan, and let the weight of the beam (and the parts 
rigidly connected with it) be W, acting at a point K 
on OH. 

[The figure is drawn out of proportion so that the points 
•may be distinctly marked ; K is actually very near the beam.1^ 

When in equilibrium let the beam be inclined at an 
angle to the horizontal, so that OH is inclined at the 
same angle 6 to the vertical. 

Let OH and OK be h and k respectively, and let the 
length of AH or HB be a. 

Let horizontal lines through and H meet the vertical 
lines through the ends A and B of the beam in the points 
B, M, IJ and M' respectively. 
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Also let the vertical lines through H and K meet LM 
in F and G respectively. 




W+S 



P+S 



When the system is in equilibrium, the moments of 
the forces about must balance. 

.-. {P + S).OL = {W+S)OM+ W . OG, 
i.e., {P + S){FL-FO) = {W+S) {FM +OF)+W'. OG, 
.'. (P + S) {acosd -h8me) = {W + S) (acosO + hsme) 

+ W'.k sin e. 
[For OF = OH cos FOH = A siri ^ ; OG = OK sin $ ; 
and FL = HL' = a cos $.] 

:. acose(P- W) = ain$[W'k + (P+ W+2S)h]. 
{P - W) a 



'. tan 9 = 



W'k + {P+W+2S)h 



168. Requisites of a good balance. 

(1) The balance must be true. 

This will be the case if the arms of the balance be 
equal, if the weights of the scale-pans be equal, and if 
the centre of gravity of the beam be on the line through 

14—2 
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the fulcrum perpendicular to the beam ; for the beam will now 
be horizontal when equal weights are placed in the scale-pans. 
To test whether the balance is true, first see if the beam 
is horizontal when the scale-pans are empty ; then make 
the beam horizontal by putting sufficient weights in one 
scale-pan to balance the weight of a body placed in the 
other ; now interchange the body and the weights ; if they 
still balance one another, the balance must be true; if in 
the second case the beam assumes any position inclined to 
the vertical, the balance is not true. 

(2) The balance must be sensitive, i.e., the beam must, 
for any difference, however small, between the weights 
in the scale-pans, be inclined at an appreciable angle to 
the horizon. 

For a given difference between P and W, the greater 
the inclination of the beam to the horizon the more sensitive 
is the balance; also the less the difference between the 
weights required to produce a given inclination 6, the 
greater is the sensitiveness of the balance. 

Hence, when P —W is, given, the sensitiveness increases 
as 6 increases, and therefore as tan 6 increases ; also, when 
9 is given, it varies as 

1 
P-W 

The sensitiveness is therefore appropriately measured by 
tan^ 

Hence, the sensitiveness of a balance will be great if 
the arm a be fairly long in comparison with the distances 
h and k and the weight W of the beam be as small 
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as is consistent with the length and rigidity of the 
machine. 

If h is not zero, it follows that the sensitiveness depends 
on the values of P and IF, i.e. depends on the loads in the 
scale-pans. In a balance for use in a chemical laboratory 
this is undesirable. Such balances are therefore made with 
h zero, i.e. with the point in the figure coinciding with 
H. The sensibility then varies inversely with h^ the 
distance of the centre of gravity of the beam below 
or H. 

But we must not make both h and h zero ; for then the 
points and K would both coincide with H. In this case 
the balance would either when the weights in the scale-pans 
were equal, be, as in Art. 144, in equilibrium in any 
position or else, if the weights in the scale-pans were not 
equal, it would take up a position as nearly vertical as 
the mechanism of the machine would allow. 

(3) The balance must be stable and must quickly take 
up its position of equilibrium. 

The determination of the time taken by* the machine to 
take up its position of equilibrium is essentially a dynamical 
question. We may however assume that this condition 
is best satisfied when the moment of the forces about the 
fulcrum is greatest. When the weights in the scale-pans 
are each P, the moment of the forces tending to restore 
equilibrium 

= {P + S) (a cos6 + h sin 6)-{P + S) {a cos 9-h sin 6) 

+ W'.ksui6 
= [2{P + JS)h+W'.k]sui9. 

This expression is greatest when h and k are greatest. 
Since the balance is most sensitive when h and k are 
small, and most stable when these quantities are large, we 
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see that in any balance great sensitiveness and quick weigh- 
ing are to a certain extent incompatible. In practice this 
is not very important ; for in balances where great sensi- 
tiveness is required (such as balances used in a laboratory) 
we can afford to sacrifice quickness of weighing; the 
opposite is the case when the balance is used for ordinary 
commercial purposes. 

To insure as much as possible both the qualities of 
sensitiveness and quick weighing, the balance should be 
made with fairly light long arras, and at the same time 
the distance of the fulcrum from the beam should be 
considerable. 

169. Double weighing. By this method the 
weight of a body may be accurately determined even 
if the balance be not accurate. 

Place the body to be weighed in one scale-pan and in 
the other pan put sand, or other suitable material, sufiicient 
to balance the body. Next remove the body, and in its 
place put known weights sufficient to again balance the 
sand. The weight of the body is now clearly equal to the 
sum of the weights. 

This method is used even in the case of extremely good 
machines when very great accuracy is desired. It is known 
as Borda's Method, 

170. Ex. 1. The arms of a balance are equal in length but the 
beam is xmjustly loaded; if a body be placed in each scale-pan in suc- 
cession and weighed, shew tliat its true weight is the arithmetic mean 
between its apparent weights. 

For let the length of the arms be a, and let the horizontal distance 
of the centre of gravity of the beam from the fulcrum be x. 

Let a body, whose true weight is W, appear to weigh ITj and W^ 
successively. 

If W be the weight of the beam, we have 

W.a=W'.x+W^.a, 

and W^.a=W'.x+W,a. 
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Hence, by subtraction, 

{W-W^a=(Wi-W)a. 

= arithmetic mean between the 
apparent weights. 

Ex. 2. The arms of a balance are of unequal lengthy hut the beam, 
remains in a horizontal position when the scale-pans are not loaded; 
sheiu that, if a body be placed successively in each scale-pan, its true 
weight is the geometrical mean between its apparent weights. 

[Method of Gauss.] 

Shexo also tliat if a tradesman appear to weigh out equal quantities 
of the same substance, using alternately each of the scale-pans, he will 
defraud himself. 

Since the beam remains horizontal when there are no weights in 
the scale-pans, it follows that the centre of gravity of the beam and 
scale-pans must be vertically under the fulcrum. 

Let a and b be the lengths of the arms of the beam and let a body, 
whose ti-ue weight is W, appear to weigh Wi and W^ successively. 

Hence W.a=W^.b (1), 

and 'Wz.a=W.b (2). 

Hence, by multiplication, we have 

W^.ab = W jW^.ab . 

i.e., the true weight is the geometrical mean between the apparent 
weights. 

Again, if the tradesman appear to weigh out in succession quan- 
tities equal to W, he really gives his customers Wi+W^^ 

Now Wi+W2-2W=W^+W--2W 

ab ab 

Now, whatever be the values of a and h, the right-hand member of 

this equation is always positive, so that W^ + W^ is always >2W. 

Hence the tradesman defrauds himself. 

Numerical example. If the lengths of the arms be 11 and 12 ins. 

respectively, and if the nominal quantity weighed be 66 lbs. in each 

case, the real quantities are y|-.66 and y^^ . 66, i.e., 60|- and 72, 

i.e., 132 J lbs., so that the tradesman loses ^ lb. 

Ex. 3. If a balance be unjustly weighted, and have unequal arms, 
and if a tradesman weigh out to a customer a quantity 2W of some sub- 
stance by iceighing equal portions in the two scale-pans, sheio that he 
will defraud himself if the centre of gravity of the beam be in the longer 
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Let a and b be the lengths of the anns ; and let the weight W of 
the machine act at a point in the arm 6 at a distance x from the 
fulcrum. Let a body of weight W, placed in the two pans in suc- 
cession, be balanced by TFj and TFj respectively. Then we have 

W.a=W^.h-\-W'.x, 
and W^.a=W.h-\-W'.x. 

ah ab 

If 6 be>a, the right-hand member of this equation Is positive, and 
then TFj + TFa is >2Tr. 

Hence, if the centre of gravity of the beam be in the longer arm, 
the tradesman wUl defraud himseK. 

EXAMPLES. XXVm. 

1. The only fault in a balance being the unequalness in weight 
of the scale-pans, what is the real weight of a body which balances 
10 lbs. when placed in one scale-pan, and 12 lbs. when placed in the 
other? 

2. The arms of a balance are Sf and 9 ins. respectively, the goods 
to be weighed being suspended from the longer arm; find the real 
weight of goods whose apparent weight is 27 lbs. 

3. One scale of a common balance is loaded so that the apparent 
weight of a body, whose true weight is 18 ounces, is 20 ounces ; find 
the weight with which the scale is loaded. 

4. A substance, weighed from the two arms successively of a 
balance, has apparent weights 9 and 4 lbs. Find the ratio of the 
lengths of the arms and the true weight of the body. 

5. A body, when placed in one scale-pan, appears to weigh 24 lbs. 
and, "when placed in the other, 25 lbs. Find its true weight to three 
places of decimals, assuming the arms of the scale-pans to be of 
unequal length. 

6. A piece of lead in one pan -4 of a balance is counterpoised by 
100 grains in the pan B ; when the same piece of lead is put into the 
pan B it requires 104 grains in A to balance it ; what is the ratio of 
the length of the arms of the balance ? 

7. A body, placed in a scale-pan, is balanced by 10 lbs. placed in 
the other pan ; when the position of the body and the weights are 
interchanged, 11 lbs. are required to balance the body. If the length 
of the shorter arm be 12 Ins., find the length of the longer arm and 
the weight of the body. 
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8. The arms of a false balance, whose weight is neglected, are in 
the ratio of 10 : 9. If goods be alternately weighed from each arm, 
shew that the seller loses |-ths per cent. 

9. If the arms of a false balance be 8 and 9 ins. long respectively, 
find the prices really paid by a person for tea at two shillings per lb., 
if the tea be weighed out from the end of (1) the longer, (2) the shorter 
arm. 

10. A dealer has correct weights, but one arm of his balance is 
■^ih part shorter than the other. If he sell two quantities of a 
certain drug, each apparently weighing 9|- lbs., at 408. per lb., weigh- 
ing one in one scale and the other in the other, what will he gain or 
lose? 

11. "When a given balance is loaded with equal weights, it is 
found that the beam is not horizontal, but it is not known whether 
the arms are of unequal length, or the scale-pans of unequal weight ; 
51-075 grains in one scale balance 51-362 in the other, and 25-592 
grains balance 25-879 grains ; shew that the arms are equal, but that 
the scale-pans differ in weight by -287 grains. 

12. P and Q balance on a common balance ; on interchanging 
them it is found that we must add to Q one-hundredth part of 
itself; what is the ratio of the arms and the ratio of P to Q? 

13. A true balance has one scale unjustly loaded ; if a body be 
successively weighed in the two scales and appear to weigh P and 
Q pounds respectively, find the amount of the unjust load and also 
the true weight of the body. 

14. The arms of a false balance are unequal and the scale 
loaded ; a body, whose true weight is P lbs., appears to weigh w lbs. 
when placed in one scale and w' lbs. when placed in the other ; find 
the ratio of the arms and the weight with which the scale is loaded. 

15. In a loaded balance with unequal arms, P appears to weigh 
Q, and Q appears to weigh It ; find what B appears to weigh. 

16. A piece of wood in the form of a long wedge, of uniform 
width, one end being ^-inch and the other -j--inch thick, is suspended 
by its centre of gravity and used as the beam of a balance, the goods 
to be weighed being suspended from the longer arm; find the true 
weight of goods whose apparent weight is 20 lbs. 

17. The arms of a false balance are a and 6, and a weight W 
balances P at the end of the shorter arm b, and Q at the end of the 
arm a ; shew that 

a P-W 
h~W-Q' 

18. If a man, sitting in one scale of a weighing-machine, press 
with a stick against any point of the beam between the point from 
which the scale is suspended and the fulcrum, shew that he will 
appear to weigh more than before. 



218 



STATICS 



VI. The Steelyards. 

171. The Common, or Roman, Steelyard is a 
machine for weighing bodies and consists of a rod, AB, 
movable about a fixed fulcrum at a point G. 




A GC 9 );Ci 

T, 



w 



w 



-f 
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At the point A is attached a hook or scale-pan to carry 
the body to be weighed, and on the arm CB slides a movable 
weight P. The point at which P must be placed, in order 
that the beam may rest in a horizontal position, determines 
the weight of the body in the scale-pan. The arm CB has 
numbers engraved on it at different points of its length, so 
that the graduation at which the weight P rests gives tlie 
weight of the body. 

172. To graduate the Steelyard. Let W be the 
weight of the steelyard and the scale-pan, and let G be the 
point of the beam through which W acts. The beam is 
usually constructed so that G lies in the shorter arm AC. 
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When there is no weight in the scale-pan, let be the 
point in CB at which the movable weight P must be placed 
to balance W. 

Taking moments about C, we have 

W .GG=P.CO (i). 

This condition determines the position of the point 
which is the zero of graduation. 

When the weight in the scale-pan is W, let X be the 
point at which P must be placed. Taking moments, we 
have 

W.GA+W .GG = P.GX (ii). 

By subtracting equation (i) from equation (ii), we have 
W.GA = P.OX. 

.'. 0X=^. GA •. (iii). 

Eirst, let W = P ; then, by (iii), we have 
OX=GA. 

Hence, if from we measure off a distance OXi (= GA), 
and if we mark the point Xj^ with the figure 1, then, 
when the movable weight rests here, the body in the 
scale-pan is P lbs. 

Secondly, let W=2P; then, from (iii), 0X = 2GA. 

Hence from mark off a distance 2GA, and at the 
extremity put the figure 2. Thirdly, let W = 3P ; then, 
from (iii), OX = 3GA, and we therefore mark off a distance 
from equal to 3CA, and mark the extremity with the 
figure 3. 

Hence, to graduate the steelyard, we must mark off from 
successive distances GA, 2GA, 3GA,... and at their ex- 
tremities put the figures 1, 2, 3, 4, The intermediate 

spaces can be subdivided to shew fractions of P lbs. 
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If the movable weight be 1 lb., the graduations will 
shew pounds. 

Cor. Since the distances between successive graduations are equal, 
it follows that the distances of the points of graduations from the 
fulcrum, corresponding to equal increments of weight, form an 
arithmetical progression whose common difference is the distance 
between the fulcrum and the point at which the body to be weighed 
is attached. 

173. When the centre of gravity Q of the machine is in the 
longer arm, the point from which the graduations are to be measured 
must lie in the shorter arm. The theory will be the same as before, 
except that in this case we shall have to add the equations (i) and (ii). 

174. The Danish steelyard consists of a bar AB, 
terminating in a heavy knob, or ball, B. At A is attached 
a hook or scale-pan to carry the body to be weighed. 




X3X2' C />! 



4 3 2 A i 



W> 



The weight of the body is determined by observing 
about what point of the bar the machine balances. 

[This is often done by having a loop of string, which can slide 
along the bar, and finding where the loop must be to give equi- 
librium.] 

175. To graduate the Danish steelyard. Let P be 
the weight of the bar and scale-pan, and let G be their 
common centre of gravity. When a body of weight W is 
placed in the scale-pan, let G be the position of the fulcrum. 
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By taking moments about C, we have 

AC. W=CG.P={AG-AC).F. 
.: AC{P+W) = 2\AG. 

•■• ^^ = FTr-^^ ^^^• 

First, let W=P; then AC = \AG. 

Hence bisect AG and at the middle point, X,, engrave 
the figure 1 ; when the steelyard balances about this point 
the weight of the body in the scale-pan is P. 

Secondly, let W=2P; then AG = \AG. 

Take a point at a distance from A equal to ^AG and 
mark it 2. 

Next, let W in succession be equal to 3P, 4P, . . . ; from 
(i), the corresponding values oi AC are ^AG,\AG^.... Take 
points of the bar at these distances from A and mark them 
3, 4,.... 

Finally, let W=IP; then, from (i), AC = %AG ; 
and let TT = |P ; then, from (i), AC = \AG. 

Take points whose distances from A are ^AG, ^AG, 
^AG^..., and mark them ^, ^, \,---- 

It will be noticed that the point G can be easily de- 
termined; for it is the position of the fulcrum when the 
steelyard balances without any weight in the scale-pan. 

Cor. Since AX^, AX^, AX^,... are inversely proportional to the 
numbers 2, 3, 4, ... they form an harmonical progression; hence the 
distances of the points of graduation from the scale-pan (corresponding 
to equal increments of the body to be weighed) are in harmoxiical pro- 
gression. 

Ex. A Danish steelyard weighs 6 lbs., and the distance of its 
centre of gravity from the scale-pan is 3 feet; find tlie distances of the 
sitccessive points of graduation from the fulcrum. 

Taking the notation of the preceding article, we have P=6, and 
AG=3 feet. 
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.: when W=l, AX^=^^=2^ feet, 
when W=2, AX^=^^=2\ ieet, 
when W=Z, AX^=^-=2 feet, 

when W= I , AX^ = r^ = 2\% feet, 

and so on. 

These give the required graduations. 

EXAMPLES. XXIX. 

1. A common steelyard weighs 10 lbs. ; the weight is suspended 
from a point 4 inches from the fulcrum, and the centre of gravity of 
the steelyard is 3 inches on the other side of the fulcrum ; the movable 
weight is 12 lbs.; where should the graduation corresponding to 1 cwt. 
be situated? 

2. A heavy tapering rod, 14|- inches long and of weight 3 lbs., 
has its centre of gravity l|- inches from the thick end and is used as 
a steelyard with a movable weight of 2 lbs. ; where must the fulcrum 
be placed, so that it may weigh up to 12 lbs. , and what are the inter- 
vals between the graduations that denote pounds? 

3. In a steelyard, in which the distance of the fulcrum from the 
point of suspension of the weight is one inch and the movable weight 
is 6 ozs., to weigh 15 lbs. the weight must be placed 8 inches from the 
fulcrum ; where must it be placed to weigh 24 lbs. ? 

4. The fulcrum is distant l^- inches from the point at which are 
suspended the goods to be weighed, and is distant 2 inches from the 
centre of gravity of the bar; the bar itself weighs 3 lbs. and a 2 lb. 
weight slides on it. At what distance apart are the graduations 
marking successive pounds' weight, and what is the least weight that 
can be weighed? 

5. A steelyard, AB, 4 feet long, has its centre of gravity 11 inches, 
and its fulcrum 8 mches, from A. If the weight of the machine be 
4 lbs. and the movable weight be 3 lbs., find how many inches from 
B is the graduation marking 15 lbs. 

6. A uniform bar, AB, 2 feet long and weighing 3 lbs., is used 
as a steelyard, being supported at a point 4 inches from A. Find 
the greatest weight that can be weighed with a movable weight of 
2 lbs., and find also the point from which the graduations are 
measured. 
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7. A uniform rod being divided into 20 equal parts, the fulcrum is 
placed at the first graduation. The greatest and least weights which 
the instrument can weigh are 20 and 2 lbs. ; find its weight and the 
magnitude of the movable weight. 

8. A uniform rod, 2 feet long and of weight 3 lbs., is used as 
a steelyard, whose fulcrum is 2 inches from one end, the sliding 
weight being 1 lb. Find the greatest and the least weights that can 
be measured. 

Where should the sliding weight be to shew 20 lbs. ? 

9. The beam of a steelyard is 33 inches in length ; the fulcrum is 
distant 4 inches and the centre of gravity of the beam Si inches from 
the point of attachment of the weight ; if the weight of the beam be 
6 lbs. and the heaviest weight that can be weighed be 24 lbs., find the 
magnitude of the movable weight. 

10. A steelyard is formed of a uniform bar, 3 feet long and 
weighing 2\ lbs., and the fulcrum is distant 4 inches from one end; if 
the movable weight be 1 lb., find the greatest and least weights that 
can be weighed by the machine and the distance between the gradua- 
tions when it is graduated to shew pounds. 

11. A common steelyard, supposed uniform, is 40 inches long, 
the weight of the beam is equal to the movable weight, and the greatest 
weight that can be weighed by it is four times the movable weight ; 
find the position of the fulcrum. 

12. In a Danish steelyard the distance between the zero gradua- 
tion and the end of the instrument is divided into 20 equal parts and 
the greatest weight that can be weighed is 3 lbs. 9 ozs. ; find the weight 
of the instrument. 

13. Find the length of the graduated arm of a Danish steelyard, 
whose weight is 1 lb., and in which the distance between the gradua- 
tions denoting 4 and 5 lbs. is one inch. 

14. In a Danish steelyard the fulcrum rests halfway between the 
first and second graduation ; shew that the weight in the scale-pan is 
■g^ths of the weight of the bar. 

15. If the weight of a steelyard be worn away to one-half, its 
length and centre of gravity remaining unaltered, what corrections 
must be applied to make the weighing true, if the distance of the zero 
point of graduation from the fulcrum were originally one-third of the 
distance between successive graduations, and if the movable weight be 
one pound? 

16. A steelyard by use loses Y^th of its weight, its centre of gravity 
remaining unaltered ; shew how to correct its graduations. 
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Exs. XXIX 



17. A shopman, using a common steelyard, alters the movable 
weight for which it has been graduated ; does he cheat himself or his 
customers? 

18. In a weighing machine constructed on the principle of a 
common steelyard, the pounds are read off by graduations reading 
from to 14 lbs., and the stones by a weight hung at the end of the 
arm ; if the weight corresponding to one stone be 7 ounces, the morable 
weight ^ lb. , and the length of the arm measured from the fulcrum 1 
foot, shew that the distance between successive graduations is f inch. 

19. A weighing machine is constructed so that for each complete 
stone placed in the weighing pan an additional mass of m ounces has 
to be placed at the end of the arm, which is one foot in length 
measured from the fulcrum, whilst the odd pounds in the weighing 
pan are measured by a mass of n ounces sliding along the weighing 
arm. Shew that the distances between the graduations for successive 

lbs. must be ■=- inches, and that the distance from the fulcrum of the 
In 

point of suspension of the weight is -^ inches. 



VII. The Screw. 

176. A Screw consists of a cylinder of metal round 
the outside of which runs a protuberant thread of metal. 
Let ABGD be a solid cylinder, and let EFGH be a 




rectangle, whose base EF is equal to the circumference 
of the solid cylinder. On EH and FG take points 

L, N, Q... and K, M, P... 
such that EL, LN,...FK, KM, MP ,.. 

are all equal, and join EK, LM, NP,.... 
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Wrap the rectangle round the cylinder, so that the 
point E coincides with A and EU with the line AD. On 
being wrapped round the cylinder the point F will coincide 
with E Skt A. 

The lines EK, LM, NP, ... will now become a con- 
tinuous spiral line on the surface of the cylinder and, if 
we imagine the metal along this spiral lino to become 
protuberant, we shall have the thread of a screw. 

It is evident, by the method of construction, that the 
thread is an inclined plane running round the cylinder 
and that its inclination to the horizon is the same every- 
where and equal to the angle KEF. This angle is often 
called the angle of the screw, and the distance between 
two consecutive threads, measured parallel to the axis, is 
called the pitch of the. screw. 

It is clear that FK is equal to the distance between 
consecutive threads on the screw, and that EF is equal to 
the circumference of the cylinder on which the thread is 
traced. 

FK 
.'. tan (angle of screw) = -p^, 

_ pitch of screw 

circumference of a circle whose radius is the distance from 
the axis of any point of the screw. 

The section of the thread of the screw has, in practice, 
various shapes. The only kind that we shall consider has 
the section rectangular. 

177. The screw usually works in a jSxed support, 
along the inside of which is cut out a hollow of the same 
shape as the thread of the screw, and along which the 
thread slides. The only movement admissible to the screw 

L. s. 15 



226 



STATICS 



is to revolve about its axis, and at the same time to move 
in a direction parallel to its length. 

If the screw were placed in an upright position,- and 
a weight placed on its top, the screw would revolve and 
descend since there is supposed to be no friction between 
it and its support. Hence, if the screw is to remain in 
equilibrium, some force must act on it; this force is usually 
applied at one end of a horizontal arm, the other end of 
which is rigidly attached to the screw. 

178. In a smooth scr'ew, to find the relation between 
tJie effort and the weight. 

Let a be the distance of any point on the thread of the 
Screw from its axis, and h the distance, AB, from the axis 
of the screw, of the point at which the effort is applied. 




The screw is in equilibrium under the action of the 
effort P, the weight TT, and the reactions at the points 
in which the fixed block touches the thread of the screw. 
Let R, S,T, ... denote the reactions of the block at different 
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points of the thread of the screw. These will be all per- 
pendicular to the thread of the screw, since it is smooth. 

Let a be the inclination of the thread of the screw 
to the horizon. 

The horizontal and vertical components of the reaction 
R are R sin a and R cos a respectively. 

Similarly, we may resolve S, T, .... 

Hence the reactions of the block are equivalent to 
a set of forces R cos a, S cos a, 
Tcosa, ... vertically, and a set \R 

R sin a, *S^ sin a, 2^ sin a, ... horizon- 
tally. These latter forces, though 

they act at different points of the .^d^^\ '£'\ 

screw, all act at the same distance 

from the axis of the screw; they also tend to turn the 
screw in the opposite direction to that of P. 
Equating the vertical forces, we have 
1}^= ^ cos a + A? cos a + ... =(R-\-S-^T-\- ...)cos a...(l). 
Also, taking moments about the axis of the screw, we 
have, by Art. 93, 

P .h~R sin a . a-v S sin a . a + l^sin a . a + . . . 

= asina(i2 + ^+^+...) (2). 

From equations (1) and (2) we have, by division, 
P .h _a sin a 
W ~ cos a ' 

P a 2Tra tan a 

But, by Art. 176, 

27ra tan a = distance between consecutive threads — pitch of 
the screw. 

15—2 
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Also 27r6 = circumference of the circle described by the 
end B of the effort-arm. 

Hence the mechanical advantage = -~r = 



P 2ira tan a 
circumference of a circle whose radius is the effort-arm 
distance between consecutive threads of the screw 

Verification of the Principle of Work. 

For each revolution made by the effort-arm the screw 
rises through a distance equal to the distance between two 
consecutive threads. 

Hence, during each revolution, the work done by the 
effort is 
P X circumference of the circle described by the end of tlie 

effort-arm, 
and that done against the weight is 

W X distance between two consecutive threads. 

These are equal by the relation just proved. 

*179. Theoretically, the mechanical advantage in 
the case of the screw can be made as large as we please, by 
decreasing sufficiently the distance between the threads 
of the screw. In practice, however, this is impossible; 
for, if we diminish the distance between the threads to 
too small a quantity, the threads themselves would not 
be sufficiently strong to bear the strain put upon them. 

By means of Hunter's Differential Screw this 
difficulty may be overcome. 

In this machine we have a screw AD working in a fixed 
block. The inside of the screw AD is hollow and is 
grooved to admit a smaller screw DE. The screw DE 
is fastened at ^ to a block, so that it cannot rotate, but 
can only move in the direction of its length. 
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When the etFort-arin AB lias made one revolution, 
the screw AD has advanced a distance equal to the dis- 
tance between two consecutive threads, and at the same 
time the smaller screw goes into DA a distance equal 




to the distance between two consecutive threads of the 
smaller screw. Hence the smaller screw, and therefore 
also the weight, advances a distance equal to the difference 
of these two distances. 

"When in equilibrium let R, S, T, ... be the reactions 
between the larger screw and its block, and H', S', T\ ... 
the reactions between the inner and outer screws ; let 
a and a' be the radii, and a and a' the angles of the screws. 

As in the last article, since the outer screw is in equi- 
librium, we have 

r . b = {li + S + T +...) sin a . a- {H' + S' + ...) sin a . a' 

(1), 

and (Ji + S+T+ ...)cosa = (7^' + *S"+...)cosa'...(2). 
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Also, since the inner screw is in equilibrium, we have 

W={Ji'-¥S'^T' ...) COB a! (3). 

From (2) and (3), we have 

W W 

B' + S'+...=——,,B.ndR + S-V...= 



cos a COS a 

Hence, from (1), 

P .h=W . a tan a—W.a' tan a. 

W 27r6 

P 'iira tan a — 2ira' tan a' 
circum. of the circle described by the end of the power-arm 
~" difference of the pitches of the two screws 

By making the pitches of the two screws nearly equal, 
we can make the mechanical advantage very great without 
weakening the machine. 

The principle of work is seen to be true in this case 
also ; for the weight rises in this case a distance equal 
to the difference between the pitches of the screws. 

EXAMPLES. XXX. 

1. Find what mass can be lifted by a smooth vertical screw of 
1^ ins. pitch, if the power be a force of 25 lbs. wt. acting at the end of 
an arm, 3|- feet long. 

2. What must be the length of the power-arm of a screw, having 
6 threads to the inch, so that the mechanical advantage may be 216? 

3. What force applied to the end of an arm, 18 ins. long, will 
produce a pressure of 1100 lbs. wt. upon the head of a screw, when 
seven turns cause the screw to advance through -frds of an inch? 

4. A screw, whose pitch is \ inch, is turned by means of a lever, 
4 feet long; find the force which will raise 15 cwt. 

5. The arm of a screw-jack is 1 yard long, and the screw has 
2 threads to the inch. What force must be applied to the arm to 
raise 1 ton? 

6. What is the thrust caused by a screw, having 4 threads to the 
inch, when a force of 50 lbs. wt. is applied to the end of an arm, 2 feet 
long? 
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7. What thrust will a screw, whose arm is 2 feet and with 
10 threads per foot of its length, produce, if the effort be a force of 
112 lbs. weight? 

8. If the effort be applied at the end of an arm of 1 foot in length, 
and if the screw make seven complete turns in 1 foot of its length, 
find the effort that will support a weight of 1 ton. 

9. If the lever by which a screw is worked be 6 feet in length, 
determine the distance between two successive threads of the screw, 
in order that a thrust of 10 lbs. wt. applied to each end of the 
lever may produce a thrust of 1000 lbs. wt. at the end of the 
screw. 

10. Find the mechanical advantage in a differential screw, having 
5 threads to the inch and 6 threads to the inch, the effort being 
applied at the circumference of a wheel of diameter 4 feet. 

11. Find the mechanical advantage in a differential screw, the 
larger screw having 8 threads to the inch and the smaller 9 threads, 
the length of the effort-arm being 1 foot. 

12. If the axis of a screw be vertical and the distance between 
the threads 2 inches, and a door, of weight 100 lbs., be attached to 
the screw as to a hinge, find the work done in turning the door 
through a right angle. 

13. Prove that the tension of a stay is equal to 9 tons* weight if 
it be set up by a force of 49 lbs. at a leverage of 2 feet acting on a double 
screw having a right-handed screw of 5 threads to the inch and 
a left-handed one of 6 threads to the inch. 

[For one complete turn of the screw its ends are brought nearer by 
a distance of (^-h^) inch. Hence the principle of work gives 

2'x(^-f-^)xTV=49x27r.2, 
where T is the tension of the stay in lbs. wt.] 



CHAPTER XIII. 

FRICTION. 

180. In Art. 20 we defined smooth bodies to be 
bodies such that, if they be in contact, the only action 
between them is perpendiculai" to both surfaces at the 
point of contact. "With smooth bodies, therefore, there 
is no force tending to prevent one body sliding over the 
other. If a perfectly smooth body be placed on a perfectly 
smooth inclined plane, there is no action between the plane 
and the body to prevent the latter from sliding down the 
plane, and hence the body will not remain at rest on the 
plane unless some external force be applied to it. 

Practically, however, there are no bodies which are 
perfectly smooth ; there is always some force between two 
bodies in contact to prevent one sliding upon the other. 
Such a force is called the force of friction. 

Friction. Def. If two bodies he in contact zoith one 
anotlier, the property of the two bodies, by virtue of which 
a force %s exerted between them at their 2^oint of contact to 
prevent one body sliding on the other, is called friction ; also 
the force exerted is called the force of friction. 
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181. Friction is a self-adjusting force; no more 
friction is called into play than is sufficient to prevent 
motion. 

Let a heavy skib of iron with a plane base be placed on 
a horizontal table. If we attach a piece of string to some 
point of the body, and pull in a horizontal directioii passing 
through the centre of gravity of the slab, a resistance is felt 
whicli prevents our moving the body ; this resistance is 
exactly equal to the force which Ave exert on the body. 

If we now stop pulling, the force ef friction also ceases 
to act ; for, if the force of friction did not cease to act, the 
body would move. 

The amount of friction which can be exerted between 
two bodies is not, however, unlimited. If we continually 
increase the force whicli we exert on the slab, we find that 
finally the friction is not sufficient to overcome this force, 
and the body moves. 

182. Friction plays an important part in the me- 
chanical problems of ordinary life. If there were no friction 
between our boots and the ground, we should not be able 
to walk; if there were no friction between a ladder and 
the ground, the ladder would not . rest, unless held, in any 
position inclined to the vertical ; without friction nails 
and screws Avould not remain in wood, nor would a loco- 
motive engine be able to draw a train. 

183. The laws of statical friction are as follows : 
La'W I. Wli£n two bodies are in contact, tlie direction 

of the friction on one of them at its point of contact is O'p'po- 
site to the direction in which this point of contact would com- 
mence to move. 

Lavr II. The magnitude of the friction is, when there 
is equilibrium, jiist sufficient to preverit the bodi/from, moving. 
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184f. Suppose, in Art. 156, Case I., the plane to be 
rough, and that the body, instead of being supported by 
a force, rested freely on the plane. In this case the force 
P is replaced by the friction, which is therefore equal to 
W sin a. 

Ex. 1. In what direction does the force of friction act in the 
case of (1) the wheel of a carriage, (2) the feet of a man who is 
walking ? 

Ex. 2. A body, of weight 30 lbs., rests on a rough horizontal 
plane and is acted upon by a force, equal to 10 lbs. wt., making an 
angle of 30° with the horizontal ; shew that the force of friction is 
equal to about 8'66 lbs. wt. 

Ex. 3. A body, resting on a rough horizontal plane, is acted on 
by two horizontal forces, equal respectively to 7 and 8 lbs. wt., and 
acting at an angle of 60° ; shew that the force of friction is equal to 

13 lbs. wt. in a direction making an angle sin~^ -^ with the first 

force. '' 

Ex. 4. A body, of weight 40 lbs., rests on a rough plane inclined 
at 30° to the horizon, and is supported by (1) a force of 14 lbs. wt. 
acting up the plane, (2) a force of 25 lbs. acting up the plane, (3) a 
horizontal force equal to 20 lbs. wt., (4) a force equal to 30 lbs. wt. 
making an angle of 30° with the plane. 

Find the force of friction in each case. 

Ans. (1) 6 lbs. wt. up the plane ; (2) 5 lbs. wt. down the plane ; 
(3) 2'68 lbs. wt. up the plane ; (4) 6*98 lbs. wt. down the plane. 

185. The above laws hold good, in general; but the 
amount of friction that can be exerted is limited, and equi- 
librium is sometimes on the point of being destroyed, and 
motion often ensues. 

Limiting Friction. Def. WJien one body is just on 
the point of sliding upon aTiother body, tlie equilibrium is 
said to be limiting, and the, friction then exerted is called 
limAting friction. 

186. The direction of the limiting friction is given 
by Law I. (Art. 183). 

The magnitude of the limiting friction is given by the 
three followinsr laws. 
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Iia'W III. Tlie magnitude of the limiting friction 
always bears a constant ratio to the normal reaction, and 
this ratio depends only on the substances of which the bodies 
are composed. 

Law IV. The limiting friction is independent of tlie 
extent and shape of the surfaces in contact, so long as the 
normal reaction is unaltered. 

Law V. When motion ensues, by one body sliding over 
the otJier, the direction of friction is opposite to the direction 
of motion ; the magnitude of the friction is independent of 
the velocity, but the ratio of tlie friction to the normal reaction 
is slightly less than wlien the body is at rest and just on the 
point of motion. 

The above laws are experimental, and cannot be ac- 
cepted as rigorously accurate, though they represent, 
however, to a fair degree of accuracy the facts under 
ordinary conditions. 

For example, if one body be pressed so closely on 
another that the surfaces in contact are on the point of 
being crushed, Law III, is no longer true; the friction 
then increases at a greater rate than the normal reaction. 

187. Coefficient of Friction. The constant 

ratio of the limiting friction to the normal pressure is 

called the coefficient of friction, and is generally denoted 

by /x; hence, if -F be the friction, and H the normal 

pressure, between two bodies when equilibrium is on the 

F 
point of being destroyed, we have ■5 = j"'> and hence 

F = ijJi. 

The values of ju. are widely different for different pairs 
of substances in contact; no pairs of substances are, 
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however, known for which the coeflicient of friction is as 
great as unity. 

188. To verify the laws of friction hy experiment. 




Experlinent 1. Take a large smooth piece of wood (A) and 
clamp it firmly so as to be horizontal. Take a second piece of wood 
(B) to act as a sliding piece and make it as smooth as possible ; 
attach a light string to it and pass the string over a light pulley 
fixed at the end of the piece A, and at the other end of the string 
attach a scale-pan. 

The pulley should be so placed that the part of the string, which 
is not vertical, should be horizontal. 

Upon the sliding piece put a known weight B, and into the scale- 
pan put known weights, F, until the slider is just on the point of 
motion. The required weight F can be very approximately ascer- 
tained by gently tapping the fixed piece A. 

Consider now the right-hand diagram. 

Let W be the total weight of jR and the sliding piece, and W the 
total weight of F and the scale-pan. Since the slider is just on the 
point of motion the friction on it is /mW; also the tension T of the 
string is equal to W, since it just balances the scale-pan and F. 

From the equilibrium of the sUder we have 
fiW= T= W. 
W 
■•■ l^=w' 

Next, put a different weight on the slider, and adjust the corre- 
sponding weight F until the sUder is again on the point of motion 
and calculate the new values, W-y and IF/, of W and W. Then, as 
before, 

IF/ 

Perform the experiment again with different weights on the slider 
and obtain the values of 

TF-' TF,'- 
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Then, approximately, it mil be found that 
TT ^ T^V 
TF' TFi ' TFs"" 
will be the same. 

Hence the truth of the first part of Law III. viz. that the value 
of fj, is independent of the normal reaction. 

Experiment 2. Take another piece of wood [B) whose shape is 
quite different from the piece used in Experiment 1. [This should be 
obtained by cutting it from the same piece of well-planed wood from 
which the first piece B was taken.] 

The area of this piece B in contact with the board A should differ 
considerably from that in Experiment 1, whether greater or less is im- 
material. 

Perform the Experiment 1 over again and deduce the corresponding 
value of fj.. It will be found to be, within the limits of experiment, 
the same as in Experiment 1. But the only difference in the two 
experiments is the extent of the rough surfaces in contact. 

Hence the truth of Law IV. 

Experiment 3. Take another piece of a different kind of wood 
(G) and plane it well. Cut out from it pieces, of different area, but 
with surfaces otherwise as nearly alike as possible. 

Perform Experiments 1 and 2 over again and obtain the value of fi. 
This value of ix. will be found to differ from the value of /* found when 
the slider was made of wood B. Hence the truth of the second part 
of Law in. viz. that the ratio depends on the substances of which the 
bodies are composed. 

Experiment 4. Perform the above three experiments over again 
but in this case choose jF not so that the slider shall just be on the 
point of motion, but so that the slider shall move with a constant 
velocity. The truth of Law V. will then approximately appear. 

However carefully the surfaces of the wood used in the previous 
experiments be prepared, the student must expect to find some 
considerable discrepancies in the actual numerical results obtained. 
There must also be applied a correction for the force necessary to 
make the pulley turn. However light and well-made it may be, there 
will always be a certain amount of friction on its axis. Hence the 
tensions of the string on each side of it will not quite be equal, as 
we have assumed ; in other words some part of F will be used in 
turning the pulley. 

This method is the one used by Morin in a.d. 1833. 

189. Angle of Friction. When the equilibrium 
is limiting, if the friction and the' normal reaction be com- 
pounded into one single force, the angle which this force 
makes with the normal is called the angle of friction, and 
the sincle force is called the resultant reaction. 
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Let A be the point of contact of the two bodies, and 
let AB and AG hQ the directions of the normal force R 
and the friction /xi?. 

Let AD he the direction of the resultant reaction S, so 
that the angle of friction is BAD. Let this angle be X. 

Since R and fiR are the components of S, we have 
*S' cos \ = R, 
and -S'sin X = fxR. 

Hence, by squaring and adding, we 
have 

S=Rjin^, ^^ 

and, by division, 

tan \ = fx. 

Hence we see that Che coefficient of friction is equal to 
the tangent of the angle of friction. 




190. Since the greatest value of the friction is /ti?, it follows 
that the greatest angle which the direction of resultant reaction can 
make with the normal is X, i.e., tan"^ /t. 

Hence, if two bodies be in contact and if, with the common normal 
as axis, and the point of contact as vertex, we describe a cone whose 
semi-vertical angle is tan-i n, it is possible for the resultant reaction 
to have any direction lying within, or upon, this cone, but it cannot 
have any direction lying without the cone. 

This cone is called the Cone of friction. 

191. The following table, taken from Prof. Eankine's Machinery 
and Millwork, gives the coefficients and angles of friction for a few 
substances. 



Substances 


/* 


X 


"Wood on wood — Dry 


•25 to -6 


14° to 264° 


„ ,, „ — Soaped 


•04 to -2 


2° to lli° 


Metals on metals — Dry 


•15 to -2 


8i° to lli° 


„ „ „ —Wet 


•3 


16i° 


Leather on metals — Dry 


•56 


29i° 


„ „ „ —Wet 


•36 


20° 


„ „ „ -Oily 


•15 


Si° 
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192. If a hody he placed upon a rough inclined plane, 
and he on tlie point of sliding doivn the plane under the 
action of its weight and the reactions of the plane only, tlie 
angle of inclination of the plane to the horizon is equal to 
the angle of friction. 

Let 6 be the inclination of the plane to the horizon, W 
the weight of the body, and B 
the normal reaction. 

Since the body is oh the 
point of motion down the 
plane, the friction acts up 
the plane and is equal to ^R. 

Resolving perpendicular 

and parallel to the plane, we 

have 

TFcos^ = i?, 

and IT sin ^ = ^R. 

Henc6, by division, 

tan = fjL = tan (angle of friction), 

,', 6 = the angle of friction. 

This may be shewn otherwise thus ; 

Since the body is in equiUbrium under the action of its weight and 
the resultant reaction, the latter must be vertical; but, since the 
equilibrium is limiting, the resultant reaction makes with the normal 
the angle of friction. 

Hence the angle between the normal and the vertical is the angle 
of friction, i.e., the inclination of the plane to the horizon is the angle 
of friction. 

On account of the property just proved the angle of 
friction is sometimes called the angle of repose. 

The student must carefully notice that, when the body 
rests on the inclined plane supported hy an external force, it 
must not be assumed that the coefficient of friction is equal 
to the tangent of inclination of the plane to the horizon. 
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193. To determine the coefficient of friction experimentally, and 
to verify the laws of friction. [Second Method.] 

By means of the theorem of the previous article the coefficient of 
friction between two bodies may be experimentally obtained. 

For let an inclined plane be made of one of the substances and let 
its face be made as smooth as is possible; on this face let there be 
placed a slab, having a plane face, composed of the other substance. 

If the angle of inclination of the plane be gradually increased, until 
the slab jtist slides, the tangent of the angle of incHnation is the co- 
efficient of friction. 

To obtain the result as accurately as possible, the experiment 
should be performed a large number of times with the same sub- 
stancesi and the mean of all the results taken. 

In the apparatus here drawn we have a board hinged at one end to 
another board which can be clamped to the table. The hinged board 
can be raised or lowered by a string attached to it whose other end 
passes over the top of a fixed support. 




On the hinged board can be placed sliders of different sizes and 
materials upon which various weights can be placed. Each slider x 
has two thin brass rods screwed to it on which weights can be piled so 
that they shall not slip during the experiment. A graduated vertical 
scale is attached to the lower board, so that the height of the hinged 

HG 
board at B is easily seen. The value of -,-^, i.e., tan of Art. 185, is 



then easily obtained. 



AG' 
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By this apparatus the laws of friction can be verified ; for, within 
the limits of experiment, it will be found that the value of -j^ , i.e., fi, 

(1) is always the same so long as the slide x is made of the same 
material in the same state of preparedness of surface, 

(2) is independent of the weights put upon the slide, or of its 
shape, 

(3) is different for different substances. 

This method is the one used by Coulomb in the year 1785. 

194. Equilibrium on a rough inclined plane. 

A body is placed on a rough plane inclined to the horizon at 
an angle greater than the angle of friction, and is supported 
by a force, acting parallel to the plane, and along a line of 
greatest slope; to find the limits between which the force 
must lie. 

Let a be the inclination of the plane to the horizon, 
W the weight of the body, and E the normal reaction 
(Fig. L, Art. 156). 

(i) Let the body be on the point of motion dqum the. 
plane, so that the friction acts up the plane and is equal to 
'jxH; let P be the force required to keep the body at rest. 

Kesolving parallel and perpendicular to the plane, we 

have 

P + liR= TFsina (1), 

and R=:Wco&a (2). 

.'. P = JF (sin a — /A cos a). 

If /u, = tan X, we have 

P= TT [sin a — tan A. cos a] 

_ w r ^^'^ °- ^^^ A. - sin A. cos a "1 _- „ sin(a-A.) .„. 
"" j_ cos A. J~ cos A. 

(ii) Let the body be on the point of motion up the 
plane, so that the friction acts doijon the plane and is equal 

L. s. IG 
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to fiR ; let /*! be the force required to keep the body at 
rest. In this case, we have 

Pi — IX.R = W sin a, 
and R=W cos a. 

Hence P^ = W (sin a + /a cos a) 

= TFrsina + tanXcosa]=F ^'''^"t^^ (4)- 

^ -^ cos A ^ ' 

These values, P and P^, are the limiting values of the 
force, if the body is to remain in equilibrium ; if the force 
lie between P and P^, the body remains in equilibrium, 
but is not on the point of motion in either direction. 
Hence, for equilibrium, the force must lie between the 

values W ^ — r — -. 

cos A 

It will be noted that the value of P^ may be obtained 

from that of P by changing the sign of /a. 

195. If the power P act at an angle 6 with the in- 
clined plane (as in Art. 156, Case III.), when the body is 
on the point of motion down the plane and the friction, 
acts therefore up the plane, the equations of equilibrium are 

Pcos^ + fi^ = Fsina (1), 

Psin^ + i?=Trcosa (2). 

Hence, multiplying (2) by /a, and subtracting, we have 

T> — w ^^^ « — f"- cos a _ ^^ sin (a — A) 
~ cos 9 — [J. sin 6 cos (^ + A) ' 
By substituting this value of P in (2), the value of R may 
be found. 

When the body is on the point of motion up the plane 
we have, by changing the sign of [x, 

sin(a + A) 
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Cor. The force that will just be on the point of moving 
the body up the plane is least when 

W Yji — :-{ is least, 

cos (p — A.) 

i.e., when cos {6 — \) is unity, 

i.e., when 6 = \. 

Hence the force required to move the body up the piano 

will be least when it is applied in a direction making with 

the inclined plane an angle equal to the angle of friction. 

196. The results of the previous article may bo found by 
geometric construction. 




Draw a vertical line KL to represent W on any scale that is 
convenient (e.g. one inch per lb. or one inch per 10 lbs.). 

Draw LO parallel to the direction of the normal reaction R. 
Make OLF, OLF^ each equal to the angle of friction X, as in the 
figure. 

Then LF, LF^ are parallel to the directions DH, DH^ of tho 
resulting reaction at D according as the body is on the point of 
motion down or up the plane. 

Draw KMMi parallel to the supporting force P to meet LF, LF^ 
in M and J/i . 

Then clearly KLM and KLM^ are respectively the triangles of 
forces for the two extreme positions of equihbrium. 

Hence, on the same scale that KL represents W, KM and KM^ 
represent the P and Pj of the previous article. 

Clearly OLK= L between P and the vertical = a, so that 
L MLK= a - X and / M^LK— a + X. 

16—2 
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Similarly 

Z KQO= L between the directions of li and P=90° - 6, 
so that L KQL = 90° + (?, Z KMyL = 90° + (? - X, 

and Z ^itfL= 90° + (? + X. 

Hence 



and 



P _ JOf _ sin KLM _ sin (a - X) _ sin (a - X) 
W~ KL~smKML ~ sin (90° + (?+X) ~ cos ((9 + X) ' 

Pi _ K3Ii _ sin KLM^ _ sin(a + X) _ sin(a + X) 
W ~ ~KL ~ sin^MiL ~ sin (90° + 5 - X) ~ cos ((? - X) ' 



Cor. It is clear that KM-^ is least when it is dra\vn perpendicular 
to LPi , i.e. when P, is inclined at a right angle to the direction of 
resultant reaction DH.-^ , and therefore at an angle X to the inclined 
plane. 

EXAMPLES. XXXI. 

1. A body, of weight 40 lbs., rests on a rough horizontal plane 
whose coefficient of friction is '25 ; find the least force which acting 
horizontally would move the body. 

Find also the least force which, acting at an angle cos~'-f with the 
horizontal, would move the body. 

Determine the direction and magnitude of the resultant reaction 
of the plane in each case. 

2. A heavy block with a plane base is resting on a rough hori- 
zontal plane. It is acted on by a force at an inclination of 45° to the 
plane, and the force is gradually increased till the block is just going 
to slide. If the coefficient of friction be "5, compare the force with 
the weight of the block. 

3. A mass of 30 lbs. is resting on a rough horizontal plane and 
can be just moved by a force of 10 lbs. wt. acting horizontally ; find 
the coefficient of friction and the direction and magnitude of the 
resultant reaction of the plane. 

4. Shew that the least force which will move a weight W along a 
rough horizontal plane is TTsin^, where ^ is the angle of friction. 

5. The inclination of a rough plane to the horizon is oos"^ j§-; 
shew that, if the coefficient of friction be -g-, the least force, acting 
parallel to the plane, that wiU support 1 cwt. placed on the plane is 
%Y^ lbs. wt. ; shew also that the force that would be on the point of 
moving the body up the plane is 77^^ lbs. wt. 
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6. The base of an inclined plane is 4 feet in length and the height 
is 3 feet; a force of 8 lbs., acting parallel to the plane, will just prevent 
a weight of 20 lbs. from sliding down ; find the coefficient of friction. 

7. A body, of weight 4 lbs. , rests in limiting equilibrium on a 
rough plane whose slope is 30° ; the plane being raised to a slope of 
60°, find the force along the plane required to support the body. 

8. A weight of 30 lbs. just rests on a rough inclined plane, the 
height of the plane being -fths of its length. Shew that it will require 
a force of 36 lbs. wt. acting parallel to the plane just to be on the 
point of moving the weight up the plane. 

9. A weight of 60 lbs. is on the point of motion down a rough 
inclined plane when supported by a force of 24 lbs. wt. acting parallel 
to the plane, and is on the point of motion up the plane when under 
the influence of a force of 36 lbs. wt. parallel to the plane ; find the 
coefficient of friction. 

10. Two inclined planes have a common vertex, and a string, 
passing over a small smooth pulley at the vertex, supports two equal 
weights. If one of the planes be rough and the other smooth, find the 
relation between the two angles of inclination of the two planes 
when the weight on the smooth plane is on the point of moving 
down. 

11. Two unequal weights on a rough inclined plane are connected 
by a string which passes round a fixed pulley in the plane ; find the 
greatest inclination of the plane consistent with the equilibrium of 
the weights. 

12. Two equal weights are attached to the ends of a string which 
is laid over the top of two equally rough planes, having the same 
altitude and placed back to back, the angles of inclination of the 
planes to the horizon being 30° and 60° respectively ; shew that the 
weights will be on the point of motion if the coefficient of friction be 
2-^/3. 

13. A particle is placed on the outside surface of a rough sphere 
whose" coefficient of friction is n. Shew that it will be on the point of 
motion when the radius from it to the centre makes an angle tan~^^ 
with the vertical. 

14. How high can a particle rest inside a hollow sphere, of radius 
a, if the coefficient of friction be -^^ ? 

15. At what angle of inclination should the traces be attached to 
a sledge that it may be drawn up a given hill with the least exertion? 
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16. A cubical block of stone, of weight 5 cwt., is to be dravm 
along a rough horizontal plane by a force P inclined at 40° to the 
horizontal. If the angle of friction be 25°, find, by a graphic con- 
struction, the least value of P. 

17. A body, of weight Icwt., rests on a plane inclined at 25° 
to the horizon, being just prevented from sliding down by a force 
of 15 lbs. acting up the plane ; find, by a graphic tjonstructiort, the 
force that will just drag it up and the value of the coefficient of 
friction. 

19 7> To find the work done in dragging a, body up a 
rough inclined plane. 

From Art. 194, Case 11., we know that the force Pj 
which would just move the body up the plane is 
W (sin a + fi cos a). 
Hence the work done in dragging it from ^ to C 
= P^xAC (Fig. Art. 156) 
= IF (sin a + [x. cos a) . AC 
= W . AC Q\na + iiW , AC COB a 
^W.BC + fiW.AB 
= work done in dragging the body through the same 

vertical height without the intervention of the plane 
+ the work done in dragging it along a horizontal distance 
equal to the base of the inclined plane and of the same 
roughness as the plana 

198. From the preceding article we see that, if our 
inclined plane be rough, the work done by the power is 
more than the work done against the weight. This is true 
for any machine ; the principle may be expressed thus. 

In any machine, the work done by the power is equal to 
the work done against the weight, together with the work done 
against tlie frictional resistances of the machine, and the 
work done against tlie weights of the component parts of tJie 
machine. 
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The ratio of the work done on the weight to the work 
done by the effort is, for any machine, called the efficiency 
of the machine, so that 

. Useful work done by the machine 

^ Work supplied to the machine ' 

Let Pq be the effort required if there were no friction, 
and P the actual effort. Then, by Art. 138, 
"Work done against the weight 

— Pf^y. distance through which its point of application moves, 
and work supplied to the machine 
= P X distance through which its point of application moves. 

Hence, by division, 

Efficiency = — " 

_ Effort when there is no friction 
Actual effort 

We can never get rid entirely of frictional resistances, 
or make our machine without weight, so that some 
work must always be lost through these two causes. 
Hence the efficiency of the machine can never be so great 
as unity. The more nearly the efficiency approaches to 
unity, the better is the machine. 

There is no machine by whose use we can create work, 
and in practice, however smooth and perfect the machine 
may be, we always lose work. The only use of any machine 
is to multiply the force we apply, whilst at the same time 
the distance through which the force works is more than 
proportionately lessened. 

199. Equilibrium of a rough screw. To find 
the relation between the effort and the resistance in the case of 
a screw, when friction is taken into account. 
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Using the same notation as in Art. 178, let the screw 
be on the point of motion downwards, 
so that the friction acts upwards along 
the thread. [As in Art. 176, its sec- 
tion is rectangular.] 

In this case the vertical pressures 
of the block are 

R (cos a + fx. sin a), S (cos a + jx sin a), . . . 
and the horizontal components of these pressures are 
R (sin a — jx cos a), S (sin a — ju, cos a), . . . 
Hence the equations (1) and (2) of Art. 178 become 

F=(i? + /S'+:Z'+...)(cosa + /isina) (1), 

and P. b = a{R + S+T+ ...)(sina-/ACOsa) (2). 

Hence, by division, 

P. b sin a— u cos a sin a cos X — cos a sin X 

^fj=- = a ; =a r : ; r 

W cosa + /ASina COS a COS X + sin a sin X 
sin (a — X) 
cos(a — X) 

.-. ^=^tan(a-X). 

Similarly, if the screw be on the point of motion up- 
wards, we have, by changing the sign of fi, 
F-, a sin a + u. cos a a , , . . 
If COS a — n, sin a 6 ^ ' 

If the effort have any value between P and Pj, the screw 
will be in equilibrium, but the friction will not be limiting 
friction. 

It will be noted that if the angle a of the screw be equal 
to the angle of friction, X, then the value of the effort P is 
zero. In this case the screw will just remain in equilibrium 
supported only by the friction along the thread of the screw. 
If a<X, P will be negative, i.e. the screw will not descend 
unless it is forced down. 
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Ex. 1. If the circumference of a screw he two incites, the distance 
between its threads half an inch, and the coefficient of friction -g-, 
find the limits between which the effort must lie, so tluit the screw may 
be in equilibrium when it is supporting a body of weight 1 cwt., the 
length of the effort-arm being 12 inches. 

Here 2ira=2, and 27ratana=5. 

.*. a=-, and tana=±. 

IT 

Also tanX=-, and &=12. 

o 

Hence the force which would Jtwt support the screw 
= 112x|tan(a-X) 

,,« 1 i-^ 112 1 14,, , .,„ 

= 112 X ,-jr- X -^V = To- >^ o7 = 5q I'^s. wt. = -14 lbs. wt. 
12Tr 1 + i . -^ l^T 21 99 

Again, the force which would just be on the point of moving the 
screw upwards 

110 «. / ,%A 112 T + T 112 9 
= 112x^tan(a + X)=j^x ^-i^ = j2^x^ 

= l-ri^ lbs. wt. = 1-4067 lbs. wt. 
Hence the screw will be in equilibrium if the effort lie between 
•14 and 1-4067 lbs. wt. 

If the screw were smooth, the force required would 

,,„a^ 112 1 49 „,„,, _^ 

= 112-rtana = ;nr- x -7 = 7^ = "742 lbs. wt. 
127r 4 DO 

The efficiency therefore, by Art. 198, 

•742 

= rio67=-^2^- 

Ex. 2. The coefficient of friction of wrought iron on wood being 
-15, shew that the least angle of inclination of the thread of a screw, 
so that it may slide into a prepared hole in the wood under the 
influence of its own weight, is \&n~^-^. 

Ex. 3. If the circumference of a screw be -f- inch, the coefficient 
of friction -15, the length of the power-arm 12 inches, and if there be 
3 threads to the inch, find the forces which will respectively just 
support, and just move, the screw when it supports a weight W. Find 
also the value of the effort, when the same screw is smooth, and 
deduce its efficiency. 
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Ex. 4. Sheio that the efficiency of a screio is greatest when its 
angle is 45°-^. 

The force required to lift the weight W, when there is friction, 

= TFt tan a + X, 
b 

and where there is no friction it 

= IFvtana. 
b 

As in Art. 198 the efficiency, E, 

= the ratio of these 

_ tan a _ sin a cos (a + X) 

tan (a + X) cosasina + X 

,_^ _sinacos(a+X) _ sinX 



and then 

200. 

heanngs. 



\-E-. 



cos a sin (a + X) cos a sin (a + X) 
2sinX 



"" sin (2a + X) + sin X * 
.'. E is greatest when 1 -S is least, 
i.e. when sin (2a +X) is greatest, 
i.e. when 2a+X=90°, 

a = 45°-^. 
Wheel and Axle with the pivot resting on rough 
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Let the central circle represent the pivots ^ or ^ of 
Fig. Art. 159 (much magnified) when looked at endways. 

The resultant action between these pivots and the 
bearings on which they rest must be vertical, since it 
balances P and W. 

Also it must make an angle X, the angle of friction, 
with the normal at the point of contact Q, if we assume 
that P is just on the point of overcoming W. 

Hence Q cannot be at the lowest point of the pivot, but 
must be as denoted in the figure, where OQ makes an angle 
X with the vertical. The resultant reaction at Q is thus 
vertical. 

Since R balances P and W, 

:. R = P+W (1). 

Also, by taking moments about 0, we have 

P.b-R.csinX=W.a •...(2), 

where c is the radius of the pivot and b, a the radii of the 
wheel and the axle (as in Art. 159). 

Solving (1) and (2), we have 

a + c sin X 



P=W 



h — c sin X ' 



If P be only just sufficient to support TF, i.e. if the 
machine be on the point of motion in the direction ^, 
then, by changing the sign of X, we have 

a-csinX 
b + c sm X 

In this case the point of contact Q is on the left of the 
vertical through 0. 
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201. The Wedge is a piece of iron, or metal, 
which has two plane faces meeting 
in a sharp edge. It is used to split 
wood or other tough substances, its 
edge being forced in by repeated 
blows applied by a hammer to its 
upper surface. 

The problem of the action of a 
wedge is essentially a dynamical 
one. 

We shall only consider the statical problem when the 
wedge is just kept in equilibrium by a steady force applied 
to its upper surface. 

Let ABG be a section of the wedge and let its faces be 
equally inclined to the base BG. Let the angle GAB be a. 

Let P be the force applied to the upper face, R and. R' 
the normal reactions of the wood at the points where the 
wedge touches the wood, and i*.R and fiR' the frictions, it 
being assumed that the wedge is on the point of being 
pushed in. 

We shall suppose the force P applied at the middle 
point of BG and that its direction is perpendicular to BG 
and hence bisects the angle BAG. 

Resolving along and perpendicular to BG, we have 

fiR sin 77 — -K cos ■^= jxR' sin -y—R' cos ^ (1), 

^ ^ 2i 2i 

and P = /A(ii? + 72')cos| + (i2 + i?')sin^ (2). 

From equation (1) we have R = R\ and then (2) gives 
P = 1R\iK cos ^ + sin I j . 
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TT 2/e 1 cosX 

Hence -=r- = = 

" a , a . a . a . . 

fji cos -jr + sin ^ sin ^ cos A + cos -^ sin A 
Z 2t ii 2i 

cosX 



inQ + x) 



sm 

if X be the coefficient of friction. 

The splitting power of the wedge is measured by 11. 
For a given force F this splitting power is therefore 
greatest when a is least. 

Theoretically this will be when a is zero, i.e. when the 
wedge is of infinitesimal strength. Practically the wedge 
has the greatest splitting power when it is made with as 
small an angle as is consistent with its strength. 

202. If there be no friction between the wedge and wood 
(though this is practically an impossible supposition), we should have 
X=0, and therefore 

2iJ 1 a 

_ = — -^cosec^. 



303. If the force of compression exerted by the wood on the 
wedge be great enough the force P may not be large enough to make 
the wedge on the point of motion down; in fact the wedge may be on 
the point of being forced out. 

If Pj be the value of P in this case, its value is found by changing 
the sign of /* in Art. 201, so that we should have 



Pi = 2P^Bin^-/*cos^j 



sin 

= 2P. 

cosX 

If - be>X, the value of P^ is positive. 

If ^ be < X, Pi is negative and the wedge could therefore only be 
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on the point of slipping out if a pull were applied to its upper 
surface. 

If K=^» tli6 wedge will just stick fast without the application of 

any force. 

Ex. Prove that the multiplication of force produced by a screw- 
press, in which the distance between successive threads is c and the 
power is applied at the extremities of a cross-bar of length 26, is the 
same as that produced by a thin isosceles wedge of angle a such that 

sin-=c-7-47r6. 

204. Friction exerts such an important influence on 
the practical working of machines that the theoretical 
investigations are not of much actual use and recourse 
must for any particular machine be had to experiment. 
The method is the same for all kinds of machines. 

The velocity-ratio can be obtained by experiment ; for 
in all machines it equals the distance through which the 
effort moves divided by the corresponding distance through 
which the weight, or resistance, moves. Call it n. 

Let the weight raised be W. Then the theoretical 

W 
effort Po> corresponding to no friction, is — . Find by 

experiment the actual value of the etifort P which just 
raises W. The actual mechanical advantage of the machine 

W Pa 

is -p , and the efficiency of it is, by Art. 198, -p . The 

P W W 
jjroduct of the efficiency and the velocity ratio = -p .-p =-p 

= the mechanical advantage. 

205. As an example take the case of a class-room model of 
a differential wheel and axle on which some experiments were 
performed. The machine was not at aU in good condition and was 
not cleaned before use, and no lubricants were used for the bearings of 
either it or its pulley. 

With the notation of Art. 164 the values of a, h, and c were found 
to be l\, 3, and 6f inches, so that the value of the velocity ratio n 
2b __ 2x6f 
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This value was also verified by experiment ; for it was found that for 
every inch that W went up, P went down nine inches. 

P was measured by means of weights put into a scale-pan whose 
weight is included in that of P ; similarly for W. 

The weight of the pulley to which W is attached was also included 
in the weight of W. 

The corresponding values of P and TF, in grammes' weight are 
given in the following table ; the value of P was that which just over- 
came the weight W. The third column gives the corresponding values 
of Pq , i.e. the effort which would have been required had there been 
no frictional resistances. 







W 


Pn 


W 


w 


P 


^o=— 


-E = -77 


J^=^ 






" n 


P 


P 


50 


28 


5-55 


•2 


1-79 


100 


36 


11-11 


-31 


2-78 


150 


45 


16-67 


-37 


3-3 


250 


60 


27-78 


-46 


4-17 


450 


90 


50 


•56 


5 


660 


119 


72-22 


-61 


6-46 


850 


147 


94-44 


•64 


5-78 


1050 


175 


116-67 


-67 


6 


1250 


203 


138-88 


-68 


6-16 


1450 


232 


161-11 


-694 


• 6-25 



The fourth column gives the values of E, the corresponding 
efficiency, and the last column gives the values of M, the mechanical 
advantages. 

On plotting out on squared paper the above results, which the 
student should do for himself, the points giving P are found to 
roughly be on a straight line going through the third and last of 
the above. Hence, according to the theory of graphs, the relation 
between P and W is of the form P=aW+b, where a and b are 
constants. 

Also P=45 when W=150, and P=282 when ir=1450. 
.-. 45 = 150a + 6 and 232 = 1450a +6. 

Solving, we have a=-144 and &=23-4 approximately, so that 
P= -144 TT-t- 23-4. 

This is called the Law of the Machine. 

Also Po=-^ir=-iiiir. 

-Ill IF 



Hence 



E=?^- 

P ~ •lUW+23-4:' 
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and lf=— - = 



P •144JF+23-4' 

These give E and M for any weight W. 

The values of E and Jf get bigger as TF increases. Assuming the 
above value of E to be true for all values of W, then its greatest value 
is when W is infinitely great, and 

•111 V ^ nn 

=-T77=about -77, 
•144 

SO that in this machine at least 23 °/o of the work put into it 
is lost. 

The corresponding greatest value of the mechanical advantage 

=-Tr7T=about 7. 
•144 

If the machine had been well cleaned and lubricated before the 
experiment, much better results would have been obtained. 

206. Just as in the example of the last article, 
so, with any other machine, the actual efficiency is found 
to fall considerably short of unity. 

There is one practical advantage which, in general, 
belongs to machines having a comparatively small 
efficiency. 

It can be shewn that, in any machine in which the 
magnitude of the effi^rt applied has no effect on the 
friction, the load does not run down of its own accord 
when no effort is apphed provided that the efficiency is less 
than ^. 

Examples of such machines are a Screw whose pitch is 
small and whose "Power" or effort is applied horizontally 
as in Art. 178, and an Inclined Plane where the effort acts 
up the plane as in Art. 194. 

In machines where the friction does depend on the 
effort applied no such general rule can be theoretically 
proved, and each case must be considered separately. 
But it may be taken as a rough general rule that where 
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the effort has a comparatively small effect on the amount of 
friction then the load will not run down if the efficiency be 
less than |. Such a machine is said not to "reverse" 
or "overhaul." 

Thus in the case of the Differential Pulley (Art. 165), 
as usually constructed the efficiency is less than ^, and the 
load TFdoes not run down when no force P is applied, that 
is, when the machine is left alone and the chain let go. 

This property of not overhauling compensates, in great 
measure, for the comparatively small efficiency. 

In a wheel and axle the mechanical advantage is 
usually great and the efficiency usually considerably more 
than I ; but the fact that it reverses does not always make 
it a more useful machine than the Differential Pulley. 

The student, who desires further information as to the 
practical working of machines, should consult Sir Robert 
Ball's Experiinental Mechanics or works on Applied 
ISIechanics, 



EXAMPLES. XXXII. 

1, How much work is done in drawing a load of 6 cwt. up a rough 
inclined plane, whose height is 3 feet and base 20 feet, the coefficient 
of friction being -j^? 

2, A weight of 10 tons is dragged in half an hour through a 
length of 330 feet up an inclined plane, of inclination 30°, the co- 
efficient of friction being -^ ; find the work expended and the h. p. of 
the engine which could do the work. 

3, A tank, 24 feet long, 12 feet broad, and 16 feet deep, is filled 
by water from a well the surface of which is alwaiys 80 feet below the 
top of the tank; find the work done in filling the tank, and the h.p. 
of an engine, whose efficiency is -5, that will fill the tank in 4 hours. 

L. s. 17 
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4i The diameter of the circular piston of a steam engine is 
60 inches and it makes 11 strokes per minute, the length of each 
stroke being 8 feet, the mean pressure per square inch on the piston 
being 15 lbs., and the efficiency of the engine 'BS. Find the number 
of cubic feet of water that it will raise per hour from a well whose 
depth is 300 feet, on the supposition that no work is wasted. 

5. The diameter of the piston of an engine is 80 inches, the mean 
pressure of steam 12 lbs. per square inch, the length of the stroke 
10 feet and the number of double strokes per minute is 11. The 
engine 13 found to raise 43,\ cub. ft. of water per minute from a depth 
of 500 fathoms. Shew that its efficiency is '6 nearly. 

6. The radii of a wheel and axle are 4 feet and 6 inches. If a force 
of 66 lbs. wt. is required to overcome a resistance of 200 lbs. wt. what 
is the efficiency of the machine? 

7. In some experiments with a block and tackle (second system of 
pulleys), in which the velocity-ratio was 4, the weights lifted were 10, 
80, and. 160 lbs. and the corresponding values of the effort were 23, 58, 
and 85 lbs. Find the efficiency in each case. 

8. With a certain machine it is found that, with efforts equal to 
12 and 7*5 lbs. wt. respectively, resistances equal to 700 and 300 lbs. 
wt. are overcome; assuming that P=a-\-hW, find the values of 
a and h. 

9. In some experiments with a screw-jack the values of the load W 
were 150, 180, 210, 240 and 270 lbs. wt. and the corresponding values 
of the effort P were found to be 20*9, 22-7, 25-75, 28*4 and 31-4 lbs. wt. ; 
plot the results on squared paper and assuming that P=a-\-hW, find 
the approximate values of a and 6. 

10. In some experiments with a model block and tackle (the 
second system of pulleys), the values of W (including the weight of 
the lower block) and P expressed in grammes' weight were found to 
be as follows : 

TF=75, 175, 275, 475, 675, 875, 1075; 

P=25, 48, 71, 119, 166, 214, 264. 

Also there were five strings at the lower block. Find an approxi- 
mate relation between P and W and the corresponding values for the 
efficiency and mechanical advantage. 

Draw the graphs of P, P^, E, and M. 



XXXII FRICTION 259 

11. The following table gives the load in tons upon a crane, and 
the corresponding effort in lbs. wt. : 

Load 1, 3, 5, 7, 8, 10, 11. 
Effort 9, 20, 28, 37, 42, 51, 56. 

Find the law of the machine, and calculate the efficiency at the 
loads 6 and 10 tons given that the velocity-ratio is 500. 

12. A weight is lifted by a screw-jack, of pitch \ inch, the force 
being applied at right angles to a lever of length 15 inches. The 
values of the weight in tons, and the corresponding force in lbs., are 
given in the following table : 

Weight 1, 2-5, 5, 7, 8, 10. 

Porce 24, 32, 46, 57, 63, 73. 

Find the law of the machine, and calculate its efficiency for tho 
weights 4 and 9 tons. 



17—2 



CHAPTER XIV. 



FRICTION {cmtinued). 



207. In this chapter we give some further examples 
of the solution of problems where friction is involved. 

Ex. 1 . A uniform ladder is in equilibrium, with one end resting on the 
ground, and the other end against a vertical wall; if the ground and 
toall be both rough, the coefficients of friction being n and fi' respectively, 
and if the ladder be on the point of slipping at both ends, find the 
inclination of the ladder to the lurrizon. 

Let AB be the ladder, and G its centre of gravity ; let JR and S be 
the normal reactions at A and B re- 
spectively ; the end A of the ladder is 
on the point of slipping /rom the wall, 
and hence the friction fiR is towards 
the wall; the end B is on the point 
of motion vertically downwards, and 
therefore the friction fi'S acts upwards. 

Let d be the inclination of the lad- 
der to the ground, and 2a its length. 

Eesolving horizontally and ver- 
tically, wc have 

IjlB=S 

and B + n'S=W (2). 

Also, taking moments about A, we have 

W. a cos e=n'S .2acoae-ifS.2a sin 6, 
:. W COB e =2S{ijJ cos e + sine) 
From (1) and (2), we have 

,x{}V-^'S) = S, 
and .-. nW=S{l+nn') (4). 




.(3). 
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By (3) and (4), we have, by division, 

cos d _ 2 {ft.' cos g + sin e) 

.•. cos ^ (1 - /i/i') =2/4 sin 0. 

1 — fiu/ 
Hence tan0= — - — . 

2/t 

Otherwise thus; 

Let X and V be the angles of friction at A and B ; draw ^C making 
an angle X with the normal at A, and BG making an angle X' with 
the normal at B, as in the figure. 

By Art. 189, AC and BG are the directions of the resultant re- 
actions at A and B, 

The ladder is kept in equilibrium by these resultant reactions and 
its weight; hence their directions must meet in a point and therefore 
the vertical line through G must pass through G. 

Formula (1) of Art. 79 gives 

(a + a) cot GGB=acotAGG-acotBGG, 

i.e. 2tan0=cotX-tanX'= — uf. 

,. tane=^'. 
2/1. 

Ex. 2. A ladder is placed in a given position with one end resting 
on the ground and the other against a vertical wall. If the ground and 
wall be both rough, the angles of friction being X and X' respectively, 
find by a graphic construction how high a man can ascend the ladder 
without its slipping. 

Let AB (Fig. Ex. 1) be the ladder. 

Draw AG and BG making the angles of friction with the normals 
at A and B to the wall and ground respectively. 

Draw GG vertically to meet AB in G. If the centre of gravity of 
the man and ladder together be between A and G the ladder will rest ; 
if not, it mil slide. 

For if this centre of gravity be between G and B the vertical 
through it will meet BG, the limiting direction of friction at B, 
in a point P such that the z PAR is greater than the angle of friction 
at A , and so equilibrium will be impossible. 

If this centre of gravity be between G and A equilibrium will be 
possible; for even if the friction were limiting at A the vertical 
through this centre of gravity would meet AG ma, point P such that 
the angle PBS would be <X', so that equilibrium would be possible. 
Similarly we may shew that if the friction be limiting at B, there is 
still equilibrium. 

If then Gj be the centre ol gravity of the ladder, G^ the highest 



262 STATICS . 

possible position of the man, and TFj and W2 be their respective 
weights, then G^ is determined by the relation 
Wi.GGi=W2.GG2. 

EXAMPLES. XXXin. 

1. A uniform ladder, 13 feet long, rests with one end against a 
smooth vertical wall and the other on a rough horizontal plane at a 
point 5 feet from the wall ; find the friction between the ladder and 
the ground, if the weight of the ladder be 56 lbs. 

2. A uniform ladder rests with one end on a horizontal floor and 
the other against a vertical wall, the coefficients of friction being 
respectively y and -j ; find the inclination of the ladder when it is 
about to slip. 

3. If in the last example the coefficient'of friction in each case be 
■g-, shew that the ladder will slip when its inclination to the vertical is 
tan-if. 

4. A uniform ladder rests in limiting equilibrium with one end 
on a rough floor, whose coefficient of friction is fji, and with the other 
against a smooth vertical wall ; shew that its inclination to the vertical 
is tan-^ {2fi). 

5. A uniform ladder is placed against a wall ; if the ground and 
wall be equally rough, the coefficient of friction being tan 6, shew that 
the limiting inclination of the ladder to the vertical is 2d. 

When the ladder is in this position can it be ascended without its 
slipping? 

6. A uniform ladder rests in limiting equilibrium with one end 
on a rough horizontal plane, and the other against a smooth vertical 
wall ; a man then ascends the ladder ; shew that he cannot go more 
than half-way up. 

7. A uniform ladder rests with one end against a smooth vertical 
wall and the other on the ground, the coefficient of friction being f ; 
if the inclination of the ladder to the ground be 45°, shew that a man, 
whose weight is equal to that of the ladder, can just ascend to the top 
of the ladder without its slipping. 

8. A uniform ladder, of length 70 feet, rests against a vertical 
wall with which it makes an angle of 45°, the coefficients of friction 
between the ladder and the wall and ground respectively being -^ and 
^. If a man, whose weight is one-half that of the ladder, ascend the 
ladder, how high will he be when the ladder slips? 

If a boy now stand on the bottom rung of the ladder what must be 
his least weight so that the man may go to the top of the ladder? 
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9. Two equal ladders, of weight w, are placed so as to lean against 
each other with their ends resting on a rough horizontal floor ; given 
the coefficient of friction, /*, and the angle 2a, that they make with 
each other, find what weight on the top would cause them to slip. 

Explain the meaning of the result when tan a>-2/t or<;it. 

10. A uniform ladder rests, at an angle of 45" with the horizon, 
with its upper extremity against a rough vertical wall and its lower 
extremity on the ground. If n and n' be the coefficients of limiting 
friction between the ladder and the ground and wall respectively, shew 
that the least horizontal force which will move the lower extremity 



towards the waU is W . ^+^^ /*^' 



1^ 

11. In Ex. 9 if the weight be placed at the middle point of one 
leg and be heavy enough to cause slipping, shew that the other leg 
will be the one that wiU slide first. 



208. Ex. 1. A uniform cylinder is placed with its plane base 
on a rough inclined plane and the inclination of the plane to the 
horizon is gradually increased ; sliew that the cylinder will topple over 
before it slides if the ratio of the diameter, of the base of the cylinder 
to its height be less than the coefficient of friction. 

Let (p be the inclination of the plane to the horizon when the 
cylinder is on the point of tumbling over. 
The vertical line through the centre of 
gravity G of the cylinder must just fall 
within the base. 

Hence, if AB be the base, the line GA 
must be vertical. 

Let G be the middle point of the base, 
r its radius, and let h be the height of the 
cylinder, 

. „ , „ AG r 2r 
.-. tan 0=cotC^G = — - = :=— = _ m. 

GG Ih h '^ ' 

Also the inclination d of the plane to the horizon, when the 
cylinder is about to slide, is given by 

t&n 0=fi (2). 

Hence the cylinder wiU topple before it slides if (p be less than 0, 

2r 
i.e., if — be<yu. 
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Ex. 2. A rectangle ABGD rests on a vertical plane, loith its base 
AB on a rough table; a graditally increasing force acts along DC ; will 
equilibrium be broken by sliding or toppling ? 

Let F be the force, and W the weight of the rectangle. 

Let AB=2a and BG=h. 

If the rectangle topples it will clearly 

turn about B, and this will be when the 

moments of F and W about B just balance, 

i.e., when F . h=W . a (1). 

Also the rectangle -svill slide when F is 
equal to the limiting friction, 

i.e.,\fhenF=fiW (2). 

The rectangle will topple or slide ac- 
cording as the value of F given by (1) is less 
or greater than the value of F given by (2), 

i.e., according as-'^fi, 

i.e., according as /i is the ratio of the base to twice the height of the 
rectangle, 

EXAMPLES. XXXrV. 

1. A cylinder rests with its circular base on a rough inclined 
plane, the coefficient of friction being ■^. Find the inclination of the 
plane and the relation between the height and diameter of the base of 
the cylinder, so that it may be on the point of sliding and also of 
toppling over. 

2. A solid cylinder rests on a rough horizontal plane with one of 
its flat ends on the plane, and is acted on by a horizontal force through 
the centre of its upper end ; if this force be just sufficient to move 
the solid, shew that it will slide, and not topple over, if the coefficient 
of friction be less than the ratio of the radius of the base of the 
cylinder to its height. 

3. An equilateral triangle rests in a vertical plane with its base 
resting on a rough horizontal plane ; a gradually increasing horizontal 
force acts on its vertex in the plane of the triangle ; prove that the 
triangle will slide before it turns about the end of its base, if the 
coefficient of friction be less than ^>^S. 

4. A conical sugarloaf , whose height is equal to twice the diameter 
of its base, stands on a table rough enough to prevent sliding ; one 
end is gently raised till the sugarloaf is on the point of falling over ; 
find the inclination of the plane to the horizon in this position. 
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5. A cone, of given vertical angle 2o, rests on a rough plane which 
is inclined to the horizon. As the inclination of the plane is in- 
creased, shew that the cone will slide, before it topples over, if the 
coefficient of friction be less than 4 tan a. 

6. A right cone is placed with its base on a rough inclined plane; 
if __ be the coefficient of friction, find the angle of the cone when 
it ia on the point of both slipping and turning over. 

7. A cone rests on a rough table, and a cord fastened to the vertex 
of the cone passes over a smooth pulley at the same height as the top 
of the cone, and supports a weight. Shew that, if the weight be con- 
tinually increased, the cone will turn over, or slide, according as the 
coefficient of friction is > or <tano, where a is the semi -vertical 
angle of the cone. 

8. A cubical block rests on a rough inclined plane with its edges 
parallel to the edges of the plank. If, as the plank is gradually raised, 
the block turn on it before slipping, what is the least value that the 
coefficient of friction can have ? 

9. The triangular lamina ^BC, right-angled at B, stands with BG 
upon a rough horizontal plane. If the plane be gradually tilted round 
an axis in its o^vn plane pei-pendicular to BC, so that the angle B is 
lower than the angle C, shew that the lamina will begiil to slide, or 
topple over, according as the coefficient of friction is less, or greater, 
than tan^. 

10. A square uniform metallic plate ABGD rests with its side BG 
on a perfectly rough plane inclined to the horizon at an angle o. A 
string ^P attached to A, the highest point of the plate, and passing 
over a smooth pulley at P, the vertex of the plane, supports a weight 
w, and AP is horizontal. If IV be the weight of the plate, shew that, 
as w increases, it will begin to turn when 

^ 1 + tan o 
w>W . 

11. A block, of weight one ton, is in the form of a rectangular 
parallelepiped, 8 feet high, standing on a square base whose side is 
6 feet. It is placed on a rough weightless board with the sides of its 
base parallel to the length and breadth of the board, and the centre 
of the base is distant 6 feet from one extremity of the board. The 
board is now tilted round this extremity until the block topples with- 
out sliding ; find the work done. 
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209. Ex. A uniform rod rests in limiting equilibrium within 
a rough hollow sphere; if the rod subtend an angle 2a at the centre 
of the sphere, and if X be the angle of friction, shew that the angle 
of inclination of the rod to the horizon is 



tan' 



_j rtan (g + X) - tan (a - X) " 




Let AB be the rod, G its centre of gravity, and the centre, of the 
sphere, so that 

lGOA= AGOB=a. 

Through A and B draw 
lines AC and BG making an 
angle X with the lines join- 
ing A and B to the centre. 
By Art. 189, these are the 
directions of the resultant 
reactions, 22 and S, at A and 
B respectively. 

Since these reactions and 
the weight keep the rod in 
equilibrium, the vertical line 
through G must pass through G. 

Let AD be the horizontal line drawn through A to meet CG in D 
so that the angle GAD is &. 

Theangle GAG= I OAG-\=90°-a-\, 

and the angle GBG = / 0B(? + X = 90° - a + X. 

Hence theorem (2) of Art. 79 gives 

(a + a) cot GGB =aootGAB-a cot GBA , 
i.e. 2 tan 5 = cot (90° - a - X) - cot (90° - a + X) 

=tan(a+X)-tan(a-X) (1). 

Otherwise thus; The solution may be also obtained by using the 
conditions of Art. 83. 

Resolving the forces along the rod, we have 

22 cos (90° - a - X) - /S cos (90° - a + X) = TT sin 5, 

i.e. 22sin(a + X)-/Ssin(a-X) = Trsin^ 

Resolving perpendicular to the rod, we have 

22cos(a+X) + /Scos(a-X) = F'cos^ 

By taking moments about A, we have 

S.ABBin.{9O'>-a+-K) = W.AGcoa0, 

i.e. 2Soos(a-\) = Wcoa0 

From equations (3) and (4), we have 

22 cos (a + X) = Sgo3 (a - X) = ^Woo3 0. 



.(2). 
.(3). 

.(4). 
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Substituting these values of B. and S in (2), we have 
tan(a+X) -tan(a-X) = 2 tan ^. 

Numerical example. If the rod subtend a right angle at the centre 
of the sphere, shew that its inclination to the horizon is twice the 
angle of friction. 

310. Ex. Two bodies, of weights TFj and W^, are placed on an 
inclined plane and are connected by a light string which coincides with 
a line of greatest slope oj the plane; if the coefficients of friction 
between the bodies and the plane be respectively fi^ and fi^, find the 
inclination of the plane to the horizon when both bodies are on the point 
of motion, it being assumed tluit the smoother body is below the other. 

The lower body would slip when the inclination is tan-i /t^, but the 
upper would not do so till the inclina- 
tion had the value tan~^ fi^. When the 
two are tied together the inclination for 
slipping would be between these two 
values. Let it be ^ and let R^ and R^ 
be the normal reactions of the bodies ; 
also let T be the tension of the string. 

The frictions /^jEj and fi^R^ both 
act up the plane. 

For the equilibrium of W^, we have 

WiSmd = T+iiiR^, 
and W^ cos 0=Ri. 

.: T=TFi(sin0-/tiCos^) ; (1). 

For the equilibrium of W^, we have 

W2smd+T=ix^2' 
and W^cosO ^R^. 

.: T=:fi^R2-fV2smd=W^{ti2Cose-sind) (2). 

Hence, from (1) and (2), 

TFj (sin 6-/1.1 cos 6) = W^ {fj^ cos 9-ein6). 
.: {Wy + TFa) sin $= {WyHy + W^fi.^) cos 6. 

Ex. 1. Two equal bodies are placed on a rough inclined plane, 
being connected by a light string; if the coefficients of friction be 
respectively ^ and ^, shew that they will both be on the point of 
motion when the inclination of the plane is tan-^y®^. 

Ex. 2. Shew that the greatest angle at which a plane may be 
inclined to the horizon bo that three equal bodies, whose coefficients 
of friction are I, ^, and f- respectively, when rigidly connected together, 
may rest on it without slipping, is tan~^ j. 
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211. Ex. A particle is placed on a rough plane, wlwse inclina- 
tion to the horizon is a, and is acted upon hy a force P acting parallel 
to the plane and in a direction making an angle /3 with the line of 
greatest slope in the plane; if the coefjicient of friction he fi and the 
equilibrium be limiting, find the direction in which the body toill begin 
to move. 

Let W be the weight of the particle, and E the normal reaction. 
The forces perpendicular to the in- 
clined plane must vanish. 

.-. E = Wcosa (1). 

The other component of the weight 
will be TFsin o, acting down the line of 
greatest slope. 

Let the friction, fxJt, act in the direc- 
tion AB, making an angle with the 
line of greatest slope, so that the particle 
would begin to move in the direction BA produced. 

Since the forces acting along the surface of the plane are in equi- 
librium, we have, by Lami's Theorem, 

/J.E _ TF sin a _ P . , 

sin)3~sin(^ + ^)~sin^ ^ '' 

From (1) and (2), eliminating E and W, we have 
_E _ sin a sin p 

TT • /« ^\ tan o sin S ,„. 

Hence sm(^+)3) = ^ (3), 

giving the angle 0. 

Numerical Example. Suppose the inclination of the plane to bo 
30°, the coefficient of friction to be ^, and the angle between the force 
P and the line of greatest slope to be 30°. 

In this case we have 

sin(.H.30°)=^^Il5^!f^?2! = vg=sin60° (4). 

Hence is 30°, and the body begins to slide down the plane in a 
direction making an angle of 30° with the line of greatest slope. 

W 
The force P could be easily shewn to be -^ ^^3. 

If the force be on the point of overcoming the weight, it can be 
easily shewn [or it follows from (4), since another solution is 5 = 90°], 
that the friction /iE acts horizontally, so that the particle would start 
in a horizontal direction, and that the corresponding value* of P is 
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EXAMPLES. XXXV. 

1. A laddei-, whose centre of gravity divides it into two portions 
of length a and 6, rests with one end on a rough horizontal floor, and 
the other end against a rough vertical wall. If the coefficients of 
friction at the floor and wall be respectively ^ and /*', shew that the 
inclination of the ladder to the floor, when the equilibrium is limiting, 

IS tan-i ■ ■ ,,. . 

2. A weightless rod is supported horizontally between two rough 
inclined planes at right angles to each other, the angle of friction X 
being less than the inclination of either plane. Shew that the length 
of that portion of the rod on which a weight may be placed without 
producing motion is sin 2a.sin2X of the whole lengm of the rod, 
where a is the inclination of either plane to the horizon. 

3. A heavy uniform rod is placed over one and under the other of 
two horizontal pegs, so that the rod lies in a vertical plane ; shew that 
the length of the shortest rod which will rest in such a position is 

a (1 + tan a cot X) , 
where a is the distance between the pegs, a is the angle of inclination 
to the horizon of the line joining them, and X is the angle of friction. 

4. A uniform heavy rod, 1 foot long, one end of which is rough 
and the other smooth, rests within a circular hoop in a vertical plane, 
the radius of the hoop being 10 inches. If the rod is in limiting equi- 
librium when its rough end is at the lowest point of the. hoop, shew 
that the coefficient of friction is |^^. 

5. A heavy uniform rod rests with its extremities on a rough cir- 
cular hoop fixed in a vertical plane ; the rod subtends an angle of 120° 
at the centre of the hoop, and in the limiting position of equilibrium 
is inclined to the horizon at an angle 0. If j^Bfj.=tiina, fi being the 
coefficient of friction, shew that 

tan^: tan 2a:: 2: sj3. 

6. A and B are two small equal heavy rings which slide on a rough 

horizontal rod, the coefficient of friction being 3~^. Another equal 
heavy ring G slides on a weightless smooth string connecting A and B; 
shew that, in the position of limiting equilibrium, ABC is an equi- 
lateral triangle. 

7. One end of a heavy uniform rod AB can slide along a rough 
horizontal rod AG, to which it is attached by a ring; B and G are 
joined by a string. If ABG be a right angle when the rod is on the 
point of sliding, /x, the coefficient of friction, and a the angle between 
AB and the vertical, shew that 

tana 
^~tan'-'a-h2. ' 
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8. A uniform rod slides with its ends on two fixed equally rough 
rods, one being vertical and the other inclined at an angle a to the 
horizon. Shew that the inclination 6 to the horizon of the movable 
rod, when it is on the point of sliding, is given by 

1^2/4 tan a- fj? 



tan0=" 



2(tana±/ic) 



9. A uniform ladder, whose length is a and whose weight is W, 

makes an angle 6 with the horizontal, and rests with one end against 

a vertical wall and the other upon a horizontal floor, the wall and 

floor being equally rough, and the coefficient of friction being tan X. 

Shew that a man, whose weight is P, can never get nearer to the top of 

XI, 1 ;,j XI- Jrcot2X + PeotX-(^+P)tan^ . „, 
the ladder than ^p — ^^ a sm 2X. 

10. The poles supporting a lawn-tennis net are kept in a vertical 
position by guy ropes, one to each pole, which pass round pegs 2 feet 
distant from the poles. K the coefficient of limiting friction between 
the ropes and pegs be ^, shew that the inclination of the latter to the 
vertical must not be less than tan-^ -j^, the height of the poles being 
4 feet. 

11. A chest in the form of a rectangular parallelopiped, whose 
weight without the lid is 200 Iba., and widtib from back to front 1 foot, 
has a lid weighing 50 lbs. and stands with its back 6 inches from a 
smooth wall and parallel to it. If the lid be open and lean against the 
wall, find the least coefficient of friction between the chest and the 
ground that there may be no motion. 

12. A heavy circular disc, whose plane is vertical, is kept at rest 
on a rough inclined plane by a string parallel to the plane and touch- 
ing the circle. Shew that the disc will slip on the plane if the 
coefficient of friction be less than ^ tan i, where i is the slope of the 
plane. 

13. A particle resting on a rough table, whose coefficient of 
friction is n, is fastened by a string, of length a, to a fixed point A on 
the table. Another string is fastened to the particle and, after passing 
over the smooth edge of the table, supports an equal particle hanging 
freely. Shew that the particle on the table will rest at any point P 
of the circle, whose centre is A and whose radius is a, which is such 
that the string AP is kept taut and the distance of the second string 
from A is not greater than fM. 

14. A heavy rod, of length 2a, lies over a rough peg with one . 
extremity leaning against a rough vertical wall ; if c be the distance of 
the peg from the wall and X be the angle of friction both at the peg 
and the waU, shew that, when the point of contact of the rod with the 
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wall is above the peg, then the rod is on the point of sliding down- 
wards when 

sin* d=-cos^\, 
a 

where d is the inclination of the rod to the wall. If the point of 
contact of the rod and wall be below the peg, prove that the rod is on 
the point of slipping downwards when 

sin2 e sin {6 + 2X) = - cos^ X, 

and on the point of slipping upwards when 

sin2 e sin {6 - 2X) = - cos^ X. 

15. A circular disc, of radius a and weight W, is placed within a 
smooth sphere, of radius ft, and a particle, of weight w, is placed on 
the disc. If the coefficient of friction between the particle and the 
disc be /it, find the greatest distance from the centre of the disc at 
which the particle can rest. 

16. A smooth sphere, of given weight W, rests between a vertical 
wall and a prism, one of whose faces rests on a horizontal plane ; if the 
coefficient of friction between the horizontal plane and the prism be /t, 
shew that the least weight of the prism consistent with equilibrium is 

W ( ~ - 1 ) > where a is the inclination to the horizon of the face 

in contact with the sphere. 

17. Two equal rods, of length 2a, are fastened together so as to 
form two sides of a square, and one of them rests on a rough peg. 
Shew that the Umiting distances of the points of contact from the 

middle point of the rod are -(l±/ii), where /t is the coefficient of 

friction. 

18. Two uniform rods, AG and BG., are rigidly joined at G so 
that they form one uniform bent rod, whose two portions are at right 
angles. This bent rod is supported on the edge of a rough table 
which touches ^C at its middle point. If BG be three times AG, 
shew that the tangent of the inclination of AG to the horizon is -j. 

Find also the least value of the coefficient of friction that the rod 
may rest with the point A on the edge of the table. 

19. A heavy string rests on two given inclined planes, of the same 
material, passing over a small pulley at their common vertex. If the 
string be on the point of motion, shew that the line joining its two 
ends is inclined to the horizon at the angle of friction. 
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20. On a rough inclined plane (m = ^) a weight JFis just supported 

W 
by a force — acting up the plane and parallel to it. Find the 

magnitude and direction of the least additional force, acting along 

W 
the plane, which will prevent motion when the force -^ acts along 

the plane, but at 60° with the line of greatest slope. 

21. A weight W is laid upon a rough plane ( /i = -^ J , inclined 

at 45° to the horizon, and is connected by a string passing through a 
smooth ring. A, at the top of the plane, with a weight P hanging 
vertically. If JF=3P, shew that, if 9 be the greatest possible inclina- 
tion of the string ^7F to the line of greatest slope in the plane, then 

cos^ = -^. 

Find also the direction in which W would commence to move. 

22. A weight W rests on a rough inclined plane inclined at an 
angle a to the horizon, and the coefficient of friction is 2 tan a. Shew 
that the least horizontal force along the plane which will move the 
body is fJTiWsm a, and that the body will begin to move in a direction 
inclined at 60° to the line of greatest slope on the plane. 

23. If two equal weights, unequally rough, be connected by a 
light rigid rod and be placed on an inclined plane whose inclination, 
a, to the horizon is the angle whose tangent is the geometric mean 
between the coefficients of friction, shew that the greatest possible 
inclination to the line of greatest slope which the rod can make when 

/ Ih + IH \ 
at rest is cos~^ ( ~ / J , where /x^ and fj^ are the coefficients of 

friction. 

24. A heavy particle is placed on a rough plane inclined at an 
angle a to the horizon, and is connected by a stretched weightless 
string AP to a fixed point A in the plane. If ^2? be the line of greatest 
slope and $ the angle PAB when the particle is on the point of 
slipping, shew that s\n$ = fji.oota. 

Interpret the result when yoi cot a is greater than unity. 

25. A hemispherical shell rests on a rough plane, whose angle of 
friction is X ; shew that the inclination of the plane base of the rim 
to the horizon cannot be greater than sin-i (2sinX). 

26. A solid homogeneous hemisphere rests on a rough horizontal 
plane and against a smooth vertical wall. Shew that, if the coefficient 
of friction be greater than f^, the hemisphere can rest in any position 
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and, if it be less, the least angle that the base of the hemisphere can 
make with the vertical is cos~^ -^ . 

If the wall be rough (coefficient of friction /*') shew that this angle 
IS cos-i ( -s- . ,— -, ) . 

27. -A. heavy homogeneous hemisphere rests with its convex sur- 
face in contact with a rough inclined plane; shew that the greatest 
possible inclination of the plane to the horizon is sin~^ -g. 

Shew that a homogeneous sphere cannot rest in equilibrium on any 
inclined plane, whatever its roughness. 

28. If a hemisphere rest in equilibrium with its curved surface 
in contact with a rough plane inclined to the horizon at an angle 
sin~i Y^, find the inclination of the plane base of the hemisphere to 
the vertical. 

29. A uniform hemisphere, of radius a and weight W, rests with 
its spherical surface on a horizontal plane, and a rough particle, of 
weight W, rests on the plane surface ; shew that the distance of the 

particle from the centre of the plane face is not greater than Jl^ , 

where /* is the coefficient of friction. 

30. -A. sphere, whose radius is a and whose centre of gravity is at 

a distance c from the centre, rests in limiting equilibrium on a rough 

plane inclined at an angle a to the horizon; shew that it may be 

turned through an angle 

_ fa sin a\ 
2cosx(^-^j, 

and still be in limiting equilibrium. 
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CHAPTER XV. 

MISCELLANEOUS. 

212. Bodies connected by smooth hinges. 

When two bodies are hinged together, it usually happens 
that, either a rounded end of one body fits loosely into 
a prepared hollow in the other body, as in the case of 
a ball-and-socket joint; or that a round pin, or other 
separate fastening, passes through a hole in each body, as 
in the case of the hinge of a door. 

In either case, if the bodies. be smooth, the action on 
each body at the hinge consists of a single 
force. Liet the figure represent a section 
of the joint connecting two bodies. If 
it be smooth the actions at all the points 
of the joint pass through the centre of the 
pin and thus have as resultant a single 
force passing through 0. Also the action 
of the hinge on the one body is equal and opposite to the 
action of the hinge on the other body; for forces, equal 
and opposite to these actions, keep the pin, or fa,stening, in 
equilibrium, since its weight is negligible. 
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If the joint be not smooth, then at the points of contact A, B, C, 
D, ... there will also be f notional resistances acting in directions per- 
pendicular to OA, OB, 00 The forces acting on such a joint will 

not, in general, reduce to a single force but to a force and a couple 
(Art. 87). 

In solving questions concerning smooth hinges, the 
direction and magnitude of the action at the hinge are 
usually both unknown. Hence it is generally most con- 
venient to assume the action of a smooth hinge on one 
body to consist of two unknown components at right angles 
to one another ; the action of the hinge on the other body 
will then consist of components equal and opposite to 
these. 

The forces acting on each body, together with the 
actions of the hinge on it, are in equilibrium, and the 
general conditions of equilibrium of Art. 83 will now apply. 

In order to avoid mistakes as to the components of 
the reaction acting on each body, it is convenient, as in 
the second figure of the following example, not to pro- 
duce the beams to meet but to leave a space between 
them. 

213. Ex. Three equal uniform rods, each of weight W, are 
smoothly jointed so as to form an equilateral triangle. If the system 
he supported at the middle point of one of the rods, shew tluit the 

action at the Imoest angle is ^ W, and that at each of the others is 

D 



-sjfr 



Let ABO be the triangle formed by the rods, and D the middle 
point of the side AB at which the system is supported. 

Let the action of the hinge at A on the rod AB consist of two 
coinponents, respectively equal to Y and X, acting in vertical and 
horizontal directions; hence the action of the hinge on .40 consists 
of components equal and opposite to these. 

Since the whole system is symmetrical about the vertical line 
through D, the action at B will consist of components, also equal to 
Y and X, as in the figure. 

18—2 
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Let the action of the hinge G on GB consist of Fj vertically up- 
wards, and Zj horizontally to the right, so that the action of the same 
hinge on GA consists of two components opposite to these, as in the 
figure. 





For AB, resolving vertically, we have 

S=W+'2,Y (1), 

where S is the vertical reaction of the peg at D. 

For GB, resolving horizontally and vertically, and taking moments 
about G, we have 

^+^1=0 (2), 

W=Y+Y^ (3), 

and ^. a cos 60° + Z. 2a sin 60° =r, 2a cos 60° (4). 

For GA, by resolving vertically, we have 

W=Y-Y^ (5). 

From equations (S) and (5) we have 

7^=0, and r=Tr. 
Hence equation (4) is 

Z=JlFcot60°=^3 = fTr. 

Therefore, from (2) , Zj = - i^ W. 

Also (1) gives S=ZW. 

Hence the action of the hinge at B consists of a force Jx'^+Y^ 
[i.e. ^a/]^)' acting at an angle tan-i- {i.e. tan-^ 2/^3), to the 

horizon; also the action of the hinge at G consists of a horizontal 

/3 
force equal to '^W. 
b 

A priori reasoning would have shewn us that the action of the 
hinge at G must be horizontal; for the whole system is symmetrical 
about the line GD, and, unless the component Fj vanished, the re- 
action at G would not satisfy the condition of symmetry. 
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EXAMPLES. XXXVI. 

1. Two equal uniform beams, AB and BC, are freely jointed at B 
and A is fixed to a hinge at a point in a wall about which AB can 
turn freely in a vertical plane. At what point in BG must a vertical 
force be applied to keep the two beams in one horizontal line, and 
what is the magnitude of the force? 

2. Two uniform beams, A C and GB, are smoothly hinged together 
at G, and have their ends attached at two points, A and B, in the 
same horizontal line. If they be made of the same material and be of 
total weight 60 lbs., and. if each be inclined at an angle of 60° to the 
horizon, shew that the action of the hinge at the point C is a hori- 
zontal force of Sv'S lbs. weight. 

3. A pair of compasses, each of whose legs is a uniform bar of 
weight W, is supported, hinge downwards, by two smooth pegs placed 
at the middle points of the legs in the same horizontal line, the legs 
being kept apart at an angle 2a with one another by a weightless rod 
joining their extremities; shew that the thrust in this rod and that 
the action at the hinge are each ^TTcot a. 

4. Two equal uniform rods, AB and AC, each of weight W, are 
smoothly jointed at A and placed in a vertical plane with the ends B 
and G resting on a smooth table. Equilibrium is preserved by a 
string which attaches G to the middle point of AB. Shew that the 
tension of the string and the reaction of the rods at A are both 
equal to 



jy . 

-r cosec a fJl + 8 eos^ a, 
4 

and that each is inchned at an angle tan~i (g-tana) to the horizon, 
where a is the inclination of either rod to the horizon. 

5. Two equal beams, AG and BC, freely jointed together at C, 
stand with their ends, A and B, in contact with a rough horizontal 
plane, and with the plane ABC vertical. If the coefficient of friction 
be h, shew that the angle ACB cannot be greater than a right angle, 
and find the thrust at C in any position of equilibrium, 

6. Three uniform heavy rods, AB, BC, and CA, of lengths 5, 4, 
and 3 feet respectively, are hinged together at their extremities to form 
a triangle. Shew that the whole will balance, with AB horizontal, 
about a fulcrum which is distant l^- of an inch from the middle point 
towards A. 

Prove also that the vertical components of the actions at the 

1 QW -1 GO 

hinges A and B, when the rod is balanced, are -^nxW and ■^jrj^W 

bUU dUU 

respectively, where W is the total weight of the rods. 
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7. Two equal rods, AB and BG, are jointed at B, and have their 
middle points connected by an inelastic string of such a length that, 
when it is straightened, the angle ABC is a right angle ; if the system 
be freely suspended from the point A, shew that the inclination of 
AB to the vertical will be tan~i |^, and find the tension of the string 
and the action at the hinge. 

8. Two equal bars, AB and BG, each 1 foot long and each of 
weight W, are jointed together at B and suspended by strings OA, OB, 
and OG, each 1 foot long, from a fixed peg O ; find the tensions of the 
three strings and the magnitude of the action at the hinge, the strings 
and bars being all in one plane. 

• 9. Three uniform beams AB, BG, and GD, of the same thickness, 
and of lengths I, 21, and I respectively, are connected by smooth hinges 
at B and G, and rest on a perfectly sihooth sphere, whose radius is 21, 
so that the middle point of BG and the extremities, A and D, are in 
contact with the sphere ; shew that the pressure at the middle point 
of BG is Y^jy of the weight of the beams. 

10. Three uniform rods AB, BG, and GD, whose weights are 
proportional to their lengths a, h, and c, are jointed at B and G and 
are in a horizontal position resting on two pegs P and Q; find the 
actions at the joints B and G, and shew that the distance between the 
pegs must be 



2a+b 2c + 6 

11, -^B and AG are similar uniform rods, of length a, smoothly 
jointed at A. BD is a weightless bar, of length h, smoothly jointed 
at B, and fastened at D to a smooth ring sliding on A G. The system 
is hung on a small smooth pin at A. Shew that the rod AG makes 
mth the vertical an angle 

tan~i . 

12, A square figure ABGD is formed by four equal uniform rods 
jointed together, and the system is suspended from the joint -4, and 
Icept in the form of a square by a string connecting A and G ; shew 
that the tension of the string is half the weight of the four rods, and 
find the direction and magnitude of the action at either of the joints 
BorD. 

13, Four equal rods are jointed together to form a rhombus, 
and the opposite joints are joined by strings forming the diagonals, 
and the whole system is placed on a smooth horizontal table. Shew 
that their tensions are in the same ratio as their lengths. 
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214. Funicular, i.e. Rope, Polygon. If a light 
cord have its ends attached to two fixed points, and if at 
different points of the cord there be attached weights, the 
figure formed by the cord is called a funicular polygon. 

Let and Oj be the two fixed points at which the 
ends of the cord are tied, and let A^, A^, ... A^ be 
the points of the cord at which are attached bodies, 
whose weights are tOj, w^^, ... w^ respectively. 

Let the lengths of the portions 

Oyli, A-^A^, ^2-^3, ... A,fii, beaj, a^, a^, ... a„+i, respectively, 
and let their inclinations to the horizon be 




Let h and k be respectively the horizontal and vertical 
distances between the points and 6>i, so that 

«! cosai + agcosoa + ... + a„^.i cos a„+i = A...(1), 

and «! sin aj + aj sin o^ + ... + a„^i sin a„^i = A;... (2). 

Let T^, T^, ... Tn+i be respectively the tensions of the 
portions of the cord. 
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Resolving vertically and horizontally for the equilibrium 
of the different weights in succession, we have 

T^ sin a^ —T^ sin a-^ = w^, and T^ cos a^ — T^ cos a^ = ; 

Tg sin ag — T^ sin a^ = w^, and Tg cos ag — T^ cos aj = ; 

I^^ sin a^ - Ts sin Og = z^j, and ^4 cos a^ — T^ cos ag = ; 

Tn+i sin an+i -Tnsman = Wn, and I^„+i cos a^+i - T^ cos a„ =0. 




These 2to equations, together with the equations (1) 
and (2), are theoretically sufficient to determine the (n + 1) 
unknown tensions, and the (n+l) unknown inclinations 

Oi, aj, ... a„+i. 
From the right-hand column of equations, we have 
T^ cos ai = T^ cos 02 = ^8 cos ag = . . . = ^„^j cos a„^i 

= ^"(say) (3), 

so that the horizontal component of the tension of the 
cord is constant throughout and is denoted by K 
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Prom (3), substituting for :Z\, 1\, ... T^^^ in the left- 
hand column of equations, we have 

tan a^ — tan a^ = -rp , 
tan as — tan Og = -r? , 
tan aj — tan a^ — -=, 

tan a„^i — tan a„ = -^ . 

If the weights be all equal, the right-hand members of 
this latter column of equations are all equal and it follows 
that tancj, tanoa, ... tana„+i, are in arithmetical pro- 
gression. 

Hence when a set of equal weights are attached to 
different points of a cord, as above, the tangents of in- 
clination to the horizon of successive portions of the cord 
form an arithmetical progression whose constant 'difference 
is the weight of any attached particle divided by the 
constant "horizontal tension of the cords. 

215. Graphical construction. If, in the Funi- 
cular Polygon, the inclinations of the different portions of 
cord be given, we can easily, by geometric construction, 
obtain the ratios of w^, w^, ... w^. 

For let G be any point and CD 
the horizontal line through C. Draw y\Pn + i 

GPi, CF^, ... CP^^^ paraUel to the 
cords OA^, A^A^, ... A^i> so that 
the angles P^CB, P^CB, ... are re- 
spectively ai, oa, .... 

Draw any vertical line cutting 
these lines in i>, Pj, Pa- — 
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Then, by the previous article, 

w^ , , DP^ DP, P,P, 

-^= tan a,-tana,= -^ -^0=0^ 

to, . ^ DP, ' Z>P, P,P, 

= tan tto — tan a, = 



X ' ' CD CD CD ' 

and so on. 

Hence the quantities K, w,, w^, ... w^ are respectively 
proportional to the lines CD, PiP^, P^Ps, ••• Pn^ti+D and 
hence their ratios are determined. 

This result also follows from the fact that CP^P, is 
a triangle of forces for the weight at A,, CP^P^ similarly 
for the weight at A^, and so on. 

Similarly, if the weights hung on at the joints be given 
and the directions of any two of the cords be also known, 
we can determine the directions of the others. We draw a 
vertical line and on it mark oif P^P^, -^2-^35 • • • proportional 
to the weights FFi, TFg,.... If the directions of the cords 
OA-i^, A-yA^ are given, we draw P^O, P^O parallel to them 
and thus determine the point 0. Join to Pg, ^4, ... etc., 
and we have the directions of the rest of the cords. 

216. Tensions of Elastic Strings. All through 
this book we have assumed our strings and cords to be 
inextensible, i.e. that they would bear any tension without 
altering their length. 

In practice, all strings are extensible, although the 
extensibility is in many cases extremely small, and prac- 
tically negligible. When the extensibility of the string 
cannot be neglected, there is a simple experimental law 
connecting the tension of the string with the amount 
of extension of the string. It may be expressed in the 
form 

The tension of an elastic string varies as the extension of 
the strimj beyond its natural length. 
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Buppose a string to be naturally of length one foot ; its tension, 
when the length is 13 inches, will be to its tension, when of length 
15 inches, as 

13-12 : 15-12, i.e., as 1 : 3. 

This law may be verified experimentally thus ; take a spiral spring, 
or an india-rubber band. Attach one end i to a fixed point and at the 
other end B attach weights, and observe the amount of the extensions 
produced by the weights. These extensions will be found to be 
approximately proportional to the weights. The amount of the 
weights used must depend on the strength of the spring or of the 
rubber band; the heaviest must not be large enough to injure 
or permanently deform the spring or band. 

217. The student will observe carefully that the 
tension of the string is not proportional to its stretched 
length, but to its extension. 

The above law Avas discovered by Hooke (a.d. 1635 — • 
1703), and enunciated by him in the form Ut tensio, sic vis. 
From it we easily obtain a formula giving us the tension in 
any case. 

Let a be the uustretched length of a string, and T 
its tension when it is stretched to be of length x. The 
extension is now x — a, and the law states that 
To:. X — a. 

This Is generally expressed in the form 

a 

the constant of variation being — . 

a 

The quantity X depends only on the thickness of the 

string and on the material of which it is made, and is called 

the Modulus of Elasticity of the String. 

It is equal to the force Avhich would stretch the string, 
if placed on a smooth horizontal table, to twice its natural 
length ; for, when x = 2a, we have the tension 

2a — a 

= A = A. 

a 

No elastic string will hoAvever bear an unlimited 
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stretching; -^vhen the string, through being stretched, is 
on the point of breaking, its tension then is called the 
breaking tension. 

Hooke's Law holds also for steel and other bars, but the 
extensions for which it is true in these cases are extremely 
small. We cannot stretch a bar to twice its natural length ; 
but X will be 100 times the force which will extend the bar 

by i^th of its natural length. For \ix — a = yrr^ , then 

rp ^ 

"100* 

The value of T will depend also on the thickness of the 
bar, and the bar is usually taken as one square inch section. 
Thus the modulus of elasticity of a steel bar is about 
13500 tons per square inch. 

By the method of Art. 134 it is easily seen that 
the work done in stretching an elastic string is equal to the 
extension multiplied by the mean of the initial and final 
tensions. 

Ex. ABG is an elastic string, hanging vertically from a fixed 
point A; at B and G are attached particles, of weights 2 IF" and W 
respectively. If the modulus of elasticity of the string be 3W, find the 
ratio of the stretched lengths of the portions of the string to their un- 
stretched lengths. 

Let c and c^ be the unstretched lengths of AB and BG, and x and 
y their stretched lengths. 

Let T and T^ he theu: tensions, so that 



and r=x^^:^i=3Tr^^i^. 

<^i Ci AT 

Prom the equiUbrium of B and G, we have i B 

T- Ti=2W, and Ti= W. \Ti 
Hence T=BW. 

/. x=2c, &nd.y=^Cj^, 
so that the stretched lengths are respectively twice and four-thirds of 
the natural lengths. 



Ti 
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EXAMPLES. XXXVn. 

1. ABC is an elastic string, whose modulus of elasticity is iW, 
which is tied to a fixed point at ^. KiB and G are attached weights 
each equal to W, the unstretched lengths of AB and BG being each 
equal to c. Shew that, if the string and bodies take up a vertical 
position of equilibrium, the stretched lengths of AB and BG are f c 
and jc respectively. 

2. An elastic string has its ends attached to two points in the 

same horizontal plane, and initially it is just tight and unstretched ; 

a particle, of weight W, is tied to the middle point of the string ; if the 

W 
modulus of elasticity be -y^ , shew that, in the position of equili- 

brium, the two portions of the string will be inclined at an angle of 
60° to one another. 

3. In the previous question, if 2a be the distance between the 
two points, 2c the unstretched length of the string, and X the modulus 
of elasticity, shew that the inclination, 0, of the strings to the vertical 
is given by 

jTT-tan^ + sm 9=-". 
2\ c 

4. A body rests on a rough inclined plane whose inclination a to 
the horizon is greater than X, the angle of friction ; it is held at rest 
by an elastic string attached to it and to a point on the plane. If the 
modulus of elasticity be equal to the weight of the body, prove that in 
the position of equilibrium the ratio of the length of the string to its 
original length is 

l + sin(a-X) . secX. 

5. Four equal jointed rods, each of length a, are hung from an 

angular point, which is connected by an elastic string with the 

opposite point. If the rods hang in the form of a square, and if 

the modulus of elasticity of the string be equal to the weight of a 

a /2 
rod, shew that the unstretched length of the string is -^~. 

o 

6. An elastic cord, whose natural length is 10 inches, can be kept 
stretched to a length of 15 inches by a force of 5 lbs. wt. ; find the 
amount of work done in stretching it from a length of 12 inches to a 
length of 15 inches. 

7. A spiral spring requires a force of one pound weight to stretch 
it one inch. How much work is done in stretching it three inches 
more? 
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Graphic Constructions. 

218. To find the resultant of any number of coplanar 
forces. 

Let the forces be P, Q, li, and S whose lines of action 
are as in the left-hand figure. 

Draw the figure ABODE having its sides AB, BG, CD, 
and DE respectively parallel and proportional to P, Q, R 
and S. Join AE^ so that by the Polygon of Forces AE re- 
presents the required resultant in magnitude and direction. 




Take any point and join it to A, B, G, D, and E; let 
the lengths of these joining lines be a, h, c, cZ, and e 
respectively. 

Take any point a on the line of action of P ; draw aj3 
parallel to BO to meet Q in yS, py parallel to CO to meet 
P in y, and yS parallel to DO to meet S in 8, 

Through 8 and a draw lines parallel respectively to EO 
and OA to meet in c. 

Through e draw cZ parallel and equal to AE. Then 
cZ shall represent the required resultant in magnitude and 
line of action, on the same scale that AB represents P. 
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For P, being represented by AB, is equivalent to forces 
represented by AO and OB and therefore may be replaced 
by forces equal to a and h in the directions ca and /3a. So 
Q may be replaced by h and c in directions aj8 and y^, i^ by 
c and c? in directions j8y and 8y, and S by forces cZ and e in 
directions yS and cS. 

The forces P, ^, R, and -S^ have therefore been replaced 
by forces acting along the sides of the figure ajSySe, of 
which the forces along aj8, jffy and yS balance. 

Hence we have left forces at c which are parallel and 
equal to ^40 and OE, whose resultant is AE. 

Since cZ is drawn parallel and equal to AE, it therefore 
represents the required resultant in magnitude and line of 
action. 

Such a figure as ABODE is called a Force Polygon 
and one such as a/SySe is called a Link or Funicular 
Polygon, because it represents a set of links or cords 
in equilibrium. 

219. If the point E of the Force Polygon coincides 
with the point A it is said to close, and then the resultant 
force vanishes. 

If the Force Polygon closed, but the Funicular Polygon 
did not close, i.e. if Sea was not a straight line, we should 
have left forces acting at S and a parallel to OE and AO, 
i.e. we should in this case have two equal, opposite, and 
parallel forces forming a couple. 

If however the Funicular Polygon also closed, then Sea 
would be a straight line and these two equal, opposite, and 
parallel forces would now be in the same straight line and 
would balance. 

Hence, if the forces P, Q, R, S are in equilibrium, both 
their Force and Funicular Polygons must close. 
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220. If the forces be parallel the construction is the 
same as in the previous article. The annexed figure is 




,'71 ^*:-:---. e 



-C B 



drawn for the case in which the forces are parallel and two 
of the five forces are in the opposite direction to that of 
the other three. 

Since P, B, and S are in the same direction we have 
A£, CD, and BU in one direction, whilst £C and £JF 
which represent Q and T are in the opposite direction. 

The proof of the construction is the same as in the last 
article. The line ^L, equal and parallel to AF, represents 
the required resultant both in magnitude and line of 
action. 

This construction clearly applies to finding the re- 
sultant weight of a number of weights. 

221. A closed polygon of light rods freely jointed at 
their extremities is acted upon by a given systeiri of forces 
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acting at the joints which are in equilihriunt, ; find the 
actions along the rods. 

Let A^A^, A^Ag, ... A^A^ be a ^3ystem of five rods freely 
jointed at their ends and at the joints let given forces 
Pj, Pa J ^3} Pn and 7^5 act as in the figure. 

Let the consequent actions along the rods be ty, t^, is, h, 
and <5, as marked. 

Draw the pentagon a^a^a^ai having its sides parallel 
and proportional to the forces Pj, Pg, ... Pj. Since the 
forces are in equilibrium this polygon is a closed figure. 

Through a^ draw a^O parallel to A^A^ and through a^ 
draw a^O parallel to A^Ai. 

Now the triangle a^Oa^ has its sides parallel to the 
forces Pj, t^, and t^ which act on the joint A^. Its sides 
are therefore proportional to these forces; hence, on the 
same scale that a^ represents Pj, the sides Oa^ and a^O 
represent t^ and t^. 

Join Oa^, Oog, and Oa^. 

The sides a^a^ and Oa^ represent two of the forces, Pg 
and ti, which act on A^. Hence a^O, which completes the 
triangle aiOa^, represents the third force t^ in magnitude 
and direction. 

Similarly Oa^ and Oa^ represent t^ and t^ respectively. 

The lines Oa^, Oa^, Oa^, Oa^ and Oa^, therefore represent, 
both in magnitude and direction, the forces along the sides 
of the framework. The figure Ojcu/i^^^ is called the force 
polygon. 

A similar construction would apply whatever be the 
number of sides in the framework. 

L. s. 19 



290 STATICS 

222. It is clear that the figure and construction of the 
preceding article are really the same as those of Art. 218. 

If the right-hand figure represents a framework of rods 
OjCtz, tta^s, asf^i ... acted on at the joints by forces along 
a^O, a^O, ... then the polygon A-yA^^A^A^ of the left-hand 
figure is clearly its force polygon, since A-^^A^, A^A^ ... are 
respectively parallel to a^O, a^O .... 

Hence either of these two polygons may be taken as the 
Framework, or Funicular Polygon, and then the other is 
the Force Polygon. For this reason such figures are called 
Reciprocal. 

As another example we give a triangular framework 
acted on at its joints by three forces P^, P^, Pg in equili- 
brium whose force polygon is a^a^a^ ; conversely, A^^A-^ is 
the force polygon for the triangle a^a^^ acted on by forces 
Ty, T^, and T^. 



223. Ex. 1. A framework, ABGD, consisting of light rods 
stiffened by a brace AG, is supported in a vertical plane by supports at 
A and B, so that AB is horizontal; the lengths of AB, BG, CD and 
DA are 4, 3, 2, and 3 feet respectively; also AB and GD are parallel, 
and AD and BG are equally inclined toAB. If weights of 5 and 10 cwt. 
respectively be placed at G and D, find the reactions of the supports 
at A and B, and the forces exerted by the different portions of the 
framework. 

Let the forces in the sides be as marked in the figure and let P and 
Q be the reactions at A and B. 
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Draw a vertical line aj3, 5 inches in length, to represent the weight 
10 cwt. at B ; also draw aS parallel to AB and /33 parallel to CD. 





Then a)35 is the Triangle of Forces for the joint D, and the forces at 
D must be in the directions marked. 

Note that the force at C in the bar JDC must be along DC ox CD, 
and that at D in the same bar along CD or DC. 

[This is an important general principle ; for any bar, which under- 
goes stress, is either resisting a tendency to compress it, or a tendency 
to stretch it. 

In the first case, the action at each end is from its centre towards 
its ends, in which case it is called a Strut ; in the second case it is 
towards its centre, when it is called a Tie. 

In either case the actions at the two ends of the rod are equal and 
opposite.] 

Draw py vertical and equal to 2 j ins. to represent the weight at C. 
Draw ye parallel to BG and 5e parallel to ^C Then d^yed is the 
Polygon of Forces for the joint C, so that the actions at C are as 
marked. 



Draw ef horizontal to meet ay in f. 



19—2 
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Then ey^ is the Triangle of Forces for P, so that the reaction Q is 
represented by 7^, and Tj by fe. 

Finally, for the joint Ay we have the polygon 5efa5, so that P is 
represented by fa. 

On measuring, we have, in inches, 

ef=l-10, 76 = 3-31, 5j3 = l-77, Sa=5-30, 5e=-91, 

7f=3-125, and fa=4-375. 

Hence, since one inch represents 2 cwt., we have, in cwts., 

ri = 2-20, T2=6-62, T3=3-54, r4=10-6, ^5=1-82, 

Q=6-25, and P=8-75. 

It will be noted that the bars AB and AG are in a state of tension, 
i.e. they are ties, whilst the other bars of the framework are in a state 
of compression, i.e. they are struts. 

The values of P and Q may be also found, as Ji and S are found 
in the next example, by the construction of Art. 220. 



Ex. 2. A portion of a Warren Girder consists of a light frame com- 
posed of three equilateral triangles ABC, GBD, GDE and rests with A GE 
liorizontal being supported at A and E. Loads of 2 and 1 tons are hung 
on at B and D; find the stresses in the various members. 



B r "^3 , p 








Draw a)3, ^y vertical, and equal to 2 inches and 1 inch respectively, 
to represent 2 tons and 1 ton. Take any pole and join Oa, 0)3, O7. 

Take any point a on the line of action of the 2 ton wt. ; draw ad 
parallel to aO to meet the reaction E in d, and ab parallel to ^0 to 
meet the vertical through D in b, and then be parallel to 7O to meet 
S in c. Join cd. Then abed is the funicular polygon of which (if we 
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draw OS parallel to cd) a^yS is the force polygon (in this case a straight 
line). Hence 5a represents E and yd represents S. 

Let the forces exerted by the rods, whether thrusts or tensions, be 
1\, Tj) ••• as marked. 

Draw 8e parallel to CA and ae parallel to ^5; then aed is a 
triangle of forces for the joijit ^, so that ae and e5 represent Tg 
and Tj. 

Draw ef and j3f parallel to BG and BD respectively. Then ea/Sf is 
the polygon of forces for the joint B so that 2*4 and '1\ are given by ef 
and fj3 respectively. 

Draw 88 parallel to DC; then 8e^0 is the polygon of forces for the 
joint G and hence ^6 and ^5 represent Tj and Tg. 

Draw 7t parallel to DC to meet ef produced in i; then ^^71 is the 
polygon of forces for the joint D so that 71 and tf represent Tg and T, 
respectively; [it follows that 71 must be equal and parallel to 88, and 
hence tO must be equal and parallel to 75 and therefore represent S.] 

Finally i^f is the triangle of forces for the joint E. 

Hence if we measure off the lengths a5, 8y, e8, ea, fj3, ef, fi9, ^5, if 
in inches, we shall have the values of E, S, T^, T^, Tj , T^, T^, Tg , 
Tj respectively expressed in tons' wt. 

They are found to be 1-75, 1-25, 1-01, 2-02, -87, -29, -72, -29, and 
1*44 tons' wt. respectively. 

From the figure it is clear that AG, GE and CD are tics and that 
the others are struts. 



EXAMPLES. XXXVin. 

[27ie following are to be solved by graphic methods.] 

1. A uniform triangular lamina ABG, of 30 lbs. weight, can turn 
in a vertical plane about a hinge at jB ; it is supported with the side 
AB horizontal by a peg placed at the middle point of BG. If the sides 
AB, BG, and GA be respectively 6, 5, and 4 feet in length, find the 
pressure on the prop and the strain on the hinge. 

2. A uniform ladder, 30 feet long, rests with one end against a 
smooth wall and the other against the rough ground, the distance of 
its foot from the wall being 10 feet ; find the resultant force exerted 
by the ground on the foot of the ladder if the weight of the ladder be 
150 lbs. (1) when there is no extra weight on the ladder, (2) when 
1 cwt. is placed -f of the way up. 

3. It is found by experiment that a force equal to the weight of 
10 lbs. acting along the plane is required to make a mass of 10 lbs. 
begin to move up a plane incUned at 45° to the horizon ; find the co- 
efficient of friction between the mass and the plane. 
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4. Three forces equal respectively to the weights of 6"05 lbs., 
4*24 lbs., and 3'85 lbs. act at three given points of a flat disc resting 
on a smooth table. Place the forces, by geometric construction, 
so as to keep the disc in equilibrium, and measure the number of 
degrees in each of the angles ■which they make with one another. 

5. A uniform rectangular block, of which ABGD is the sym- 
metrical section through its centre of gravity, rests with CD_ in con- 
tact with a rough horizontal plane (jtt=^) ; the weight of the block is 
40 lbs. and a force equal to 10 lbs. wt. acts at D in the direction CD ; 
if the lengths of BG and CD be respectively 3 and 5 feet, find the value 
of the least force which, applied at the middle point of CB parallel to 
the diagonal DB, would move the block. 

6. A body, of weight 100 lbs., rests on a rough plane whose 
slope is 1 in 3, the coefficient of friction being -^ ; find the magnitude 
of the force which, acting at an angle of 40° with the plane, is on the 
point of dragging the body up the plane. Find also the force which, 
acting at an angle of 40° with the plane, is on the point of dragging 
the body down the plane. 

7. ABC is a triangle whose sides AB, BG, GA are respectively 
12, 10, and 15 inches long and BD is the perpendicular from JS on C^. 
Find by means of a force and funicular polygon the magnitude and the 
line of action of the resultant of the following forces ; 8 from A to C, 
8 from GtoB,3 from B to A, and 2 from B to D. 

8. AB is a straight line, 3 feet long; at A and B act parallel 
forces equal to 7 and 5 cwt. respectively which are (1) like, (2) unlike ; 
construct for each case the position of the point D at which their 
resultant meets AB and measure its distance from A. 

9. Loads of 2, 4, 3 cwt. are placed on a beam 10 ft. long at 
distances of 1 ft., 3 ft., 7 ft. from one end. Find by an accurate 
drawing the line of action of the resultant. 

10. A horizontal beam 20 feet long is supported at its ends and 
carries loads of 3, 2, 5, and 4 cwt. at distances of 3, 7, 12, and 15 feet 
respectively from one end. Find by means of a funicular polygon the 
thrusts on the two ends. 

11. A triangular frame of jointed rods ABG, right-angled at A, 
can turn about ^ in a vertical plane. The side AB is horizontal and 
the comer G rests against a smooth vertical stop below A. li AB=3tt., 
AG=lit., and a weight of 60 lbs. be hung on at B, find graphically the 
stresses in the various bars. 

12. Forces equal to 1, 2, 4, and 4 lbs. weight respectively act 
along the sides AB, BG, GD, and DA of a square. Prove that their 
resultant is 3'6 lbs. weight in a direction inclined at tan-^ ^ to GB and 
intersecting BG produced at O, where GG is equal to f BG. 
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13. AG and GB are two equal beams inclined to one another at 
an angle of 40°, the ends A and B resting on the ground, which is 
rough enough to prevent any slipping, and the plane ACB being 
inclined at an angle of 70° to the ground. At G is attached a body 
of weight 10 cwt., and the system is supported by a rope, attached to 
G, which is in the vertical plane passing through G and the middle 
point of AB. if the rope be attached to the ground and be inclined 
at an angle of 50° to the ground, find the tension of the rope and the 
action along the beams. [This arrangement is called a Sheer-legs.] 

14. A beam, AB, of weight 140 lbs., rests with one end ^ on a 
rough horizontal plane, the other end, B, being supported by a cord, 
passing over a smooth pulley at C, whose horizontal and vertical 
distances from A are respectively 15 and 20 feet. If the length of the 
beam be 15 feet, and it be on the point of slipping when the end B is 
at a height of 9 feet above the horizontal plane, find the magnitudes 
of the coefiicient of friction, the tension of the chord, and the resultant 
reaction at A. 

15. A triangular framework ABG, formed of three bars jointed at 
its angular points, is in equilibrium under the action of three forces 
P, Q, and R acting outwards at its angular points, the line of action 
of each being the line joinifig its point of application to the middle of 
the opposite bar. If the sides BG, GA, and AB be 9 ft., 8 ft., and 7 ft. 
in length respectively, and if the force P be equal to 60 lbs. wt., find 
the values of Q and B, and the forces acting along the bars of the 
framework. 

16. A and B are two fixed pegs, B being the higher, and a heavy 
rod rests on B and passes under A ; shew that, the angle of friction 
between the rod and the pegs being the same for both, the rod will 
rest in any position in which its centre of gravity is beyond B, 
provided that the inclination of AB to the horizon is less than the 
angle of friction ; also, for any greater inclination, determine graphic- 
ally the limiting distance of the centre of gravity beyond B consistent 
with equilibrium. 

17. A uniform beam AB, weighing 100 lbs., is supported by 
strings A G and BD. the latter being vertical, and the angles GAB and 
ABD are each 105°. The rod is maintained in this position by a 
horizontal force P applied at B, Shew that the value of P is about 
25 lbs. weight. 

18. AB and AG are two equal rods of no appreciable weight 

smoothly jointed together at A, which rest in a vertical plane with 

their ends upon a smooth horizontal plane BG. D is a point in AB 

such that AD = ^ AB and E and F are the points of trisection of AG, 

E being the nearer to -4. A fine string connects D and F and is of 

such a length that the angle A is 60°. Shew that, if a weight W be 

W 
attached to E, the tension of the string is -jj- . 
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19. ABGDEF is a regiilar hexagon. Shew that the forces whieh 
must act along ^C, AF, and DE to produce equilibrium vrith a force 
of 40 lbs. weight acting along EG are respectively 10, 17*32, and 
34-64 lbs. weight. 

20. I^g- 1 consists of a symmetrical system of light rods freely 
jointed and supported vertically at the extremities ; vertical loads of 
10 and 5 cwt. are placed at the points indicated ; find the thrusts or 
tensions of the rods, if the side rods are inclined at 50° to the 
horizon. 

21. Fig. 2 consists of a symmetrical system of light rods freely 
jointed and supported by vertical reactions at A and J5 ; if a weight of 
10 cwt. be placed at Z> find the thrusts or tensions in the rods, given 
that /Z»^B=55°and / C^J5=35°. 




22. A crane is constructed as in Fig. 3, and 15 cwt. is hung on 
at A ; find the forces along the parts AG and AB. 

If the post BG be free to move, and BD be rigidly fixed, find the 
pull in the tie GD. 

23. A portion of a Warren girder consists of three equilateral 
triangles ABG, ADG, BGE, the lines AB, DGE being horizontal and 
the latter the uppermost. It rests on vertical supports at A and B and 
carries 5 tons at D and 3 tons at E. Find the reactions at the supports 
and the stresses in the four inclined members. 

24. ABGD consists of a quadrilateral consisting of four light rods 
loosely jointed, which is stiffened by a rod BD ; at A and G act forces 
equal to 40 lbs. weight. Given that AB=2tt., BG=3 ft., CD =4 ft., 
DA = 4:^ ft., and DB=5 ft., find the tensions or thrusts of the rods. 



CHAPTEK XYI. 

SOME ADDITIONAL PKOPOSITIONS. 

224. Formal proof of the Parallelogram of 
Forces. 

The proof is divided into two portions, (I) as regards the 
direction, (II) as regards the magnitude of the resultant. 

I. Direction. 

(a) Equal Forces. 

Let the forces be equal and represented by OA and 
OB. 

Complete the parallelogram ^n~ ^ '\^ 

O^Ci?, and join OC. Then C>C X^v 
bisects the angle AOB. \ ^\^^ \ 

Since the forces are equal, \ ^\^ \ 
it is clear that the resultant V - .-^A. 

B C 

must bisect the angle between 

them; for there is no reason to shew why the resultant 
should lie on one side of OG which would not equally hold 
to shew that the resultant should lie on the other side of 
OG. Hence, as far as regards direction, we may assume 
the truth of the theorem for equal forces. 
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(JS) Commensurable Forces. 

Iiemma. If the theorem he true, as far as regards 
direction, for a pair of forces P and Q, and also for a pair 
offerees P and R acting at the same angle, to shew that it is 
true for the pair of forces P and {Q + P). 

Let the forces act at a point -4 of a rigid body, and let 
A£ be the direction of P, and ACD that of Q and P. 

Let AB and AG represent the forces P and Q in 
magnitude. 

Since, by the principle of The Transmissibility of 
Force, the force P may be supposed to act at any point in 
its line of action, let it act at G and be represented by 
GD. 



Complete the parallelograms ABEG and ABFD. 

The resultant of P and Q is, by supposition, equal to 
some force T acting in the direction AE ; let them be 
replaced by this resultant and let its point of application be 
removed to E. 

This force T, acting at E, may now be replaced by 
forces, equal to P and Q, acting in the directions GE and 
EF respectively. 

Let their points of application be removed to G 
and F. 

Again, by the supposition, the resultant of P and R, 
acting at G, is equivalent to some force acting in the 
direction GF \ let them be replaced by their resultant and 
let its point of application be removed to F. 
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All the forces have now been applied at F without 
altering their combined effect ; hence F must be a point 
on the line of action of their resultant ; therefore ^i^ is 
the direction of the required resultant. 

Hence the Lemma is proved. 

Application of the lemma. 

By (a) we know that the theorem is true for forces 
which are each equal to S. 

Hence, by the lemma, putting P, Q, and B each equal 
to S, we see that the theorem is true for forces S and 2S. 
Again, by the lemma, since the theorem is true for forces 
(S, S) and (^S', '2S) we see that it is true for forces (S, 3S). 
Similarly for forces (S, 4:S) and so on. 

Continuing in this way we see that it is true for forces 
S and mS, where m is any positive integer. 

Again, from the lemma, putting P equal to mS, and 
Q and P both equal to S, the theorem is true for forces 
mS and 2*S'. 

Again, putting P equal to mS, Q to 2*S', and P to S, 
the theorem is true for forces mS and 3S. 

Proceeding in this way we see that the theorem is true 
for forces mS and nS, where m, and n are positive integers. 

Also any two commensurable forces can be represented 
by mS and nS. 

(y) Incommensurable Forces. 

Let P and Q be incommensurable forces, and let A£ 
and AG represent them. 

3 ^^C 



— i--\p 
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Complete the parallelogram A BDG. 

If the resultant of P and Q be not in the line AD let it 
act in the line AE meeting CD in E. 

Divide AG into any number of equal parts x, each less 
tluin ED, and from GD cut off successively portions, each 
equal to x. The last point of subdivision F must fall 
between E and Z>, since x is less than ED. 

Draw FG parallel to GA to meet AB in G, and join 
AF. 

The lines AG and AG represent commensurable forces, 
and therefore their resultant is, by (J3), in the direction 
AF. 

Hence the resultant of forces AG and AB must lie 
within the angle BAF. But this resultant acts in the 
direction AE, which is without the angle BAF. 

But this is absurd. 

Hence AE cannot be the direction of the resultant. 

In a similar manner it can be shewn that no other 
line, except AD, can be the direction of the resultant. 

Hence AD is the direction of the resultant. 

II. Magnitude. 

As before let AB and AG represent the forces F and Q. 
Complete the parallelogram ABDG. 



SOMF. ADDITIONAL PBOPOSITIONS 301 

Take a force B, represented both iii magnitude and 
direction by AE, to balance the resultant of F and Q. 

Then, by the first part of the proof, AE is in tlie same 
straight line with AD. AE shall also be equal to AD. 

Complete the parallelogram AEFB. 

Since the three forces P, Q, and li are in equilibrium, 
each of them is equal and opposite to the resultant of the 
other two. 

Now the resultant of F and R Ls in the direction AF ] 
hence AG^ the direction of ^, is in the same straight line 
with AF. 

Therefore ADBF is a parallelogram, and hence DA 
equals BF. 

But, since AEFB is a parallelogram, ^i^ equals AF. 

Therefore AD equals AE, and hence AD is, equal, in 
magnitude as well as direction, to the resultant of P 
and Q. 

The above proof is known as Ducliayla's Proof. 

225. Centre of gravity of a uniform circular 
arc. 

Let AB be a circular arc, subtending an angle 2a at its 
centre 0, and let OG bisect the 
angle AOB. 

Let the arc AB be divided 
into 2n equal portions, the 
points of division, starting from 
C, being P^, P2,...P„_i towards 
A, and Q^, ^2,... ^„_i towards B. 

At each of these points of 
division, and at the extremities 
A and B, and also at the point "^ 

C, let there be placed equal particles, each of mass m. 

Let the arc joining two successive particles subtend 
an angle P at the centre 0, so that 2n^ = 2a. 
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Since the system of particles is symmetrical with respect 
to the line 00, the centre of gravity, G, must lie on the 
line 00. Let x be the distance OG. 
Then, by Art. Ill, 
TYir + Im . r cos ^ + 2m . r cos 2)8 + ... + 2mr cos n^ 
m + 2m + 2m + . . . + 1m 

= W~^ fl + 2cos;g+2cos2)8+ ... + 2cos?i;8] 

2 



2n+\ 



n + \ - . n.i8 
cos — jj — j8 sm 



1+2. 



;8 



, [rW^. Art. 242] 



by summing the trigonometrical series, 
(^+l)^_sin| 



2n+l 



1 + 



sm^ 



(**+^)^ sin(a+|^) 



.(i). 



(2,i+l)sin| (2n+l)sin^ 

Now let the number of particles be increased without 
limit, a remaining constant, and consequently ^ decreasing 
without limit. We thus obtain the case of a uniform 
circular arc. 



Now (2n+l)smH-=^-o— ^a 



2n 



2n 



2n 



2n 



=L^'"2;iJ:"--r-="' 



2n 



when n is made indefinitely great. 



SOME ADDITIONAL PROPOSITIONS 303 

Hence, in the case of a uniform circular arc, (i) becomes 
_ sin a ^ 



Cor. In the case of a semicircular arc, in which a = ^r, 
the distance of the centre of gravity from the centre 

. IT 
TT IT 

2 
226. Centre of gravity of a sector of a circle. 

With the same notation as in the last article, let P and Q 
be two consecutive points on the circular boundary of the 
sector, so that PQ is very approximately a straight line, 
and OPQ is a triangle with a very small vertical angle at 0. 

Take P' on OP such that Or = ^OP ; when PQ is very 
small, P' is the centre of gravity of the triangle OPQ. 



* The Student, who is acquainted with the Integral Calculus 
can obtain this result very much easier thus; 

Let P be a point on the arc such that /.POG=d, and P' a very 
close point such that lI^0P=8d. 

If Jlf be the mass of the whole arc the mass of the element PP* is 
^ . M, and the abscissa of the point P is r cos 6. Hence, by Art. Ill, 

/ 2^M.r cose I oosdde 

_ J -a^^ J -a 

J —a J -a 



[™*]-I 



dJd 

J — o 



»■+" 



H 



_ sin a 



Also, by symmetry, it is clear that the centre of gravity must lie 
on OG. 
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By joining to an indefinitely large number of con- 
secutive points on the arc AB, the 
sector can be divided into an in- 
definitely large number of triangles, 
each of whose centres of gravity 
lies on the dotted circular arc, whose 
radius is ^r. 

Hence the centre of gravity of 
the sector is the same as that of the 
circular arc A'CB", so that, by the 
last article, 

0G' = 0G'^—='4:r 




sin tt 



TT 

Cor. If the sector be a semi-circle, a = n} and the 



distance OG' = 



4r 



227. Centre of gravity of the segment of a 
circle. 

The segment of a circle AGB is the difference between 
the sector OAGB and the triangle 
OAB. 

Using the same notation as in 
the two previous articles, let G^ and 
6^2 be respectively the centres of 
gravity of the triangle AOB and the 
segment AGB. Also let G be the 
centre of gravity of the sector, and 
let AB meet OG in D. 

We have, by Art. 109, 

A AOB X OG^ + segment AGBx OG^ 



C GD 




0G = 



A^C>/J + segment AGB 



.(i). 
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But OG^ = lOD = |r cos a, 

and OG = §r'^. 

Also AAOB = ^7^sin2a, 

and segment ABC = sector A OB — AAOB 

= Ir^ . 2a - |r2 sin 2a. 

Hence equation (i) becomes 

2 sin a _ |r^ sin 2a x ^r cos a + '^r^ (2a — sin 2a ) x OG^ 
^^ ~ir " |r2 . 2a 

_ f r cos a sin 2a + 0(7a (2a — sin 2a) 

.■. ^r sin a — §r cos a sin 2a = OG^ (2a — sin 2a) ; 

^ ^ . sin a — cos^ a sin a 

.'. OGn. = ir :— jr 

^ ^ 2a - sm 2a 

. sin^ a 



'^ 2a - sin 2a ' 



228. Centre of gravity of a Zone of a Sphere. 

To prove that the centre of gravity of the surface of any 
zone of a sphere is midway between its plane ends. 

[A zone is the portion of a sphere intercepted between 
any two parallel planes.] 

Let ABGD be the section of the zone which is made by 
a plane through the centre of the sphere perpendicular to 
its plane ends. 

In the plane of the paper let BOR' be the diameter 
parallel to the plane ends. Draw the tangents RU and 

L.^ s. 20 
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R'U' at its ends, uud let AB and CD meet them in the 
points a, 6, c, and d. 

Consider the figure obtained by revolving the above 
figure about EOE' . The arc AB will trace out the zone 
and the line ad will trace out a portion of the circum- 
scribing cylinder. 



a pq d 




R' b pq! 



We shall shew that the areas of the portions of the 
zone and cylinder intercepted between the planes ab and cd 
are the same. 

Take any point P on the arc between A and J) and 
another point Q indefinitely close to P. Draw the lines 
pPMP'p' and qQNQ'c^ perpendicular to OE as in the 
figure. 

Let PQ meet E'E in T and draw QS perpendicular 
to PM. 

Since Q is the very next point to P on the arc, the 
line PQ is, by the definition of a tangent, the tangent at P 
and hence OPT is a right angle. Also in the limit, when 
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P and Q are very close to one another, the area traced out 
by PQ, which really lies between 2tMP.PQ and l-n-NQ.PQ, 
is equal to either of them. 
"We then have 

element of the zone area traced out by PQ 



element of the 


cylinder 


area 


traced 


out by pq 


27r.. 


MP. 


PQ 


MP 


PQ 


MP 


1 


~ 27r. 


Mp 


.pq 


Mp ' 


SQ- 


~ Mp' 


co^ SQP 


MP 




1 


MP 




1 


MP OP 


~ Mp 


' cos 


OTP 


~ Mp 


sm 


MOP~ 


' Mp ' MP 


OP 

~ Mp' 


= 1. 













The portions of the zone and cylinder cut off by those 
two indefinitely close planes are therefore the same and 
hence their centres of gravity are the same. 

If we now take an indefinitely large number of thin 
sections of the zone and cylinder starting with AB and 



By Integral Calculus. Let I AOE=a, L DOE=p, and /. P0E=9. 
The element of area at Pz=ad9x2TraBia.9, and the abscissa of P is 
acos^. Hence, by Art. Ill, 

I 2ira^ sin 0S6. a cos 6 I sin cos 6d9 
- J_P „J_P 

I 2ira^s\n.ede \ sin OdO 

J P J P 

Rsin^^T 

L.^ Ja a sin^ a - sm- B 
= a = 

[-cos^]' 



<* 2 cos S- cos a 



a cos^ j8 - cos^ a <i / o \ 

=H ^ = K (cos B + cos a) 

2 co3j8-cosa 2^ '^ ' 

=^[OL + OL']. 

20—2 
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ending -with GD the corresponding sections have the same 
mass and the same centre of gravity. 

The centre of gravity of the zone and cylinder are 
therefore the same, and the centre of gravity of the latter 
is clearly the middle point of LL'. 

Hence the centre of gravity of any zone of a sphere is 
midway between its plane ends. 

229. Centre of gravity of a hoUow hemisphere. 

Let AB pass through the centre of the sphere and 
therefore coincide with RR'. Also let D and C move up 
to coincide with E, so that the bounding plane DC becomes 
a point at E. 

The zone thus becomes the hemisphere RDECR' and its 
centre of gravity is therefore at the middle point of OE, 
i.e,, it bisects the radius of the sphere perpendicular to the 
plane base of the hemisphere. 

230. To find the positio7i of the centre of gravity of 
a solid hemisphere. 

*Let LAM be the section of the hemisphere made by the 

* By Integral Calculus. Let P be any point on the arc AL\ 
draw PN perpendicular to OA and let ON=x, NP=y; then clearly 

where a is the radius of the hemisphere. 

The element of volume included between PN' and the plane at 
distance x + dx is -ry^dx. Also the abscissa of P is x. 
Hence, by Art. Ill, 

a fa 

8x 



ra ra 

I -ryHx.x \ a;(a2-a;2) 

^=nr =c7- 

jiry^Sx j{a^-x^)dx 

rd'^x^ x*'yi a* a* 
L~2~ ~ 4 Jo "2 " 1 3 



C--C1: --f 
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plane of the paper, and let OA be the radiuis of the 
hemisphere which is perpendicular to its 
plane base. 

Take any point P on the hemisphere 
and consider an exceedingly small ele- 
ment of the surface at P. The centre 
of gravity of the very tliin pyramid, 
whose base is this small element and 
whose vertex is 0, is at a point P' on 
OP, such that 0P' = 10P. (Art. 107.) 

The weight of this very thin pyramid 
may therefore be considered concentrated 
at P'. 

Let the external surface of the hemisphere be entirely 
divided up into very small portions and the corresponding 
pyramids drawn. Their centres of gravity all lie on the 
hemisphere L'P'aM' whose centre is and whose radius is 
Oa{=lOA). 

Hence the centre of gravity of the solid hemisphere is 
the same as that of the hemispherical shell L'P'aM', i.e. it 
is at G, where 




OG = ^Oa: 



^OA. 



231. In a similar manner we may obtain the position 
of the centre of gravity of a spherical sector which is the 
figure formed by the revolution of a circular sector, such as 
the figure OAQEBO, in the figure of Art. 228, about the 
bisecting radius OE. 

The distance of its centre of gravity from is easily 
seen to be ^(OL + OE). 

232. There are some points which are not quite 
satisfactory in the foregoing proofs! For a strict demon- 
stration the use of the Calculus is required. 
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233. Virtual Work. 

When we have a system of forces acting on a body in 
equilibrium and we suppose that the body undergoes a 
slight displacement, which is consistent with the geometrical 
conditions under which tJie system exists, and if a point Q of 
the body, with this imagined displacement, goes to Q', then 
Q(^ is called the Virtual Velocity, or Displacement, of the 
point Q. 

The word Virtual is used to imply that the displacement 
is an imagined, and not an actual, displacement. 

234. If a force R act at a point Q of the body and 
QQ' be the virtual displacement of Q and if Q'N be the 
perpendicular from ^ on the direction of R, then the 
product R . QN is called the Virtual Work or Virtual 
Moment of the force R. As in Art. 127 this work is 
positive, or negative, according as QN is in the same 
direction as Ry or in the opposite direction. 

235. The virtual work of a force is equal to the 
sum of the virtual works of its components. 

Let the components of R in two directions at right 
angles be X and F, R being 
inclined at an angle ^ to the 
direction of X, so that 
X=Rcos(ji and Y=R sin <f>. 

Let the point of application 
Q ot Rhe removed, by a Adrtual 

displacement, to Q' and draw Q'JV perpendicular to R 
and let 
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The sum of the virtual works of X and Y 
= X.QL+Y.QM 

= R cos ^ . QQ' cos (^ + a) + i? sin ^ . QQ' sin (<^ + a) 
= ^ . $^' [cos ^ cos (^ + a) + sin <^ sin (<^ + a)] 
= R.QQ'co&a 
= R.QN 
= the virtual work of R. 

236. The principle of virtual work states that If a 
system of forces acting on a body he in equilibrium and the 
body undergo a slight displacement consistent toith tlie 
geometrical conditions of the system,, the algebraic sum, of 
the virtual works is zero ; and conversely if this algebraic 
sum he zero the forces are in equilibrium,. In other words, 
if each force R have a virtual displacement r in the 
direction of its line of action, then 2 (^ . r) = ; also con- 
versely if "^(^R . r) be zero, the forces are in equilibrium. 

In the next article we give a proof of this theorem for 
coplanar forces. 

237. Proof of the principle of virtual work for any 
system of forces in one plaoie. 

Take any two straight lines at right angles to one 
another in the plane of the forces and let the body under- 
go a slight displacement. This can clearly be done by 
turning the body through a suitable small angle a radians 
about and then moving it through suitable distances a 
and b parallel to the axis. 

[The student may illustrate this by moving a book from any 
position on a table into any other position, the book throughout 
the motion being kept in contact with the table.] 
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Let Q be the point of application of any force R, whose 
coordinates referred to are 
X and y and whose polar 
coordinates are r and 9, so 
that a; = r cos ^ and ?/ = r sin ^, 
where OQ = r and XOQ = 0. 

When the small displace- 
ment has been made the coordinates of the new position 
Q' of Q are 

r cos (6 + a) + a and r sin {6 + a) + h, 
i.e. r cos cos a — r sin ^ sin a + a 

and r sin cos a + r cos ^ sin a + 6, 

i.e. r cos — a.r sin ^ + a 

and r sin -^-a.r cos ^ + 6, 

since a is very small. 

The changes in the coordinates of Q are therefore 
a — a.r sin and 6 + a . r cos 6, 
i.e. a — ay and & + cuk. 

If then A" and Y be the components of R, the virtual 
work of R, which is equal to the sum of the virtual 
works of X and Y, is 

X (a — ay) + F (6 + ace), 
%.e. a. X +b . Y+ a{Yx— Yy). 

Similarly we have the virtual work of any other 
force of the system, a, b, and a being the same for each 
force." 

The sum of the virtual works will therefore be zero if 
a2 (X) + b'^{Y) + a'S,{Yx- Xy) be zero. 

If the forces be in equilibrium then 2 {X) and 2 ( Y) are 
the sums of the components of the forces along the axes 
OX and OY and hence, by Art. 83, they are separately 
equal to zero. 
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Also Yx — Xy = sum of the moments of X and Y jvbout 
the origin — moment of R about 0. (Art. 62.) 

Hence "^iYx — Xy) — sum of the moments of all the 
forces about 0, and this sum is zero, by Art. 83. 

It follows that if the forces be in equilibrium the sum 
of their virtual works is zero. 

238. Conversely, if the sum of the' virtual works be 
zero for any displacement, the forces are in equilibrium. 

With the same notation as in the last article, the sum of 
the virtual works is 

a% (X) + 62 (7) + a% {Yx-Xy) (1), 

and this is given to be zevo for all displacements. 

Choose a displacement such that the body is displaced 
only through a distance a parallel to the axis of x. For 
this displacement h and a vanish, and (1) then gives 

a%{X) = 0, 
so that 2 {X) = 0, i.e. the sum of the components parallel to 
OX is zero. 

Similarly, choosing a displacement parallel to the axis 
of y, we have the sum of the components parallel to OY 
zero also. 

Finally, let the displacement be one of simple rotation 
round the origin 0. In this case a and h vanish and (1) 
gives 

%{Yx-Xy) = 0, 

so that the sum of the moments of the forces about 
vanish. 

The three conditions of equilibrium given in Art. 83 
therefore hold and the system of forces is therefore in 
equilibrium. 



314 



STATICS 




239. As an example of the application of the Principle of 
Virtual Work -we shall solve the following 
problem. 

Six equal rods AB, BG, CD, DE, EF, 
and FA are each of weight W and are 
freely jointed at their extremities so as to 
form a hexagon; the rod AB is fixed in a 
horizontal position and the middle points 
of AB and DE are joined by a string; 
prove that its tension is SW. 

Let Gj, Gg, Go, G4, Gj, and Gg be the 
middle points of the rods. 

Since, by symmetry, BG and GD are equally inclined to the 
vertical the depths of the points G, G, and D below AB are respec- 
tively 2, 3, and 4 times as great as that of G^. 

Let the system undergo a displacement in the vertical plane of 
such a character that D and E are always in the vertical lines through 
B and A and DE is always horizontal. 

If Gj descend a vertical distance x, then Gg will descend 3a;, G4 
will descend ix, whilst G5 and Gg will descend 3x and x respectively. 

The sum of the virtual works done by the weights 
■ = W.x+W.Bx + WAx+W.^x + W.x 
= 12W.x. 

If T be the tension of the string, the virtual work done by it 
will be 

Tx{-4x). 

For the displacement of G4 is in a direction opposite to that in 
which T acts and hence the virtual work done by it is negative. 

The principle of virtual work then gives 
12W.x + T{-4x)=0, 
i.e. T=BW. 

240. RobervaPs Balance. This balance, which 
is a common form of letter-weigher, consists of four rods 
AB, BE, ED, and DA freely jointed at the corners A, B, 
E, and D, so as to form a parallelogram, whilst the middle 
points, G and F, of AB and ED are attached to fixed 
points G and F which are in a vertical straight line. The 
rods AB and DE can freely turn about G and F. 
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To the rods AD and BE are attached scale-pans. In 
one of these is placed the substance W which is to be 
-weighed and in the other the counterbalancing weight P. 




We shall apply the Principle of Virtual "Work to prove 
that it is immaterial on what part of the scale-pans the 
weights P and W are placed. 

Since GBEF and CADF are parallelograms it follows 
that, whatever be the angle through which, the balance is 
turned, the rods BE and AD are always parallel to GF and 
therefore are always vertical. 

If the rod AB be turned through a small angle the 
point B rises as much as the point A falls. The rod BE 
therefore rises as much as AD falls, and the right-hand 
scale-pan rises as much as the left-hand one falls. In such 
a displacement the virtual work of the weights of the rod 
BE and its scale-pan is therefore equal and opposite to the 
virtual work of the weights oi AD and its scale-pan. These 
virtual works therefore cancel one another in the equation 
of virtual work. 

Also if the displacement of the right-hand scale-pan be 
p upwards, that of the left-hand one is p downwards. 
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The equation of virtual work therefore gives 
P.p+ Tr(-p) = 0, 
i.e. P=W. 

Hence, if the machine balance in any position whatever, 
the weights P and W are equal, and this condition is 
independent of the position of the weights in the scale-pans. 
The weights therefore may have any position on the 
scale-pans. 

It follows that the scale-pans need not have the same 
shape, nor be similarly attached to the machine, provided 
only that their weights are the same. 

For example, in the above figure either scale-pan instead 
of pointing away from CF may point towards it, and no 
change would be requisite in the position of the other. 



EXAMPLES. XXXIX. 

1. Four equal heavy uniform rods are freely jointed so as to 
form a rhombus which is freely suspended by one angular point and 
the middle points of the two upper rods are connected by a light rod 
so that the rhombus cannot collapse. Prove that the tension of 
this light rod is 4TFtana, where W is the weight of each rod and 2a 
is the angle of the rhombus at the point of suspension. 

2. A string, of length a, forms the shorter diagonal of a rhombus 
formed of four uniform rods, each of length h and weight W, which 
are hinged together. 

If one of the rods be supported in a horizontal position prove that 
the tension of the string is 

3. A regular hexagon ABGDEF consists of 6 equal rods 
which are each of weight W and are freely jointed together. The 
hexagon rests in a vertical plane and AB is in contact with a 
horizontal table; if G and F be connected by a light string, prove 
that its tension is W ijz. 
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4. A tripod consists of three equal uniform bars, each of length 
a and weight w, which are freely jointed at one extremity, their 
middle points being joined by strings of length 6. The tripod is 
placed with its free ends in contact with a smooth horizontal plane 
and a weight W is attached to the common joint; prove that the 
tension of each string is 

I mV+ Zw) — ^- . 

5. A square framework, formed of uniform heavy rods of equal 
weight W, jointed together, is hung up by one corner. A weight 
W is suspended from each of the three lower comers and the shape 
of the square is preserved by a light rod along the horizontal 
diagonal. Prove that its tension is 4 IF. 

6. Four equal rods, each of length a, are jointed to form a 
rhombus ABGD and the angles B and D are joined by a string of 
length I. The system is placed in a vertical plane with A resting on 
a horizontal plane and ^ C is vertical. Prove that the tension of the 

string is 2W , — . where IF is the weight of each rod. 

7. A heavy elastic string, whose natural length is 2ira, is placed 
round a smooth cone whose axis is vertical and whose semivertical 
angle is a. If TF" be the weight and X the modulus of elasticity of the 
string, prove that it will be in equilibrium when in the form of a circle 



whose radius is a ( 1 + — - cot a ) . 



8. Two equal uniform rods AB and AC, each of length 26, are 
freely jointed at A and rest on a smooth vertical circle of radius d. 
Shew, by the Principle of Virtual Work, that, if 20 be the angle 
between them, then 

b sir)? 6 =a CO& 6 . 

9. Solve Ex. 13, page 278, by the appUcation of the Principle 
of Virtual Work. 
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EASY MISCELLANEOUS EXAMPLES. 

1. Find the resultant of two forces, equal to the weights of 13 
and 14 lbs. respectively, acting at an obtuse angle whose sine is ya • 

2. Eesolve a force of 100 lbs. weight into two equal forces acting 
at an angle of 60°. 

3. ABGD is a square; forces of 1 lb. wt., 6 lbs. wt. and 9 lbs. wfc. 
act in the directions AB, AG, and AD respectively; find the magni- 
tude of their resultant correct to two places of decimals. 

4. The resultant of two forces, acting at an angle of 120°, is 
perpendicular to the smaller component. The greater component is 
equal to 100 lbs. weight ; find the other component and the resultant. 

5. If ^ and J^ be the middle points of the diagonals AG and BD 
of the quadrilateral ABGD, and if EF be bisected in G, prove that the 
four forces represented in magnitude and direction hj AG, BG, CG, 
and DG, will be in equilibrium. 

6. A stiff pole 12 feet long sticks horizontally out from a vertical 
wall. It would break if a weight of 28 lbs. were hung at the end. 
How far out along the pole may a boy who weighs 8 stone venture 
with safety? 

7. A rod weighing 4 ounces and of length one yard is placed on a 
table so that one-third of its length projects over the edge. Find the 
greatest weight which can be attached by a string to the end of the 
rdd without causing it to topple over. 

8. A uniform beam, of weight 30 lbs., rests with its lower end on 
the ground, the upper end being attached to a weight by means of a 
horizontal string passing over a small pulley. If the beam be 
inclined at 60° to the vertical, prove that the pressure on the lower 
end is nearly 40 lbs. wt. , and that the weight attached to the string is 
nearly 26 lbs. wt. 

9. Find the centre of parallel forces which are equal respectively 
to 1, 2, 3, 4, 5, and 6 lbs. weight, the points of application of the 
forces being at distances 1, 2, 3, 4, 6, and 6 inches respectively 
measured from a given point A along a given line AB. 

10. The angle 5 of a triangle ABG is a right angle, AB being 
8 inches and BG 11 inches in length; at A, B, and G are placed 
particles whose weights are 4, 6, and 6 respectively; find the distance 
of their centre of gravity from A. 
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11. On the side AB of an equilateral triangle and on the side 
remote from G is described a rectangle whose height is one half of 
AB ; prove that the centre of gravity of the whole figure thus formed 
is the middle point of AB. 

12. From a regular hexagon one of the equilateral triangles with 
its vertex at the centre, and a side for base, is cut away. Find the 
centre of gravity of the remainder. 

13. A pile of six pennies rests on a horizontal table, and each 
peuny projects the same distance beyond the one below it. Find the 
greatest possible horizontal distance between the centres of the highest 
and lowest pennic. 

14. The pressure on the fulcrum when two weights are suspended 
in equilibrium at the end of a straight lever, 12 inches long, is 20 lbs. 
wt. and the ratio of the distances of the fulcrum from the ends is 
3:2. Find the weights. 

15. A straight lever of length 5 feet and weight 10 lbs. has its 
fulcrum at one end and weights of 3 and 6 lbs. are fastened to it at 
distances of 1 foot and 3 feet from the fulcrum ; it is kept horizontal 
by a force at its other end; find the pressure on the fulcrum. 

16. Find the relation between the effort P and the weight IF in a 
system of 5 movable pulleys in which each pulley hangs by a separate 
string, the weight of each pulley being P. 

17. In the system of 5 weightless pulleys in which each string is 
attached to a weightless bar from which the weights hang, if the 
strings be successively one inch apart, find to what point of the bar the 
weight must be attached, so that the bar may be always horizontal. 

18. A body, of mass 5 lbs., rests on a smooth plane which is 
inclined at 30° to the horizon and is acted on by a force equal to the 
weight of 2 lbs. acting parallel to the plane and upwards, and by a 
force equal to P lbs. weight acting at an angle of 30° to the plane. 
Find the value of P if the body be in equiUbrium. 

19. If one scale of an accurate balance be removed and no mass 
be placed in the other scale, prove that the inchnation of the beam to 

the horizon is tan~i ==r-^ — r-r-, where 2a is the length of the beam, U 

and k are respectively the distances of the point of suspension from 
the beam and the centre of gravity of the balance, and S and W arc 
respectively the weight of the scale-pan and the remainder of the 
balance. 

20. If the distance of the centre of gravity of the beam of a 
common steelyard from its fulcrum be 2 inches, the movable weight 
4 ozs., and the weight of the beam 2 lbs., find the distance of the zero 
of graduations from the centre of gravity. Also, if the distance 
between the fulcrum and the end at which the scale-pan is attached 
be 4 inches, find the distance between successive graduations. 
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21. If the circumference of a screw be 20 inches and the distance 
between successive threads -75 inch, find its mechanical advantage. 

22. The height of a rough plane is to its base as 3 to 4 and it is 
found that a body is just supported on it by a horizontal force equal 
to half the weight of the body ; find the coefficient of friction between 
the body and the plane. 

23. -A. ladder, 30 feet long, rests with one end against a smooth 
vertical wall and with the other on the ground, which is rough, the 
coefficient of friction being \ ; find how high a man whose weight is 
4 times that of the ladder can ascend before it begins to slip, the foot 
of the ladder being 6 feet from the wall. 

24. A cylindrical shaft has to be sunk to a depth of 100 fathoms 
through chalk whose density is 2*3 times that of water; the diameter 
of the shaft being 10 feet, what must be the h.p. of the engine that 
can lift out the material in 12 working days of 8 hours each? 



**HAEDER MISCELLANEOUS EXAMPLES. 

1. If be the centre of the circle circumscribing the triangle 
ABC, and if forces act along OA, OB, and OG respectively propor- 
tional to BG, CA, and AB, shew that their resultant passes through 
the centre of the inscribed circle. 

2. Three forces act along the sides of a triangle ABll, taken 
in order, and their resultant passes through the orthocentre and 
the centre of gravity of the triangle; shew that the forces are in 
the ratio of 

sin 2A sin (B~G): sin 2B sin {G-A): sin 2G sin (A-B). 

Shew also that their resultant acts along the line joining the centres 
of the inscribed and circumscribing circles, if the forces be in the 
ratio 

cosJB-cosC: cos C- cos -4 : cos^-cosB. 

3. Three forces PA, PB, and PG, diverge from the point P and 
three others AQ, BQ, and CQ converge to a point Q. Shew that 
the resultant of the six is represented in magnitude and direction 
by BPQ and that it passes through the centre of gravity of the 
triangle ABG. 

4. T is the orthocentre, and the circumcentre of a triangle 
ABG; shew that the three forces AT, BT, and CThave as resultant 
the force represented by twice OT. 
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5. Pind the centre of gravity of three particles placed at the 
centres of the escribed circles of a triangle, if they be inversely 
proportional to the radii of these circles. 

6. ABCD is a rectangle; find a point P in AD such that, when 
the triangle PDC is taken away, the remaining trapezoid A BOP 
may, when suspended from P, hang with its sides AP and BG 
horizontal. 

7. A triangular lamina ABC, obtuse-angled at C, stands with 
the side ^C in contact with a table. Shew that the least weight, 
which suspended from B will overturn the triangle, is 

where W is the weight of the triangle. 
Interpret the above if c2>-a2+3&2. 

8. A pack of cards is laid on a table, and each card projects 
in the direction of the length of the pack beyond the one below it ; 
if each project as far as possible, shew that the distances between 
the extremites of successive cards will form a harmonical pro- 
gression. 

9. 11 aA, bB, cC ... represent n forces, whose points of appli- 
cation are a, b, c ... and whose extremities are A, B, C, ..., shew that 
their resultant is given in magnitude and direction by n.gG, where 
g is the centre of inertia of n equal particles a, b,'c, .,., and Q the 
centre of inertia of n equal particles A, B, G, .... 

What follows if g coincide with G? 

10. From a body, of weight W, a portion, of weight iv, is cut 
out and moved through a distance x ; shew that the line joining the 
two positions of the centre of gravity of the whole body is parallel to 
the line joining the two positions of the centre of gravity of the part 
moved. 

11. Two imiform rods, AB and AG, of the same material are 

rigidly connected at A, the angle BAG being 60°, and the length 

otAB being double that oiAG. If (? be the centre of inertia of the 

/19 
rods, shew that BG=AG ./ ^kj £^d> ^ ^^^ system be suspended 

freely from the end B of the rod AB, shew that the action at A 
consists of a vertical force equal to one-third of the weight, W, of 
the system, and a couple whose moment is 






l: s. 21 
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12. If the hinges of a gate be 4 feet apart and the gate be 10 feet 
wide and weigh 600 lbs., shew that, on the assumption that all the 
weight is borne by the lower hinge, the stress on the upper hinge 
must be 625 lbs. wt. 

13. A step-ladder in the form of the letter A, with each of its legs 
inclined at an angle a to the vertical, is placed on a horizontal floor, 
and is held up by a cord connecting the middle points of its legs, 
there being no friction anywhere; shew that, when a weight W is 

placed on one of the steps at a height from the floor equal to - of the 
height of the ladder, the increase in the tension of the cord is - TFtan a. 

14. A cylinder, of radius r, whose axis is fixed horizontally, 
touches a vertical wall along a generating line. A flat beam of uni- 
form material, of length 21 and weight W, rests with its extremities 
in contact with the wall and the cylinder, making an angle of 45° 

7 /5 — 1 
with the vertical. Shew that, in the absence of friction, — = ^ , 

1" v J-O 

that the pressure on the wall is ^W, and that the reaction of the 

cylinder is -^^tnW. 

15. A uniform rod, of length 32a, rests partly within and partly 
without a smooth cylindrical cup of radius a. Shew that in the 
position of equilibrium the rod makes an angle of 60° with the 
horizon, and prove also that the cylinder will topple over unless its 
weight be at least six times that of the rod. 

16. A tipping basin, whose interior surface is spherical, is free 
to turn round an axis at a distance c below the centre of the sphere 
and at a distance a above the centre of gravity of the basin, and a 
heavy ball is laid at the bottom of the basin; shew that it will tip 

over if the weight of the ball exceed the fraction - of the weight of 

the basin. 

17. A thin hemispherical shell, closed by a plane base, is filled 
with water and, when suspended from a point on the rim of the base, 
it hangs with the base inclined at an angle a to the vertical. Shew 
that the ratio of the weight of the water to that of the shell is 
tan a — -g- : ^ — tan a. 

18. A hoUow cylinder, composed of thin metal open at both 
ends, of radius a, is placed on a smooth horizontal plane. Inside it 
are placed two smooth spheres, of radius r, one above the other, 2r 
being > a and < 2a. If W be the weight of the cylinder and W the 
weight of one of the spheres, shew that the cylinder will just stand 
upright, without tumbling over, if 

W.a = 2W'{a-r). 
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19. An isosceles triangular lamina, with its plane vertical, rests, 
vertex downwards, between two smooth pegs in the same horizontal 
line ; shew that there will be equilibrium ii the base make an angle 
sin~i(cos2a) with the vertical, 2a being the vertical angle of the 
lamina and the length of the base being three times the distance 
between the pegs. 

20. A prism, whose cross section is an equilateral triangle, rests 
with two edges horizontal on smooth planes inclined at angles a 
and /3 to the horizon. If be the angle that the plane through these 
edges makes with the vertical, shew that 

2y'3 sin a sin/3 + sin (a+/3) 



tan0=- 



,y3sin(a~/3) 



21. A thin board in the form of an equilateral triangle, of weight 
1 lb., has one-quarter of its base resting on the end of a horizontal 
table, and is kept from falling over by a string attached to its vertex 
and to a point on the table in the same vertical plane as the triangle. 
If the length of the string be double the height of the vertex of the 
triangle above the base, find its tension. 

22. A solid cone, of height h and semi-vertical angle a, is placed 
with its base against a smooth vertical wall and is supported by a 
string attached to its vertex and to a point in the wall ; sh ew that 

the greatest possible length of the string is /tvl-f-^tan^a. 

23. The altitude of a cone is h and the radius of its base is r ; a 
string is fastened to the vertex and to a point on, the circumference 
of the circular base, and is then put over a smooth peg ; shew that, if 
the cone rest with its axis horizontal, the length of the string must 
be JW+4r^. 

24. Three equal smooth spheres on a smooth horizontal plane 
are in contact with one another, and are kept together by an endless 
string in the plane of their centres, just fitting them ; if a fourth 
equal sphere be placed on them, shew that the tension of the string 
is to the weight of either sphere as 1 : 3^/6. 

25. A smooth rod, of length 2a, has one end resting on a plane 
of inclination a to the horizon, and is supported by a horizontal rail 
which is parallel to the plane and at a distance c from it. Shew 
that the incHnation 6 of the rod to the inclined plane is given by 
the equation c sin a=a sin^ 9 cos {9 -a). 

26. A square board is hung flat against a wall, by means of a 
string fastened to the two extremities of the upper edge and hung 
round a perfectly smooth rail ; when the length of the string is less 
than the diagonal of the board, shew that there are three positions of 
equihbrium. 

21—2 
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27. A hemispherical bowl, of radius r, rests on a smooth hori- 
zontal" table and partly inside it rests a rod, of length 21 and of 
weight equal to that of the bowl. Shew that the position of equili- 
brium is given by the equation 

I sin {a+p) = r sin a = - 2r cos (a + 2^), 
where a is the inclination of the base of the hemisphere to the hori- 
zon, and 2/3 is the angle subtended at the centre by the part of the 
rod within the bowl. 

28. A uniform rod, of weight W, is suspended horizontally from 

two nails in a wall by means of two vertical strings, each of length I, 

attached to its ends. A smooth weightless wedge, of vertical angle 

W 
30°, is pressed down with a vertical force -^ between the wall and 

the rod, without touching the strings, its lower edge being kept hori- 
zontal and one face touching the wall. Find the distance through 
which the rod is thrust from the wall. 

29. -^B is a smooth plane inclined at an angle a to the horizon, 

and at A, the lower end, is a hinge about which there works, without 

friction, a heavy uniform smooth plank AG, of length 2a. Between 

the plane and the plank is placed a smooth cylinder, of radius r, 

which is prevented from sliding down the plane by the pressure of 

the plank from above. If W be the weight of the plank, W that of 

the cylinder, and 6 the angle between the plane and the plank, shew 

that 

W'r , ,, 1 - cos ^ 

.rr5^=cos (a + ^) — : . 

Wa ^ ' sina 

30. Two equal circular discs — of radius r — with smooth edges, 
are placed on tbsir flat sides in the comer between two smooth 
vertical planes inclined at an angle 2a, and touch each other in the 
line bisecting the angle ; prove that the radius of the least disc that 
can be pressed between them, without causing them to separate, is 
r (seca-1). 

31. A rectangular frame ABGD consists of four freely jointed 
bars, of negligible weight, the bar AD being fixed in a vertical' posi- 
tion. A weight is placed on the upper horizontal bar AB at a given 
point P and the frame is kept in a rectangular shape by a string A G. 
Find the tension of the string, and shew that it is unaltered if this 
weight be placed on the lower bar GD vertically under its former 
position. 

32. A uniform rod MN has its ends in two fixed straight rough 
grooves OA and OB, in the same vertical plane, which make angles a 
and /3 with the horizon ; shew that, when the end M is on the point 
of slipping in the direction AO, the tangent of the angle of inclina- 
tion of MN to the horizon is ,—-. — r-^ — r^^ — y^ — r , where e is the 

2sin (P + e) sm(a-e) 

angle of friction. 



MISCELLANEOUS EXAMPLES 325 

33. -A. rod, resting on a rough inclined plane, whose inclination o 
to the horizon is greater than the angle of friction X, is free to turn 
about one of its ends, which is attached to the plane; shew that, 
for equilibrium, the greatest possible inclination of the rod to the 
line of greatest slope is sin-^ (tanXcota). 

34. '-Two equal uniform rods, of length 2a, are jointed at one 
extremity by a hinge, and rest symmetrically upon a rough fixed 
sphere of radius c. Find the limiting position of equilibrium, and 
shew that, if the coefficient of friction be c-—a, the limiting inclination 
of each rod to the vertical is t&n~^ ijc-i-a. 

35. A uniform straight rod, of length 2c, is placed in a horizontal 
position as high as possible within a hollow rough sphere, of radius 
o. Shew that the line joining the middle point of the rod to the 

centre of the sphere makes with the vertical an angle tan~^—7=== . 

36. A rough rod is fixed in a horizontal position, and a rod, 
having one end freely jointed to a fixed point, is in equilibrium 
resting on the fixed rod; if the perpendicular from the fixed point 
upon the fixed rod be of length b and be inclined to the horizon at an 
angle a, shew that the portion of the fixed rod upon any point of which 
the movable rod may rest is of length 

2fib cos a 



is/siTi'a — n^ cos'^a ' 
where /4 is the coefficient of friction. 

37. A glass rod is balanced, partly in and partly out of a cylin- 
drical tumbler, with the lower end resting against the vertical side 
of the tumbler. If o and ^ be the greatest and least angles which 
the rod can make with the vertical, shew that the angle of friction is 

1 _j sin'^ a - sin^ /3 

^ sin' a cos a + sin* ^ cos /3* 

38. A rod rests partly within and partly without a box in the 
shape of a rectangular parallelepiped, and presses with one end 
against the rough vertical side of the box, and rests in contact with 
the opposite smooth edge. The weight of the box being four times 
that of the rod, shew that if the rod be about to slip and the box 
be about to tumble at the same instant, the angle that the rod makes 
with the vertical is |x+2-cos~^ (JcosX), where X is the angle of 
friction. 
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39. A uniform heavy rod lies on a rough horizontal table and is 
pulled'perpendicularly to its length by a string attached to any point. 
About what point will it commence to turn? 

Shew also that the ratio of the forces, required to move the rod, 
when applied at the centre and through the end of the rod perpen- 
dicular to the rod, is iJ2 + l : 1. 

40. Two equal heavy particles are attached to a light rod at 
equal distances c, and two strings are attached to it at equal distances 
a from the middle point; the rod is then placed on a rough hori- 
zontal table, and the strings are puUed in directions pei*pendicular 
to the rod and making the same angle d with the vertical on opposite 
sides of the rod. Find the least tensions that will turn the rod and 

shew that, if the coefficient of friction be - , the tension will be least 

c 

when 6 is 45°. 

41. Two equal similar bodies, A and B, each of weight W, are 
connected by a light string and rest on a rough horizontal plane, 
the coefficient of friction being jtt. A force P, which is less than 
2^^W, is applied at A in the direction BA, and its direction is 
gradually turned through an angle in the horizontal plane. Shew 
that, if F be greater than sJ2fjt,W, then both the weights will slip 

p 
when cos 0=-^r-=r-^, but, if P be less than J2ixW and be greater than 
2ii.W 

fiW, then A alone will slip when sin ^=^-5- • 

42. A uniform rough beam AB lies horizontally upon two others 
at points A and C ; shew that the least horizontal force applied at B 
in a direction perpendicular to BA , which is able to move the beam, 

is the lesser of the two forces l^ttTTand /j-W- y 1 where AB is 2a, 

AG is h, Wis the weight of the beam, and fji, the coefficient of friction. 

43. A uniform rough beam AB, of length 2a, is placed horizontally 
on two equal and equally rough balls, the distance between whose centres 
is b, touching them in C and D ; shew that, if 6 be not greater than 

-— , a position of the beam can be found in which a force P exerted at 
o 

B perpendicular to the beam will cause it to be on the point of motion 
both at G and D at the same time. 

44. A uniform heavy beam is placed, in a horizontal position, 
between two unequally rough fixed planes, inclined to the horizon 
at given angles, in a vertical plane perpendicular to the planes. Pind 
the condition that it may rest there. 
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45. A. uniform rod is in limiting equilibrimn, one end resting 
on a rough horizontal plane and the other on an equally rough plane 
incUned at an angle a to the horizon. If X be the angle of friction, 
and the rod be in a vertical plane, shew that the inclination, d, 
of the rod to the horizon is given by 

tanff=. ^^"("-^') 



2 sin X sin (o — X) * 
Find also the normal reactions of the planes. 

46. If a pair of compasses rest across a smooth horizontal 
cylinder of radius c, shew that the frictional couple at the joint 
to prevent the legs of the compasses from slipping must be 

W{c cot a cosec a- a sin a) , 

where W is the weight of each leg, 2a the angle between the legs, and 
a the distance of the centre of gravity of a leg from the joint. 

47. The handles of a drawer are equidistant from the sides of 
the drawer and are distant c from each other ; shew that it will be 
impossible to pull the drawer out by pulling one handle, unless the 
length of the drawer from back to front exceed fjuc. 

48. If one cord of a sash-window break, find the least coefficient 
of friction between the sash and the window-frame in order that the 
other weight may still support the window. 

49. A circular hoop, of radius one foot, hangs on a horizontal 
bar and a man hangs by one hand from the hoop. If the coefficient 
of friction between the hoop and the bar be l-i-^3, find the shortest 
possible distance from the man's hand to the bar, the weight of 
the hoop being neglected. 

50. A square, of side 2a, is placed with its plane vertical between 
two smooth pegs, which are in the same horizontal line and at a 
distance c ; shew that it will be in equilibrium when the inclination 

of one of its edges to the horizon is either 45° or \ sin~^ — ^ — . 



51. Three equal circular discs. A, B, and G, are placed in contact 
with each other upon a smooth horizontal plane, and, in addition, 
B and G are in contact with a rough vertical wall. If the coefficient 
of friction between the circumferences of the discs and also between 
the discs and wall be 2-^/3, shew that no motion will ensue when A 
is pushed perpendicularly towards the wall with any force P. 
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52. If the centre of gravity of a wheel and axle be at a distance 
a from the axis, shew that the wheel can rest with the plane through 
the axis and the centre of gravity inclined at an angle less than d 

to the vertical, where sin <?=- sin 0, 6 being the radius of the axle, 

and the angle of friction. 

53. -A. particle, of weight lo, rests on a rough inclined plane, of 
weight W, whose base rests on a rough table, the coefficients of friction 
being the same. If a gradually increasing force be applied to the 
particle w along the surface of the inclined plane, find whether it will 
move up the plane before the plane slides on the table, the angle of 
inclination of the plane being a. 

54. A rough cylinder, of weight W, lies with its axis horizontal 
iipon a plane, whose inclination to the horizontal is a, whilst a man, 
of weight W (with his body vertical), stands upon the cylinder and 
keeps it at rest. If his feet be at A and a vertical section of the 
cylinder through A touch the plane at B, shew that the angle, d, sub- 
tended by AB at the centre of the section, the friction being sufficient 
to prevent any sliding, is given by the equation 

W sin (^ + a) = {W+ W) sin a. 

55. Two rough uniform spheres, of equal radii but unequal 
weights TFj and TFj, rest in a spherical bowl, the line joining their 
centres being horizontal and subtending an angle 2a at the centre of 
the bowl; shew that the coefficient of friction between them is not 

less than ^f^ tan f 45° - ^^ . 

56. Two rigid weightless rods are firmly jointed, so as to be at 
right angles, a weight being fixed at their junction, and are placed 
over two rough pegs in the same horizontal plane, whose coefficients 
of friction are jj. and /x'. Shew that they can be turned either way 

from their symmetrical position through an angle -tan~^ — — , 

without slipping. : 

57. -A. sphere, of weight W, is placed on a rough plane, inclined 
to the horizon at an angle a, which is less than the angle of friction ; 

shew that a weight W ; — , fastened to the sphere at the 

cos a - sin a 

upper end of the diameter which is parallel to the plane, will just 

prevent the sphere from rolling down the plane. 

What will be the effect of slightly decreasing or slightly increasing 
this weight? 
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58. 'Swo equal uniform rods are joined rigidly together at one 
extremity of each to form a V, with the angle at the vertex 2a, and 
are placed astride a rough vertical circle of such a radius that the 
centre of gravity of the V is in the circumference of the circle, the 
angle of friction being e. Shew that, if the V be just on the point of 
motion when the line joining its vertex with the centre of the circle 
is horizontal, then sin e= ^^sina. 

If the rods be connected by a hinge and not rigidly connected 
and the free ends be joined by a string, shew that the joining string 
will not meet the circle if sin a be <^; if this condition be satisfied, 
shew that if the V is just on the point of slipping when the lino 
joining its vertex to the centre is horizontal, the tension of the string 

will be — ,^1 + cosec a, where W is the weight of either rod. 

59. A vertical rectan^jular beam, of weight W, is constrained by 
guides to move only in its own direction, the lower end resting on a 
smooth floor. If a smooth inclined plane of given slope be pushed 
under it by a horizontal force acting at the back of the inclined 
plane, find the force required. 

If there be friction between the floor and the inclined plane, but 
nowhere else, what must be the least value of /x so that the inclined 
plane may remain, when left in a given position under the beam, 
without being forced out? 

60. A circular disc, of weight W and radius a, is suspended 
horizontally by three equal vertical strings, of. length h, attached 
symmetrically to its perimeter. Shew that the magnitude of the 
horizontal couple required to keep it twisted through an angle 9 is 

Wa?. '^' 



\/^- 



idP'SiXi'^- 



61. Two small rings, each of weight W, slide one upon each of 
two rods in a vertical plane, each inclined at an angle a to the 
vertical; the rings are connected by a fine clastic string of natural 
length 2a, and whose modulus of elasticity is X; the coefficient of 
friction for each rod and ring is tan /3 ; shew that, if the string be 
horizontal, each ring will rest at any point of a segment of the rod 
whose length is 

TFX-^ a cosec a {cot (a - /3) - cot (a + /3) } . 

62. A wedge, with angle 60°, is placed upon a smooth table, and 
a weight of 20 lbs. on the slant face is supported by a string lying on 
that face which, after passing through a smooth ring at the top, 
supports a weight W hanging vertically ; find the ma^itude of W. 
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Find also the horizontal force necessary to keep the wedge at rest 

(1) when the ring is not attached to the wedge, 

(2) when it is so attached. 

Solve the same question supposing the slant face of the wedge to 
be rough, the coefficient of friction being -j- and the 20 lb. weight on 
the point of moving down. 

63. Shew that the power necessary to move a cylinder, of radius 
r and weight W, up a smooth plane inclined at an angle a to the 
horizon by means of a crowbar of length I inclined at an angle /3 to 
the horizon is 

Wr sin a 
"T"l+cos(a+/3)' 

64. A letter-weigher consists of a uniform plate in the form of a 
right-angled isosceles triangle ABC, of mass 3 ozs., which is suspended 
by its right angle C from a fixed point to which a plumb-line is 
also attached. The letters are suspended from the angle A, and their 
weight read off by observing where the plumb-line intersects a scale 
engraved along AB, the divisions of which are marked 1 oz., 2 oz., 
3 oz., etc. Shew that the distances from A of the divisions of the 
scale form a harmonic progression. 

65. A ladder, of length I feet and weight TTlbs., and uniform in 
every respect throughout, is raised by two men A and B from a hori- 
zontal to a vertical position. A stands at one end and B, getting 
underneath the ladder, walks from the other end towards A holding 
successive points of the ladder above his head, at the height of d feet 
from the ground, the force he exerts being vertical. Find the force 
exerted by B when thus supporting a point n feet from A, and shew 
that the work done by him in passing from the n* to the (n - 1)'** foot 
. Wld 

^^ 2n{n-l)' 

When must A press his feet downwards against his end of the 
ladder? 

66. Prove that an ordinary drawer cannot be pushed in by a 
force applied to one handle until it has been pushed in a distance 
a . /t by forces applied in some other manner, where a is the distance 
between the handles and /t is the coefficient of friction. 

67. Three equal uniform rods, each of weight W, have their ends 
hinged together so that they form an equilateral triangle ; the triangle 
rests in a horizontal position with each rod in contact with a 
smooth cone of semivertical angle a whose axis is vertical; prove 

that the action at each hinge is — . 

V'3 
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68. -A. reel, consisting of a spindle of radius c with two circular 
ends of radius a, is placed on a rough inclined plane and has a thread 
•wound on it which unwinds when the reel rolls downwards. If /t be 
the coefi&cient of friction and o be the inclination of the plane to the 
horizontal, shew that the reel can be drawn up the plane by means 

of the thread if u be not less than . 

a-c cos a 

69. Prove the following geometrical construction for the centre 
of gravity of any uniform plane quadrilateral ABGD ; find the centres 
of gravity, X and Y, of the triangles ABD, GBD ; let XY meet BD in 
U; then the required centre of gravity is a point G on XY, such that 
YG=XU. 

70. There is a small interval between the bottom of a door and 
the floor, and a wedge of no appreciable weight has been thrust into 
this interval, the coefficient of friction between its base and the floor 
being known. If the angle of the wedge be smaller than a certain 
amount, shew that no force can open the door, the slant edge of the 
wedge being supposed smooth. 

71. On the top of a fixed rough cylinder, of radius r, rests a thin 
uniform plank, and a man stands on the plank just above the point 
of contact. Shew that he can walk slowly a distance (n + 1) re along 
the plank without its slipping off the cylinder, if the weight of the 
plank is n times that of the man and e is the angle of friction between 
the plank and the cylinder. 

72. A hoop stands in a vertical plane on a rough incline which 
the plane of the hoop cuts in a line of greatest slope. It is kept in 
equilibrium by a string fastened to a point in the circumference, 
wound round it, and fastened to a peg in the incline further up and 
in the same plane. If X is the angle of friction, the angle the hoop 
subtends at the peg, and a that of the incline, shew that there is 

limiting equilibrium when 0=a + co3~^ . . What will 

happen if 6 has a greater value ? 

73. Shew that the least force which applied to the surface of a 
heavy uniform sphere will just maintain it in equilibrium against a 
rough vertical wall is 

ir cos e or W tan e [tan e - y^tan^ e - 1] 

J 5 — 1 
according as e<or>cos~i^^-^ — , where W is the weight and e the 

angle of friction. 

74. A uniform rod, of weight W, can turn freely about a hinge at 
one end, and rests with the other against a rough vertical wall making 
an angle a with the wall. Shew that this end may rest anywhere on 
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an aro of a circle of angle 2 tan~^ [/* tan a], and that in either of the 

extreme positions the pressure on the wall is ^W\(x>i'^a.+(ii?'\ ~ 2, where 
/* is the coefficient of friction. 

75. If the greatest possible cube be cut out of a solid hemisphere 
of uniform density, prove that the remainder can rest with its curved 
surface on a perfectly rough inclined plane with its base inclined to 
the horizon at an angle 

where a is the slope of the inclined plane. 

76. A cylindrical cork, of length I and radius r, is slowly ex- 
tracted from the neck of a bottle. If the normal pressure per unit of 
area between the bottle and the unextracted part of the cork at any 
instant be constant and equal to P, shew that the work done in 
extracting it is v/j.rl'^P, where /* is the coefficient of friction. 



ANSWERS TO THE EXAMPLES. 

I. (Pages 15, 16.) 

■1. (i) 25; (ii) 373; (iii) 13; (iv) ^61 ; (v) GO" ; 

(vi) 15 or 7505; (vii) 3. 

2. 20 lbs. wt. ; 4 lbs. wt. 

3. 72 lbs. wt. in a direction south-west. 

4. 205 lbs. wt. 

5. P lbs. wt. at right angles to the first component. 

6. 2 lbs. wt. 7. 20 lbs. wt. 8. 17 lbs. wt. 
9. 60°. 10. 3 lbs. wt. ; 1 lb. wt. 



11. (i) 120° ; (ii) cos-i (- g) , i.e. 151° 3'. 

12. cos-(-2^-^^,j. 



13. In the direction of the resultant of the two given 
forces. 

14. (i) 23-8; (ii) G-G4; (iii) G8° 12'; (iv) 2-5G. 

II. (Pages 19, 20.) 

1. 573 and 5 lbs. wt. 2. (i) |P72; (ii) ifP. 

3. 50 lbs. wt. 

4. Each is- 10073, i.e. 57-735, lbs. wt. 

5. 3G-G03 and 44*83 lbs. wt. nearly. 
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6. P(V3-1) and^(V6- 72), ^.e. P x -732 and 
Px-5176. 

8. FJZ and 2F. 

9. FJ2 at 135° with the other component. 

10. 1075 at an angle tan"* ^ {i.e. 22-36 at 26° 34')' with 
the verticaL 

11. 33-62 lbs. wt. ; 51-8 lbs. wt. 



III. (Pages 25, 26.) 

1. 1 : 1 : V3. 2. 73 : 1 : 2. 3. 120°. 

4. 90°, 112° 37' ( = 180° - cos-^ j-^^), and 157° 23'. 

9. K^=U-i lbs. wt., a,--=Sl''; R^=Q-5 lbs. wt., a„=169°. 

10. lOU"; 57°. 11. 52; 95°. 

12. 67-2"; 101. 13. 46; 138°. 

14. 29-6; 14^ 15. 2-66 cwts. 

IV. (Pages 26—28.) 

1. 40. 2. cos-i (- 1^ , Le. 104° 29'. 

3. 273 and ^3 lbs. wt. 

4. 1573 and 15 lbs. wt. 5. 5 : 4. 

6. 5 and 13. 9. 12 lbs. wt. 

16. The straight line passes through G and the middle 
point of AB. 

19. The required point bisects the line joining the 
middle points of the diagonals. 

20. Through B draw BL, parallel to AG, to meet GD 
in L ; bisect 1)L in X; the resultant is a force through X, 
parallel to AD, and equal to twice AD. 



ANSWERS iii 

V. (Pages 33—35.) 

1. - 4 lbs. wt. in the direction AQ. 

2. 750 + 32^2 at an angle tan~^ — 17^' *"^' ^''^ 
lbs. wt. at 36° 40', with the first force. 

3. 2/* in the direction of the middle force. 

4. IP at cos-^1^, i.e. 38° 13', with the third force. 

5. 73P at 30° with the third force. 

6. 12-31 making an angle tan"^ 5, i.e. 78° 41', with AB. 

7. 14-24 lbs. wt. 

8. 5 lbs. wt. opposite the second force. 

9. ;JP(;^y5 + l)\/lO+2;^5 bisecting the angle between 
Q and R. 

10. 10 lbs. wt. towards the opposite angular point. 

11. »yi25 + 68^3 lbs. wt. at an angle tan~^ "^ , 

i.e. 15-58 lbs. wt. at 76° 39', with the first force. 

13. P X 5-027 towards the opposite angular point of the 
octagon. 

14. 17-79 lbs. wt. at 66° 29' with the fixed line. 

15. 9-40 lbs. wt. at 39° 45' with the fixed line. 

16. 39-50 lbs. wt. at 111° 46' with the fixed line. 

17. 42-5 kilog. wt. at 30° with OA. 

VI. (Pages 38—41.) 

1- y(V6-72); wuz-\). 

2. 2f and 3J lbs. wt. 3. 126 and 32 lbs. wt. 

4. 56 and 42 lbs. wt 5. 48 and 36 lbs. wt. 

6. 4, 8, and 12 lbs. wt. 7. W. 

8. 120 lbs. wt. 

9. The inclined portions of the string paake 60° with 
the vertical and the thrust is WJ2>, 
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10. • 7-23 lbs. \vt. 11. The weights are equal. 

12. 1-34 inches. 13. 2*- and 9| lbs. wt. 

14. U lbs. wt. 15. 6 ft. 5 ins. ; 2 ft. 4 ins. 

16. They are each equal to the weight of the body. 

18. 2Pcos — , where a is the angle at the bit between 

the two portions of the rein. 

W C 
20. ysec^. 22. W ; WJ2. 

VII. (Pages 45, 46.) 

1. 42-9 lbs. wt. ; 19-91 lbs. wt. 

2. 1^ and 1| tons wt. 

3. 37-8 and 85-1 lbs. wt. 4. 15-2 lbs. ' 

5. 3-4, 6*6, 3-67, 7 "55 and 5 cwt. respectively. 

6. 160 lbs. and 120 lbs. wt. ; 128 and 72 lbs. wt. 

7. 20 cwts. and 6 cwts. 

8. 244-84 and 561-34 lbs. wt. 

9. 2-73 and -93 tons wt. 

10. (1) 3, 1-^ and 1 ton wt. ; (2) 2, ^ and 1 ton wt. 

11. A thrust of 5-01 tons wt. in AC, and a pull of 1-79 
tons wt. in CD. 

VIII. (Pages 55—57.) 

1. (i) R = \l, AG = 7 ins.; (ii) 7? = 30, AG==1 ft. 
7 ins.; (iii) 72=10, AC = 1 ft. 6 ins. 

2. (i) i2 = 8, ^C = 25 ins.; (ii) Ji=8,AG^-75 ins.; 
(iii) 72=17, ^C = -19j-V ins. 

3. (i) Q = 9,AB = 8^ ins. ; '{ii)jP=2l 72 = 13f ; 
(iii)$ = 6|, 72=12f. -'^ 

4. {i)Q = 25,AB = S-^mB.; (ii) P=24f, 72=13f ; 
(iii) ^ = 2*, A' = 3f. 



ANSWERS V 

5. 15 and 5 lbs. wt. 6. 43^ and 13^ lbs. wt. 

8. 98 and 70 lbs. wt. 

9. The block must be 2 ft. from the stronger man. 
10. 4 ft. 3 ins. 11. 1 lb. wt. 12. 1 foot. 
13. 20 lbs. ; 4 ins. ; 8 ins. 14. 14| ins. ; 10| ins. 

16. 40 and 35 lbs. wt. 17. ^W. 

18. The force varies inversely as the distance between 
his hand and his shoulder. 

19. (i) 100 and 150 lbs. wt. ; (ii) 50 and 100 lbs. wt. ; 
(iii) 25 and 75 lbs. wt. 

20. 1 lb. wt. at 5 ft. from the first. 

21. 77-55 and 34*45 lbs. wt. approx. 

IX. (Pages 71—74.) 

1. 10-1. 2. 5V3ft.-lbs. 

3. 7573 = 129-9 lbs. wt. 

4. 3 ft. 8 ins. from the 6 lb. wt. 

5. At a point distant 6-6 feet from the 20 lbs. 

6. 2| ft. from the end. 7. 2f lbs. 

8. 2^ lbs: 

9. (1) 4 tons wt. each; (2) 4|- tons wt., 3| tons wt. 
10. ^ is 3 inches from the peg. 11. ^ cwt. 

12. One-quarter of the length of the beam. 

13. 55 lbs. wt. 

14. The weight is 3^ lbs. and the point is 8|^ ins. from 
the 5 lb. wt. 

15. 3 ozs. 16. 85J, 85|, and 29 lbs. wt. 

17. 96, 96 and 46 lbs. wt. 

18. \^ ins. from the axle. 

19. 272 lbs. wt., parallel to (7-4, and cutting AD at P> 
where AP equals ^AD. 

20. 2P acting along DC. 

21. The resultant is parallel to AG and cuts AD at F, 
where AP is I ft. 

L. s 22 
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22. 20^/5 lbs. wt. cutting AB and AD in points distant 
from A 8 ft. and 16 ft. respectively. 

23. P/^S perpendicular to BG and cutting it at Q where 
J^Q is |i?C. 

29. The required height is ^lsj2, wliere I is the length 
of the rope. 

31. A straight line dividing the exterior angle between 
the two forces into two angles the inverse ratio of whose 
sines is equal to the ratio of the forces. 

33. 225 lbs. wt. 

X. (Page 79.) 

2. 9 ft.-lbs. 3. 6. 

4. A force equal, parallel, and opposite, to the force at 
G, and acting at a point 6" in AG, such that GG' is f AB. 

XI. (Pages 92—96.) 

2. 45°. 3. 1072 and 10 lbs. wfe 

4. The length of the string is AG. 

5. |rV3;iIFV3. 

8. T must be < 1 and > i. 

12. IV"^ and 175 lbs. wt. 

14. W cosec a and W cot a. 15. l-TF^S. 

16. 30° ; §WJ3 ; ^WJS. 17. ^7 : 278. 

" 18. V" 73 lbs. wt. 19. 6| lbs. wt. 

21. hjTi^ + a^ sin^ a/(/i + a cos a), where 2a is the height 
of the picture. 

22. The reactions are 

A -7^= Trand-^,-,..^=F. 

25. 3-16 ft. ; 133 and 118-8 lbs. wt. 

26. 15-5 lbs. wt. 27. 6-75 and 16-6 lbs. wt. 
28. 2-83 and 3-61 cwts. 29. 26-8 and 32-1 lbs. wt. 



ANSWERS 

XII. (Pages 107—111.) 

1. JIFV3. 2. ^TFV3. 

4. JIFcota; lircota. 

. W sin /8 W sin a x _i /<^o^J P ~ cot a\ 

^' sin(a + /3)^ ihr(^+^)^ V 2^ A 

8. -|lb. wt. 11. ^C = a; the tension -2TrV3. 



14. The reactions at the edge and the hase aie 
respectively 3*24 and 4-8 ozs. wt. nearly. 

15. W.rl^jW^^^, 18. Wj. 23. ^^WJQ. 



h 
26. 17^^ and §|- lbs. wt. 27. 20 lbs. wt. 



24. 1331 and 166| lbs. wt 



XIII. (Page 113.) 

1. The force is 4 ^2 lbs. wt. inclined at 45° to the 
third force, and the moment of the couple is 10«, wliere 
a is the side of the square. 

2. The force'is 5P J2, parallel to DB, and the moment 
of tlie couple is 3Pa, where a is the side of the square. - 

3. The force is 6 lbs. wt., parallel to CB, and the 
moment of the couple is — ~ — , where a is the side of 
the hexagon. 

XIV. (Pages 117, 118.) 

1. The side makes an angle tan~^ 2 with the horizon. 

2. 15a. 3. {n + 2)s/¥Tc^ 

4. A weight equal to the weight of the table. 

6. 10 lbs. 

7. On the line joining the centre to the leg which is 
opposite the missing leg, and at a distance from the centre 
equal to one-third of the diagonal of the square. 

22—2 
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8. 120 lbs. 9. s\n'^-^—. 

p + w 

11. The pressure on A ia W -r—. — =r—. — y:^. 

2 sin M sm C 

XV. (Pages 128, 129.) 

1. 1^, 1|, and If feet. 2. 2, 2f , and If feet. 

3. 2^5, 3, and 3 inches. 

6. The pressure at the point A of the triangle is 

w ™ a 
+ W- 



3 c sin £ ' 

where a is the perpendicular distance of the weight W from 
the side MG. 

10. 60°. 12. cos-i 2^, ».e. 73° 44'. 

XVI. (Pages 131, 132.) 

1. 4|- inches from the end. 

2. 15 inches from the end. 

3. 2|-feet. . 4. fj inch from the middle. 

5. 7^ inch from the first particle. 

6. It divides the distance between the two extreme 
weights in the ratio of 7 : 2. 

7. 5:1. 8. 1-335... feet. 9. finches. 

o 

10. 12 lbs. ; the middle point of the rod. 

XVII. (Pages 137, 138.) 

1. One-fifth of the side of the square. 

2. -7- from AB ; - from AD. 

4 4 

3. At a point whose distances from AB and AD are 
16 and 15 inches respectively. 
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4. 7^ and 8^ inches. 5. ^V19;^V283. 

7. At the centre of gravity of the lamina. 

8. 8^ and 11^ inches. 10. 2:1:1. 

12. At a point whose distances from £G and CA are 
respectively y^jths and y^^jths of the distances of A and B 
from the same two lines. 

14. It divides the line joining the centre to the fifth 
weight in the ratio of 5:9. 

18. One-quarter of the side of the square. 

20. 4^ inches from A. 

21. It passes through the centre of the circle inscribed 
in the triangle. 

XVIII. (Pages 141—143.) 

1. 2^ inches from the joint. 

2. 5|- inches from the lower end of the figure. 

3. It divides the beam in the ratio of 6 : 11. 

4. At the centre of the base of the trip-ngle. 

5. 7|- inches. 

7. One inch from the centre of the larger sphere. 

8. Its distance from the centre of the parallelogram is 
one-ninth of a side. 

9. The distance from the centre is one-twelfth of the 
diagonal. 

10. The distance from the centre is ^th of the diagonal 
of the square. 

11. It divides the line joining the middle points of the 
opposite parallel sides in the ratio of 5 : 7. 

12. 173 inches from 0. 14. ~. 

lo 

15. A' bisects A£>^ where J) is the middle point of £G. 

16. It divides GA in the ratio ^m — 1 : mjm — 3 ^m + 1 . 
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3 _ /3 

17. The lieighfc of tlie triangle is — ~— , i.e. -634, of the 

side of the square. 

18. ~yT wches from the centre. 

19. The centre of the hole must be 16 inches frojn the 
centre of the disc. 

¥ 

20. It is at a distance —^ = — =-„ from the centre of the 

larger sphere. 

21. ^Pi, where h is the height of the cone. 

22. 13-532 inches. 

23. The height, x, of the part scooped out is one-third 
of the height of the cone. 

24. 3080 miles nearly. 

XIX. (Pages 145—148.) 

1. By 7, 8, and 9 lbs. wt. respectively. 

2. 1^^ inch. 6. 5:4. 

10. At the centre of gravity of the triangle. 

14. 2sin-iJ, 15. ^6:1. 

16. The height of the cone must be to the height of the 
cylinder as 2-J2 : 1, i.e. as -5858 : 1. 

19. It divides the axis of the original cone in the ratio 
3 : 5. 

XX. (Pages 159—162.) 

6 . W 

1. 6f inches. 2. -s-r- inches. 4. -jr . 

7. 120; T^^th. 

8. 18 if they overlap in the direction of their lengths, 
and 8 if in the direction of their breadths. 

11. ^3 times the radius of the hemisphere. 

12. 1 : J2. 14. 4r. 



18. 



Alls WEBS 



• 1 11 /'»^siua\ .,, 
The string makes an anglo cos"^ ( j^ — 1 with 

the plane Avhere a is its inclination to the horizon ; the 
equilibrium is stable. 

19. The line from the fixed point to the centre is inclined 

n JV — w T~\ 

at an anc;lo sin"' yi> to the vertical : the equi- 

*= [_p+W+wcJ ' ^ 

librium is stable. 





XXI. (Pages 168—170.) 


1. 


(1) lG8f ft.-tons; 117|ft.-tons. 2. 1000 feet. 


3. 


6 X 107 ft.-lbs. 4 21120. 5. 9§1 hours. 


6. 


8||. 7. Tl^V^^iris. 9. 4-4352. 


10. 


660,000 ft.-lbs. ; 30 h.p. 


11. 


11U| tons wt. 13. 176 ft.-lbs. ; -213 H.r. 


14. 


24-2"... ft.-lbs. ; y|2»t(« + 1) ft.-lbs. 


16. 


3ft.-lbs. ' 18. 166ft.-lbs. 



XXII. (Pages 178—180.) 

1. 5 feet. 

2. 4 feet from the first weight; toward the first 
weight. 

3. 11:9. 4. 2 lbs. 6. 4 lbs. 

7. 9|- lbs. 

8. 6 ins. from the 27 ounces; 1|- inch. 

9. 1 foot. 10. 360 stone wt. 11. 21 lbs. wt. 
12. 15 lbs. wt. 13. 272 at 45° to the lever. 

14. 50 lbs. wt. 

7 

15. The long arm makes an angle tan"'— yg with the 

horizon. 

16. 8^ lbs. wt. 19. 20 lbs. 

20. The weight of 21 cwt. 21. ^(73-l)«. 
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XXIII. (Pages 186, 187.) 

1. (i) 320 ; (ii) 7 ; (iii) 3. 

2. (i)7j (ii)45|; (iii) 7; (iv) 6. " 

3. 290 lbs. 4. lOf lbs. 5. 5 lbs. 
7. 5 lbs. 9. 49 lbs. ; 1 lb. each. 

10. 4rw;21w. 12. 9i|-lbs. wt. 13. 18 lbs. wt. 

XXIV. (Pages 189, 190.) 

1. 6 lbs. 2. 4 strings ; 2 lbs. 
3. 47 lbs. ; 6 pulleys. 4. 7 strings ; 1 4 lbs. 
IT . W 



, , where *i is the number o£ strings : _ . 
n+ 1 ° n- 1 

6. 9 stone wt. 

7. The cable would support 2^ tons. 8. n. 
9. 75 1bs.; 166|lbs. 10. 1/^ cwt. 

XXV. (Pages 195, 196.) 

1. (i) 30 lbs. ; (ii) 4 lbs. ; (iii) 4. 

2. (i) 161 lbs. wt. ; (ii) 16 lbs. wt. ; (iii) J lb. ; (iv) 5. 

3. 10 lbs. wt. ; the point required divides the distance 
between the first two strings in the ratio of 23 : 5. 

4. W inch from the end. 5. 18/^. 
6. |- inch from the end. 

8. W=7P+4:W, 8 ozs. ; 1 lb. wt. 

9. 4; 1050 lbs. 10. 4. 
12. F=P(2»-l)+TF'(2''-i-l). 

XXVI. (Pages 201—203.) 
1. 12 lbs. wt. ; 20 lbs. wt. 2. 30°; Tf^. 

3. 103-92 lbs. wt. 5. 3 : 4 ; 2P. 

6. ^3 : 1. 7. cos-^i^ ; sin"^:| to the plane. 



ANSWERS X 

1 7 

8. —jr^ lbs. wt. ; —pi lbs. wt. 9. 6 lbs. \vt. 

11. 16i lbs. 12. . ^^^°-. tons. 

^ sin p — sin a 

14. The point divides the string in the ratio 1 : sin a. 

16. 17-374 lbs. wt. ; 46-884 lbs. wt 

17. 10-318 lbs. wt. ; 12-208 lbs. wt. 

18. 16-12 lbs. wt. : 34-056 lbs. wt. 



XXVII. (Pages 208, 209.) 

1. 7 lbs. wt. 

2. 120 lbs. wt. ; 70 lbs. wt. on each ; llOif lbs. wt. 

3. 20 inches. 4. 7 feet. 5. 3|^ tons. 

6. 3 lbs. wt. 7. 55 lbs. 8. 23^ lbs. wt. 

9. 2^ lbs. wt. 10. 360 lbs. 11. 120 lbs. 

12. 1500 ft.-lbs. 

13. 47040 ft.-lbs. : 2 cwt. ; 210 feet. 



14. 



26 2R 



R-r' 



XXVIII. (Pages 216, 217.) 

1. 11 lbs. 2. 26^ lbs. 3. 2 ozs. 

4. 2 : 3 ; 6 lbs. 5. 24-494 lbs. 6. 5 : ^26. 

7. 17110 inches; 7110 lbs. 

9. 2s. 3d ; Is. 9|d 

10. He will lose one shilling. 

12. 10 : 7101 ; 7101 : 10. 

,« P-Q. P + Q 

^^- ~2~' ~2~- 

14. to - P : P — w i — ^ 7- . 

P — w 

15. i?_(^Z:^\ 16. 16 lbs. 

P — V 
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XXIX. (Pages 222—224), 

1. 34|^ inches from the fulcrum. 

2. 2 inches from the end ; 1 inch. 

3. 32 inches from the fulcrum. 

4. § inch ; 4|- lbs. 5. 4 inches. 

6. 16 lbs. ; 8 inches beyond the point of attachment of 
the weight. 

8. 26 lbs. ; 15 lbs. ; 10 inches froin the fulcrum. 

9. 3 lbs. 10. 15| lbs. ; 6|. lbs. ; 4 indies 

11. It is 10 -inches from the point at which the v/eight 
is attached. 

12. 3ozs. 13. 30 inches. 

15. The machine being graduated to shew lbs. the 
weights indicated must each be increased by -^th of a lb. 

16. The numbers marked on the machine must each be 

X W 
increased by - y-r , where x and y are respectively the 

distances of the centre of gravity of the machine and its 
end from the fulcrum, and W is the weight of the machine. 

17. He cheats his customers, or himself, according as he 
decreases, or increases, the movable weight. 

XXX. (Pages 230, 231.) 
(/n the following examples tt is taken to be -"y"-.) 



1. 


4400 lbs. 2. 


5A 


inches. 


3. II lbs. 


4. 


l^V l^s. wt. 






5. 


4|i- lbs. wt. 


6. 


13|-| tons wt. 






7. 


^^ tons wt. 


8. 


50f^ lbs. wt. 






9. 


^-^j-g inches. 


10. 


4525f. 11. 


5430f. 




12. 41 ft.-l 



ANSWERS XV 

XXXI. (Pages 244—246.) 

1. 10 lbs. Avt.3 12| lbs. wt.; 10717 and -VV17 lbs. 
\vt. respectively, inclined at an angle tan~^ 4 with the 
horizontal. 

2. — = ^r=-4714 
W 3 

3. 10^10 lbs. wt. at an angle tan"' 3 with the 
horizon. 

6. i. 7. |V3 1bs.wt. 9. ■^. 

10. sin /8 = sin a + //, cos a. 

11. tan"' (ij^-ttt — ii/~ ) > "^'^liere W^ and W^'Ave the two 

weights. 

14. a X -134. 

15. At an angle equal to the angle of frictiun. 

16. 2-19 cwts. 17. 79-7 lbs. Avt.; -32. 

XXXII, (Pages 257—259.) 

1. 3808 ft.-lbs. 2. 7,392,000 ft. -lbs. ; 7/^ h.p. 

3. 23,040,000 ft.-lbs. ; 5^\ h.p. 

4. 7766. 6. -446. 

7. -11, -34, and -47 nearly. 

8. « = 4-125; 6 = -01125. 

(The answers to the following four questions 
will be only approximations.) 

9. a = 5-3; 6 =-097. 
10. P = 7-3 + -236Tr; 

W „ W 






36-5+ 1-18 W^' 7-3 + -236F' 

11. P= 4-3 + 4-7 If; -8 and -88. 

12. P = 18-5 + 5-5 TT; -59 and -79. 
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XXXIII. (Pages 262, 263.) 

1. llflbs. wt. 2. 45". 

5. It can be ascended as far as the centre. 

8. 50 feet ; one-quarter of the weight of the ladder. 

_ 2/A — tan o. n 1 • 1 • 

9. w -^ ; II tan a > 2w,, the weight is negative, 

tan a -jit r> t> o > 

i.e. the ladder would have to be held up in order that there 
should be equilibrium ; if tan a < /x., the weight is again 
negative, and we should then only get limiting equilibrium 
if the ladder were held up, and in this case the feet would 
be on the point of moving towards one another. 

XXXIV. (Pages 264, 265.) 

1. tan~^^; height = twice diameter. 4. 45°. 

6. 2 tan-i -yl = 2 *^^"' ('^^2) = 1^° 26'. 
8. Unity. 

XXXV. (Pages 269—273.) 

11. ^=-0577. 15. f^(^ + l)JW^r^. 

30 '^\w J 



18. 



20. The required force is § W at an angle cos ' \^ with 
the line of greatest slope. 

5 /3 

21. In a direction making an angle cos"' — ^— (= 1 5° 48') 

with the line of greatest slope. 

24. If /t cot a be greater than unity, there is no limiting 
position of equilibrium, i.e., the particle will rest in any 
position. 

28. 60°. 



ANSWERS 

XXXVI. (Pages 277, 278.) 
ZW 



1. At P, where BP equals ^BG ; 
^ W^ AGB 

„ 3Tr W 



2 



8. 



—f^, -^ JIO at tan~^ ^ to the horizontal. 
W 2,W JZW 



2 ' 2 ' 4 ' 
10. Half the weight of the middle rod. 

12. One-eighth of the total weight of the rods, acting 
in a horizontal direction. 

XXXVII. (Page 285.) 
6. -Ift-lb. 7. |ft.-lb. 

XXXVIII. (Pages 293—296.) 

1. 39 IBs. wt. ; 25-8 lbs. wt. at T 40' to the horizon. 

2. 152-3 and 267-96 lbs. wt. 3. -41. 
4. 124°, 103°, 133°. 5. 26-9 lbs. wt. 

6. 74 lbs. wt. ; 12-7 lbs. wt. 

7. A force 2*6 lbs. along a line which cuts BG and AG 
produced in points ^and L such that GK— 19-25 ins. and 
GL=Vl-<o ins. 

8. (1) 1;^ ft. j (2) 7|- ft. in the direction opposite 
to AB. 

9. 3-9 ft. from the end. 

10. 7-15 lbs. wt. and 6-85 lbs. wt. 

11. 150, 158-115, and 50 lbs. wt. 

13. Each equals the wt. of 10 cwt. 

14. -46 ; 91-2 and 57-2 lbs. wt. 

15. 58-1, 65-8, 37-4, 33-2, and 29 lbs. wt. respectively. 



xviii STATICS 

20. :7^i = 13-05; 7^2 = 9-79; ^3=3-26; ^, = 8-39; 
5^5 = 5 cwts. Ti and T^ are ties ; the others are struts. 

21. T, = 8 -39 ; ^^ = 1 1 -98 ; T^= 9-62. T^ is a strut ; 
Ty and T^ are ties. 

22. 37-2, 47-5 and 43-1 cwts. 

23. 6 tons and 2 tons; 577, M55, M55 and 3-464; 
of these last four tlie first, third and fourtli are struts and 
the second is a tie. 

24. The tensions of AB, BC, CD, DA are 32-4, 36-4, 
16-8 and 25-5 lbs. \vt. ; the thrust of BD is 3G-7 Uw. wt. 



EASY MISCELLANEOUS EXAMPLES. 
(Pages 318—320.) 

1. 15 lbs. wt. at an angle tan"' -I with tlie second 
force. 

2. Each component is 57-735... lbs. wt. 

3. 14-24 lbs. wt. 4. 50 and 86-6025... lbs. wt. 
6. 3 feet. 7. 2 ozs. 9. 4i inches from A. 

10. 7 1 inches. 

12. It divides the line joining the centre to the middle 
point of the opposite side in the ratio 2:13. 

13. l^ths of the diameter of a penny. 

14. 8 and 12 lbs. wt. 15. 9|- lbs. wt, 

16. TF=P. 

17. The required point divides tlie distance between the 
two extreme strings in the ratio 13 : 49. 



18. 


173 lbs. wt. 20. 18 inches; 4 inches. 


21. 


26f. 22. /t- 


23. 


He can ascend the whole length. 


24. 


1^X34 4- 



ANSWERS xix 

HARDER MISCELLANEOUS EXAMPLES. 
(Pages 320—332.) 

5. Tlie centre of the inscribed circle. 

6. P divides AD in tlie ratio 1 : ^3. 
9. The forces are in equilibrium. 

21. 2 1b. wt. 28. i. 

31. W 5 , where a and h are the lengths of the 

ah ' *' 

sides of the frame and AP is x. 

39. At a point distant vc^ ^c^ — a from the centre of 
the rod, where 2c is the length of the rod, and a is the 
distance from the centre of the given point. 

u.cW 

40. : — ^- ^,, Avhere W is the weight of each 

a sm 6 + fxc cos 6 ° 

particle. 

44. The difference between the angles of inclination of 
the planes to the horizon must be not greater than the sum 
of the angles of friction. 

45. ITcosXsin (a-X) coseca, and TTcosXsinXcoseca, 
Avhere W is the weight of the rod. 

48. The ratio of the depth to the width of the sash. 

49. V3 feet. 

53. The particle Avill move first, if /ATr>(l +fx^)w cos a 
sin a, where a is the inclination of tlie face of the plane. 

57. The equilibrium will be broken. 

W 
59. TTtan i ; -7-= — =-=-. tan i, where W is the weight of 

the inclined plane. 



XX ' STATICS 

62. W^IOJZ; the force is (i) 5^3 lbs. weight, and 
(ii) zei'o. 

20 /3 10 

W— — ^ ; the force is (i) —j^ lbs. wt., and (ii) zero. 

65. He must press downwards when B has raised more 
than half the ladder. 
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